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0. 1 fntr od.ucttgn

tbe nai,n 6oa1 of this paper was origiaally intended

to be a proof of the tr'ubini theorem in th,e coatext of
signa meastues on booleaa signa rings, wi.th,out reference

to measure spaces nor recourse, therefore, to tbe Stone

Bpace. Carath6od.ory [2] haa alread,y presented. a

d.evelopnent of measure theory without moasure spaces in
his posthumous book (whicb, I had. tae opportunity to

translate into E)eglish), but he onitted. any d.iscussion

of a Fubini theorem. Irr the course of d,ecid,ing rihere a

prod.uct measure should. 1ive , the realisatt on o.eveloped.

that, whi),e Caratb,6od.ory's guiding principles wete

souad., some of b,is d.ef iaitions could. be radically iiaproved.

(and. the interoepend.ence of maay construciions nptse

easily d.emonstrated") by jud.icious usa of id.eas irom the

theory of categories aad, fuactors, especially the notions

of ad.jointness, ggpresentaoillty, a:rd. strucrure .','r'le,en

it became clear that tae Fubini theorem d.epend.ed. on a

hitherto und,efined. signa tensor prod.uct of sigma rings,
the need. for a soli.d. fo','lrrd.ation ia functor tireory rvas

confj,rmed.. [he result is that the major portlon of this
paper d,eals with functor-theoretic founq.ations, somo of

them previously unavailable, and. only 1n the }ast chapter

is a measure first mentioned..

The present chapter d.evelops those aspects of the

tb,eory of categori.es and. functors which aro need.ed. in tb,e

sequel. Tbe main theorems are those of sectioas six, ni.ae,



and, ten on the exlstence of fuactorial reptesentations
and on the transference of structures. Tire first four
sections (SSO .2-O.r) exposer in definitioas and, exanples,

fbr the most part, the rudinents of categories and. functors.
the fund.amental theorem oa the exlstence of fuqptorial
representatioas is proved. ia S0.6, wnere som€ appJ.ications

are ind.icated.. Sloniiskj-'e results [26] on equationally

d.efinable classes of abstract algebras wlth infinitary
operations are presentecr 1n S0.7 , wb.ere it is proved.

that equational categories have dlrect suns and. that
equational fuactors irave left ad.joints. Injectives and

projectives are d.iscussed j.n a setting just broad. enough

to perroit application to equational categories la 5O.8 .

fhe constructlon of the pointed category canonically

associated. to a category wlth a sufficlently good,. left
zero object (a prod.uctlve one) occl.L:cs in S0.9 , where

is also d.efined. (after Eilenoerg) tb.e category of structures

over one category wita values ia aaotoer. ft is proved.

there that tnere is a canonical transference functor from

the eate6ory of costrucrures (Aetinition d.ua1 to tirat of

structure) ov6r a caEeEory vuith produeiive left zero with

values in a pointed category'to rne category of costructures

ov€r the assoclated. pointed. category. [he categ,ory of

structu-res wlth values j.n an equational cate6ory is
reinterpreted., in $0.10 r 8s a certain cate6ory of fuactols
from a sruall category canouically assocj,ated, to the 6iven

eguatioaal category, and. a theoren on the transferotlce of



Buch equatlonal structur€s is proved..

Chapter One applles the functor-theoretic fouad.atioas

to various cate6ories of lattlces, notably boolean sig,roa

riags and boirnd.ed.ly slgma-conplete lattj.ce-ord.ered.

vector spac€s and. algebras. Frequeat use iS nad,e of tbe

fact that equatlonaL fuactors have left ad.joints.

After basic definitions and their imned,iate cons€quences

axe presented., in the first two sections, sigraa tensor

prod.ucts of sigma rings are d,efined. in S1,7 , and. proved.

to existi SI.4 contains the proof that tedsorJ,ng is an

exact functor. These results wore annouaced. ia [fg] .

[he problem of injectives and, projectivea 1n the category

of sigroa rings is taken up ia S1.5, where several

D€c€ssary cond.itioas for the injectivity of slgma rings

and for tbe existence of injective sigma rings axe obtalned,.

It is possiblo that these criteria can be used. to prove

the noaexistence of injectlve slgraa rin6s- The nachlnery

neeo.ed. for analysis is set lnto motion in 51.6, wh.ere the

universal definition for the mod.ule of step functions over

a boolean rlng with values or coefficients in a mod.ule

app€ars. A number of results.are proved. tend.ing, to

indicate that the nodule of step functions has a6 rich a

structure as the mod.ule of coeff icionts. It is proveo.

in SI.7 that the Borel functor (fron the category of sets

rrylth Bore1 structure to tbe category of eig,raa rings)

ls sufficiently well behaved, that tbe traasference of

equational structure theorem 1s applicable i.n a ligited way.



As sooa as the relevant (equatlonal) categorles of Lattice-
ord.ered. vector spaces and algebras are d.efined ia 51.8,

tbe extraord.inarily ricb, costructure on the sigrca riug
of Borel sets in the reals can be d.escribed,; this
d.oscriptlon, using the transferenc€ theorem and the usual

rlch structure of the reals, and. a compari,son of the

real-valued. step functions on a sigma ri.ng with the

lattice-ord.ered. algebra of sigroa horaomorphisms from the

Borel sets of the reals are provid,ed, in 51.9. [hese

results are of utmost importauca in measure taeory.

Stone spaces we.re necessarily lntrod.uced. in the proof that

tbe BoreL functor is reasonably weII behaved'. Their

only xeappearance is in $1.10 r wh.ere they are useo to

prove tha.t thore is a largest boolean ring coataining a

given boolean ring as a d.ense j.o.eaI. fhe r6le tbey

play in tiris coruxection is not crucial, h.olvevor , as it is
ln conaection witir the Borel fuactor. Yarious properties

and, alternate d.escriptioas of this largest d.ense extensioa

are provid.ed. ia the remaind.er of 51.10, fot use later in
the d.eseriptlon of the d.ua1 of 11 .

Viitb Chapter [wo, we finally come to measure tb.eory

proper. Tb.e various kiad.s of (real-va1ued.) fiaite moasures

are d.escribed" in S2.1 , whete j.t is proved.r &s 64 imrned.iate

cons6qu6nc€ of the definition of step functions, t'oat ti:e

finite m6asur6a form the d.ual spaco of tbo (untopolo5ised.)

space of real step functions, whlle the botund.ed. aeasures

form the conttnuous dual. ti2'2 presents canonical



projections fron the spac€ of bor.rnded, measures oa a sigm,a

ring to lts eubspace of coriatably add.ltive measures, and.

fron the space of cor:atably ad.d.ltive neasures on, a completo

boolean ring to its subspace of cornpletely ad.d.itive (norraal)

measures. In proparation for the fr.m,d.ameatal tneorem of

calcuLus, the next section d.lscusses moasu.res that aeed,

not be fiaite and. d.efines the supremurn and. i,nfimrrn functions
associated, to a homoaorphlsm from tne tsorel sets of the

reals to a sigma ring. fhe fund,amental theorem of ca1culus,

iacorporatiag the aean value inequalities, the Bad.on-Nikod.lm

th,eorem, tbe chaia rule, Fnd. a chan6e of variables fornula,
occupies S2.+. fhe dual of lt is conpleiely d.escribed.

i.n S2.5, using the material of Ss2.4 and 1.10. Ihe Fubiai

theorem, out of whicb tiris work arose, fittingly conclud.os

it in S2.5.

There is quire a bit of literature on roaterial related.

to 'the present work. jriost prominent, of couxse, are toe

books of .Carath6od.ory [2], Slkorski l2r) (waicb contaias

an exhaustive bibliogr.:.phy), and. Slon16ski [26] . In [Ii] ,

Ilaino compares the Stoae space of the d.irect or.inverse

linit of a fanlly of unitary boolean rings with the inverse

or dlrect Linit of the Stone spac€s. His res..ilt toar the

Stone space of a d.irect }imit i.s ti:e inverse linit of the

stone spaces was later very elegantly proveo by \.lal}ace Ur)
and. tbe corrssponding result iu the otner sense, whlch iialmo

d.id aot notice , that ti:e Stone space of nn lnverse linit is
the Stone-Cech compactificatlon of tire d.lrect limit of the

l



Stoae spaces, is proved. quite easily in Sf ,7. The vrork

of b2.2 is closely related, to -- ind.eed., inspired by --
the work [fO] of Gord,on and, Lorcb,. A consequence of our

d.escription of the dual of II is baLf of tbe main theorem

(fneorem 4) of Thorp's recent articl.e [iO] , rvnicb, was

ca1led. to our atteution sone time after the prosran lead.ing,

to this d,escriptioa was realised.. The fund.amentaL tb,eoreil

of caIculus, as presenied. here , is essentlally d.ue to

Carath6od.ory f2] . Spaces of sigma homonorpirisms from

the Borel sets of tbe reals to a si,gma ring play the crucial
r6Ie in Kakutani.'s cnaracteristation of abstract (L)-spaces ,

in Bolraenblust's characteristation of abstract Lr-spaces,

and, elsewhere (se1f-adgoint operators I ) ., but they seeE

always to have been useo, except oy Goffman, as a heavy

technlcal d.evice !o obtain a ropresentation as fuactions

on a topological space (til,e $ione space, 1n facr, of the

bo.olean ring involved,). ft has beea our aim, 1n contrast,

to minimise the r61e of the Stone space, since irs use

tend.s to cloua some of the naturality of the proceed,ings.

A word. should be said. about tb,e I'category" of Sanaca

spaces. The usual notion of .a d.irect proo.uct (wj.to sup

norn) or of a d.irect sum (with Lt norrn) of Eanach spaces

fails to be the oirect prod,uct or sun ia tb,e usue.l category-

theoret j"c seas€. Yet it is the case tnat, when the

continuous linear transformations iry(B, C) from one

Banacb space to another is viewed. as a Banaqh spac€, there

is a canonical isooorphisn



EJ(B, x B.) a 2< ry(B, B.) r
.,-- a . 

--- 
-ae-t a e-f

where the prod.uct is in each inetance the usual (sr.rp noro)

d.irect prod.uct of Baaacb, spaces. This suggests that tbe

d.efinition of autonomous category given in (0.5.I,) snould.

be nod"ifiable to take care of Baaach spaces. Not haviag

carrled. out this nod.ificationr w€ h,ave thought it best to
curtail the d.escriptiou of functoriality where Banacb,

spaces are concerned., notably in Chapter [vro. Fortuaaie3.y,

it is al6ebrai.c structures that are of pred.oni-nant

importance in ti:e d.evelopmeat of our tireory, rather thaa

questi.ons of norm.

It has beea necessary to onit consioeration of other

mattors worthy of interest. OnIy the briefest menrioa is
mad,e of tne fact that by use of the tsore} sets of the

conplex aumbers, complox measure theory can be d.eveloped.

in'tnis context. The spaces ,n Q/ p/ co) a:rd. the

pheaomena associated with tb.em are essentially neglecieC.

[he lt convolution tireory arising from a signa neasur€

oa a sigma ring equipped with to,e costructure of a group

j.s totally absenr, X€t read.ily available with tb.e material

here presented.. i'ina}ly, oae should. like to obtaln a

non commutative aaalogue of the whole theory, replacing

booleaa rings by a good. categ,ory of (aot necessarily

distibutive) Iattices. The fr:ad,aroontal problem, once rhe

right class of latticee is eelected., is to find. o!.e playing

the sarr€ r61e tbere as the Borel sets of tbe reaLs d.o her6.



[he recent thesis of ]Io11and. at Harvard., wirich,, i au

j.aformed,, will soon be published., appareatly initiates
tlris tireory with a Rad"on-1[ikod,3m theorem tbat I bave not

5€ €I\.

It is qy pleasaat obllgation to thank the National

Science Fouad.ation for four yeaxs of unstinting financial
support, Drs. Michael Barr, Peter Freyd., aao Haim Gaifroan

for several ealightening conversations, ifu. Aaroa Galuten

for the opportuaity to translate [2], and. Prof. E. R.

I,orch for his coastant iaterest aad. unfailing encouragenent.
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O.2 Cate5ories

.[ categor^',' ,! consists of the follot'"ing eata:
-

(0.2.1) a class of i1.cices Ar B, oo.i

(O.2.2) a class of doubly incexed, sets g(i, B);

(O.2.1) a class of triply ind.exed. functlons

The ind.ilces A, B! ... are called. the obiects of

the category A ; we nay often vrrlte ; e -;. .

An elenent f € g(e, B) is ca,llecr a i:;r'ir or r:ojnr:isia

of tne category _^1 r or atl A -norphisia, iiore specir'ical.iy,

an ;1-norpnisn rro;a ir to ts ; l'Je r,3.y o:'ren l';liic

f; a-1, l3 for f € -i.(.1 , B) ; if A and ;3 are

irrelevant, rve nay occas:.onally ivrite binply f € * .

Ihe ciass of functions fCitrO, is caIIcd. thc

conpositionrulein A;if f:A->B anC g:3->C,

v,e generally r,vrite g'f or Sof for I (A-\"g (f , A) .

lhese d.ata should. satisfy the followin6 axioas:

(0.2.+) (f .g).h = f .(g.h) ;

9cal*r, , g(A, B) X+(ts, c) -> A(o, c) .



(0.2.51 _{(A, A) is cis joint frorir J^' , 3') uiiless

A=A! anid. l=Et;

(0.2.5) Ior eacb, obje ct A there is a :nap o.i, A 
-> 

ii

such that f .e. .='.f and. €i.g o g for all
Jt

f : A ---+3 , all B: B ->A , anC all o'bjects B .

(0.2.?) lernnra. If n is a category the eleneats e r

are unique. Eroof:

If there are tlvo, say B.,i and e I , then

€A = u.J..arl = el .

fhe ele;lent en is caLied. ti:e iient:-iy atap of A
A

and. r';i}L geaerally be ',lritten as :.d., .

' rYe proceed. to irive soae exanl:}es of cate5olios.

(0.2.8) -E , tne cate6oly of sots. .{ln oojecr of -g-- is

a set; an ji-norphism fron. A to B is Sust a function

d.efined. on the set A vritb, values 1n the set B . Tlie

composition rule 1s the usuaL one: (f .g)(*) = r(g(x)) I

(O.2.9) 9 , tne trlviirl category. [his ca'begory hr:s onLy

one object and cnly one nap (tne coiapositiua rulc is folccd),



the rn:rp autoietic;1,),y bc1a6 tr:e rcqr'ris:-le ic;.ci:iil;;' ;i:p.

(O.2.10) Thc catcgor/ a.sscciatcct to a parcially

ord.ered. set (?, /) . *'Le ob;ects of this cateocry axe

the eleii,ents of P. T^fere ls at nost O:le nap frorc OAc

object A to another ll , ar:C. t:re nap is pre sent iff

A 4 B . fhe C.efiainA pxopexties t'or a partial orcter

onsure that the axions of a caiegory are fuLfillec. 0f

especial interest I'riL1 be tire cateGory, ce::oteo .t t

associared. to the set {0, it equippeo viiin tce partial
(

ord.er o Lo Lt LL.
(O.2.11) If ,'. Lc e c.:'[eZoly, oet'ir:'e a x.e','J category

E. by specif;rilg the ocjects of j=' Io be uhe objects

of A , the raps .i'(:1, .l) to be lne il:^ps -..-(3, /i) , lnC

the conposrtion ruLe Q(g)nu, to be t(at)ct:. . 'raus

if the coraposition 1n A is oenoted. by a d.o8, wrrlie toat

in :L. is d.enoted. by. a star, tire }ast specifJ-ce.tj-on

becones g*f = f.g . The category jL. is calleo the CuqI

category of A , and. is very useful. the ltassa6e froa 'i'



to gt 1s rerr:laisceni of tiie. passai;e flci a ::onciC to

lts opposite iioaoi.d., ';ihich has the s';)r:re eIe;lents but ti:'e

tropposlte'r nultiplication. It is clear that ,i*t = ,i .:-

(0,2.12)

nev, cate6ory

pairs (A, B)

Tf A ^nA4^ .t qla*:
,a

! are categories, d.efilie a

Axil bv

rvith

specifTing the objects to be tho

)t- Ll' i1 Ll B . A nap fronA B€

(A, B) to (c, ,) rs cy oefinition a pair of naps (f, S)

riith f : A -> C ano g; s 
-> 

D . lhlrs

Qixp((..r,3)., (c, D)) =-,i-(A, c)X-t(.:, D)

The coni,ositi,n rule is criefly ;ivea oy tae for:::ula

(f , B).(f ', d') = (f ..f ', g.g')

fiS ls calleo tne oirect prod.ucu of tiro cate;ories :i

and. ts .

(0.2.Lr) If =! j.s a cerie6or./, d.efine a Ee\,,' category

jL = *ieg(!) as f oll-orvs. .An cbiect of g is a ::^p oi- -1- .

If f : A0 --t AI and g: tsO 
-> 

rl1 are objects of __,=

(1.e., are A-morphisrr:s), an l.r-morphism dt f 
-) 

g

by d.ef iaition a pair of ;!-roorphisrcs , d = ( dO, di)

--



dr€ A(Ai, 3i) (i * o, 1) of sucir a aature that trle

d.i,agran of -L-roorph,isas

f
Ao ----* i1

tt/o[ 4[
-,J7-L

comrnutes, i.€.1 that 6'do = 4".f . Fina}1y, ti:e coliiposiiion

may briefly be d.escrj-'bed. by the forroula,

(do, dt)'(d9, or) = (ilg'Qg, dr'or) .

.i!n i.'1-norphism dz f --) g is also calle<l 'a tra.nsfor!,ation

' froru (tire A-iuorphisn) f to (tire +-r;roxphisri) d- .

(O.2.I+) If 4 is a category and C is a class of

objects of * , the fuII subcalegory of t generateo.

by C is the category whose objects'are the objects in

the class C and whose roorphisns are all the 4-norphisns

between them.



(0.,.1) an .r1-indexod. class of ob jects of L I i.€ . 1

an object F(A) € JL for each A € A ;

(O,r,2) a doubly inCexed. class of fr:nctions

J., j'iinoiors

iL functor I fron a cateijoxy A to a catelory ii

consists of tire follovring d.ata:

The x-raorphisra 1, (f ) (ror f e A (A , B) ) is

usually vrritten sinply as F(f ) .

Tliese d.ata a.re subject to tire foll-oivii:,6 a>:io;:s:

(a.7.)) r(id"\) = id.o.(ri) ;

(0.7.+) F(e.f) = Ir(s)'I(f) .

If d.atun (0.i.1) is accoupanied. nor 'oy (o.),2) but by

(O.).2*) a d.oubly inoexed. class of functions

ans l*\B(r)), r're call r i^

fron r\ to X .

an<1 tnese d,ata satisiy (O.i.r) ancl (instoao of (O.r.+))

(o.r.+*) r(g.f) E I'(f

(where agaia F(f) ne

contravariant frr"to,

).r(s)



(O.r.5) !e;::i1. If ^!' is a (possloly cc-itlavar:.ei:t)

functorfron A 1Jo B, eno G isa(r:ossibly

contravarj.ant) functor rron -B to C , tnen the d.'-^ta

G.I (A) E G(-r(A)) , G.F (r) = G(I(f ))

d.efine a (possibly contravariant) functor froia i to I t

called the coipoci-te of G t';:-th F ano ccnotecL G'F .

G.F is contravarj-ant iff preclsely one of F a;id. G is.

the ld.entity function fron ;'. to lr' is a c..,ntravari"int::

functor, coliposir;ion wiih url:.ich converrs every contravariant

functor fron (to) .,i into a fu::ctor f:on (to) .,* (erni.

converse Iy, siace -.-\ = *'* ) . Jroof ; ir,;rrgai&io .

' irt avf- t46 -rrc Ca*t Cn a Ar\E-i. w !.t: pre selt 9o;-e dZa;]ples of f u;-ctors .

(0.i.6) Ine ho:lL fuictor .l'or a cated-oxy A is the

functor, classicaily d.eaoted lIon" ,;!.X4 -->S- , .'vaich

is prescribed bY t.ne i.ata

liom, (Ar B) = A(i, .B) ,

IIon, (.f , ir)(g) = h.g.f

(1"e., for f e J(r, ri.') -3!(A', a) and. h € i(;, 3'),



hon* (f , h) is the functi,-irr (1.e., S-iaolphisii) fro;l
_

Jr'. ; 3) to A(^' , B' ) v;;:icn send.s B (ia L (i., 3) )

to h.g.f (in A(A' , Bt)). l{e also vrrj.te }loiit , = j:(-r-) .
:

(O.7.'/) fhe prirtial ho;i i'unct for a ca'beiioiJ' a

Fix.an ob;ect A in ,! . Define a iunctor _:ai : A 
-) 

i

byprcscribing A ,(B) =.l^(itr,J) ai:c} i ^(f) =-=(1C,, f)
-.tr 

.\

(rve also rvrite -l-(.\, f) for i(id.^, f)). l-, , so;ieriiics
n -d

also vrritten h, . is cal1eC tac covarla;:.i or lcii ho::
Ji

iunctor d-efined. !g A . t'he covariant hoi: fu::ctor

,',.r. i _,'.-* -+ S is cailea :1e cc::tr:varr*lt or ri;,-t

hon fur:.ctor Ccfi::e:- ca r\ eno rs al-so d.en;:;cc. cj/

ft't or h^ wnen tb.ouorit or' as cr. coitravariant Iu::.ctor:

from ;\ to -.. ft is speclficC by t.re d-ete.

1

b^(r:) = -!"(B) = *";(.:) = J(.1, J) = -(ts, i:,) ,

',.e\ - ,Af a\ - .I /+.\ - ..*tr. +\ - .(r .1-\ t/+ i^ \n-(r/ = + (:, = +-;\r/ = *-\r\i i) = +(i r .\,/ :J:*\-, -u;/o

(0.,.8) The fulnctorlal hon fuicrors. fo d.escrlbe

t;rese functors, a 6eneral observation is in ord.el: j-f rT

1s a functor fron i to X and G is a f'*nctor frc;r

B to Y , tnere 1s i:. fuactor, d.enoted. IX G ., fron ,:.X -l



Li

to J.X Y , ',,,,,.rich is .,:vci: by

(-nX G)(i, i) = (r(,'i), G(B)) ,

(r'x G) (f , 6) = (r(r) , 0(s) )

functor d.efine:.l !g F as the fuictor

Iiour fi.x a functor .F; B 
-> 

* . The left functoria.L hon: -:

h=: B*l -,:,. ---> .i

rlhich i.s tliis co;;posfii:on:

3*X i *.1i* X .l ---->' S -.:::tr\: Fxid.= S_,_)
[he rlr,rh'b functorial ior. i*r:"t.. cefi::ea b,g F is the fuiectol

'o
i:-: -1*A .l ---;,-,

,

uhlch 1s ;nis co;.icsiti:r.:

.=* ;t ri 
-----2,;'*Xi --+ 

,S: Id.**xir - -+-(_ r_)

Sii:ilar d.efinitions ci.n ce na.oe for conriauaria;:,r :'unctors S

(0.r.9) IiaturaL transf orrnatioas ; ri:.e souxse aao

as in (0.2.L1). For r- = 0, 1 , tiro oata

tar3et functors. !'orm tne caf egory J9IQ5) of _-_!-rlorixLisLls ,

[i(f , AO --?.i1) . Ai ,

rr((/0, /r)) = iL



d.cfine tr'.'o functors T-.: f'.cl(.!) ---"A (i = 0r 1) ca).}eC,

respectively, the sc'urce r or oonain, functor and- tle

tar6et r or ran6e, functor. Novr Iet tr B -):.,or( r'L) be

any functor. By coi:ltositi,Jn | \Te get t'*io functors

I. = f-'fLl"

and. T ;, carl,re:r a

: P --*A

i::-.ture.1 tr:r.:sfo:liatlot: fron F . to

--uI'1 . Recalling the d.efiaition of rae cateaory {, (C.2.10),

form the category Atl' \'rnose oo,-lects are the fu:,ctors fron

{, to E and v,,hose lraps are th.e naturaL traasfornations

between such functors. i3y assigning to each functor

the ;!-norpb.lsrn F(0 / L): i. (0) ---> !'(1)tr'; ,! -+i
ano to each

comc spond.iag t::ansf ormation

a conplete id.eatification of

the caietoriy ,r$ Finaily,
v,/

natural transfornation, €.g., a functor froa jL to J-L(-A-) ,

.t
being also a f unctor from B to ;'\v , can eclua).iy wel1

f,

be thought of as a fuctor from 
'& 

x .L to a , and. coaversery.

natuial irans.t-ormation oi suco fu:rc'iror.s the

of i-norpi:i-sus, '";e obtain

the caiegoxy 1.'.or(;\ ) vitn

one can easlly see ths.t a



g-Uivaien!., if tirere ls a map g € g(f , ;i) sucb, taat

0.4 II u:vale:rces

(,..r.+.1) .$ lr&p t € A(;, i)) is clllc L ii -.:l'.i-

vale::.ce, and. tiie ob;ects A and .ts are ss.io to oe

g'f = ida anci f 'g = i*6 o

Such a nap g is necessariiy unlque i one l'lrl,tes 6 = f-l .
i natural transf ornatlou 'I: FO --? Ff oeli'r3en tv/o

frx:ctors fron ri to ;) (i. e . , a iu::ctor fro;a ti to

j.ior( D )) is c.rll"eo a (q:BL-}) e.,.rv:,ie :ce, u;id' ti:e

fur:ctor= IO aao Pi are caLLeo (n:it;:al-l-y) g(i*g!5!l ,

if , for each object i rn --.. , thc !-;lori;r:.s;

r(:r): Fo(^) 
-2 

I'r(*)

is an equivaleace (in t::is oese tne -l-inocxeC cS.erss

of !-uorpris:rs r(*),-1 d.er':.nes a :-arural lrllx,s:or;a;1o:.

- ..-1oenoreo t froi.l f'" to .! ',',nich is ;;t-ri:l, ci coul'se,

a n;:iur,a} equ.;-ve.1ence) i\ func'Eor I': i 
-) 

f is call"ed

an equrv:1eace ., r:rC *u,"e caic.,-Jlr.:s -11 a::C 2 .r?c salo io

oe equivalent , if 'l;iiere is €.. f.:nctor G: I +; s,,.cil.

tbat I'.G a.:d. G.F ats naturaLlr- eclurvalcnt io tire



r€spectlve J.d.entity funstors idA and. idE . If in fact
'Et

there is a fuactor G for which F'G - ldl arrd. G.F - idn
:

thea F 1E caIled, aa isomorphlsu and, we write G - F-I.

fhe G for alr isouorphisn I' le upigue; the G for an

equivalease ts u4lque to withla unlgue natr.rral equivalou,c€.

Oae of tbe goa3.s of functor theory is a characterisatloa

of those functors whlch are aatrrral).y equivarent to oa€ of

the bon funetors d.escribed, in (O.7.6), (A.V.7), and. (O.1.9).

that there ar€ no nor€ aatural traasformatloas betweea h,A

and. hB (cf . (0.r.?)) thaa there ar€ rnaps betrveea B and, A ,

tnd. that eacb, uaturaL equivalerrce betweea hA and. h,B arlses

froo an equivaLence between B and A . Ehe preseatatj.oa

belowr'lacIud.ed. for the sake of conpJ.eten€ss, ts ad.apfed.

from lectures at corunbia by Albreoht Do1d.. compare also

Freyd. f( r pp. 1O8-112].

rf [. r A '-'+' s* ts a nat,ral traasformation fromI

-tFf_t to Fl (1 . 1, 2) , d.eflne IA.II: A 
-> B* | a



L.t
I

nlituxal trs.asforination j.iora iO to

,ra.TI(A) = T2(,t).Ta(:i)

I2.[1(f)-r?G).Tl(f).

t is a natural equivaience frora

is d.efiaed. as ia (O.4.1), I-1.7

'rid.entitytt natural trcii:sfor;:atlon r.ro:a .q to I,

[.I-1 is the ,,icicntity,, transfolaiit:.oii .f-rou G

lalce It = g and 1et .,\ and. B

have already d.efined. .l;,:e functors htt

forf *(1. r l) , \,je norv aefiae

iZ t 'c,/

to G,

is tile

to \, .)

lreoe objccts o.f 4..

a nutural

inversion)

*=!(,i,c) ;>irr,(c)

hr'

(Ihus, if

ano [-]'

transf orrriatioa fro;rr

by

to 
"A (rote t.rie

, hr3(c) ?+(ii,c)

!'

a-{

€

h-
J

h"(s) = +(f , B) .

the functlon

and A

transfornatlons fron

L-

,r]

h

to

jlS

'i'he functor fron 
1=t

Loo, F] ano to

r],[iro, ]']+1..
the

Iu

set

'ft

hf (C) = *(r;

(0.+.2) Irer.;na. Let

trhen the class of aII naturaL

to I, foriis a sot [n. , tr.l .

vrhich assigns to

A-)S



d.efiaed, by

[o, , 4 crl = ?.hf

is naturaIl7 ecluivaleat to . 1'. . Proof :

lYe content ourselves xcerely io shovr that th,ere is

a. 1-1 com€sponcence betlreuo f fr* , I] aad ir(it ) = 3:i .

This vriIl prove the first assertion, and. rilIl, leave litrle

d.oubt concerning the second.. Defj-ne a function

0 : F.L +,[",, , F]

by d,efiniag, for each eie:lent a of IA , a na.tural

transf ormation 0(a): fr^ -> if as i'olLorvs: ior X € :i ,

o(a)(x) ; h, (x) --+ rX

is'the ;unction send.iiag f (.r. 4-uorpnis:;l froa .\ ro X )

to (0(a)(x))(f ) = F(s)(a) (i.e., ev;luatlion); si..:.rrarry,

d.efine a f uaction E , fhr:. , I'] -> Fi by eraluation at

at the iCe utityi preciselX, g (t) = T(:L)(id.) (recall

rhat T(A) is a funcrio:: fron \ (A) = ii.(ri,, .:.) to Ii ) .

I'/e hu.ve ir,ied.iately fron the Cefinitioas of 0 aic !?

and. frora (O. t .7) , if a is {xi 'c Lerient of Ii , thcn

s(q(a)) = <r(a)(r),)(id.i) = tr'(idi!)(a) = icr. (a) = a .



Lv

i{aving tlus shoun that V. O is

1',e proceed to shcl'r tl:,at q.9 is t.:e ider.titT

to kno',1 that 0'V(I) = f for each transfora:tion

i;;' o..

oir f
L

i-rrn ir^-+\rr.g as9^LU tr':

-) |

It suffices

[; h.f *F For this, it is enougii to veri-fy ti:at

(0.4 ,2,) o( v (r..) ) (x) (r) = r(x) (r)

hold.s for each li

And. ind.eed., by the

€ .i and. ea.cn f e h,(x) = !\(A, X) .

d.efinitions of ang V,

(0.4.2")

and, since ].SA .,. ..- -. *,. 1}1..1 u LtI A..L

;tt/ \r \-! ,)

hr(f )

-iit .l

I

It
-;t:,r
rrt

.o., (lt. )Jt

I
I

It
n r(x)

a

0( p (1,) (.{) (r) = 0(,r(.t ) (rq,r) (x) (f ) = r(r) (,r(,i) (id., ) ,

tra.nsfomation, the d.iagran

!'(f)

66romutos., wheuce the first eclualit;, oelor,;:

(0.4.2,,,) r(f)(t(A)(iau)) =

(tne second eciuality is by

r(x) (hf (f ) (id. )) = r(x) (f )

d.ef lnition (0,r.7) of hrr(f ) ) .
/

Conbj-nlng (") and. ("') , v/e Eet (t) as cesired..

RepJ"aclng * Oy :l' r w6 ootaln feon (0.4.2) :

(0.4.,) @g$ry. For any functor F: ** + ! ,

there is a 1-1 correspond.enc" Ln' , P] X F.B rvhich is

{-

'/



a natural e(lu:,vaLe;lce of functoxs +t -:>,J.

Using (C.4.2; ano (C.+.1) rve uoiaia a resuli r &r

funnediate consequeace of ilhicb. is tire ad.verii-sed. Yoned.ar

statement.

(0.4.2+1 Theoren. The three functors t'ron .-.tX i\

. to E vihich send. (A, B) to

respectively, are na$urally e<iuivalent aflon3 t;le;rrselves.

Proof : sipply conoine all the ncrtural ec1u5-valences

and id.entlfications at hand.:

to'i, o'l 3#(ri>=-=r(A,,i) = b:(b)=f"u, hr:.] .

' (0.1.r) Corol-l-ara. the r-unction +(ii, B) ---of f.u , hril

, ri,irich send.s f to hf is a nauural 1-1 correspond.ence

und,er rvhica eo.uivalences corresponC to :ratural equrvalences.

Proof : It is cLear, to b'e5in vrlth, that h€ = 0(f ) .

Naturality uhen f o1Iovs.'fron (0.4.4), fhe 1a.et assertion

follows from naturality.

[he oiscussion of fuictors naturc.liy erluirraleiit rvith

hom fuaciors ccntlaues in the next section.

fon, h"l , +(i\, B) , f ou, il



ait

O. 5 *tepreseFlat ions and. jld.ioints

(o ,r.L) Dof initlon. If tbs fr.rnctor Fr * -> g

ls aaturally equlvalent vritb a left hom furictor bnJ. I

tt 1g left representabLe, and, A ls g left representation

for F. ff F ls a contravarlant fuactor from 4 toa

E and., vlewed. as a fuuctor from S. to S , lt ls

left reptesentable by an object A I w6 obtain a natural

equivalence betweea the contravarlant functors

from A to S: suchacontrava,riantfunctor3.=

risht repres,entabl.e, and the object A a rieht represen-

tatlon for F . If the functor G: !'X.=o -?9 is
left

nhturaLly equlvalent.wltb a fu.n'ctorJ.aL irom functor hF

(tor some E -> A ) , G is calleC left lrupiorially

rerrresentable and. F is a Left functorial reoresentatlon

for G . fr' G is naturalJ.y equivalent v,rith, a right

11f,unctorial hon functor h" (ror sone E: * -> E ) r w€

say G ls rigi:t fir.nctoriall.v represent:tble aad. E is a

try functorlaL representation for G , Iinal1y, if G

has both a left aad. a rlg,ht fi.rnctori.al. representatiour s&Jr

P and. h't

is calLed.



":a /rqn ';r, n*14 s , *espectiveiy, then I' is calIei a ] I'! nc;oini
.&

j',?r 'i! and. f a ti; ht aeiolnt for F .

'Ihe firs'b thing, to riotj-ce ab,Jut i;irj.s aefi;:tio:r is

'ih.;:r if a fuactor F: {. -+,9 hes two left represei:tations,
=

:,':trr A and. B , coaposiag the natural equi-valerices betvreea

A a.iid I' and" betlvocn hl alrC F yield.s a i:atulal

,,: illivalence bet'reen hA ano hB , u)iicii by (0.+.5)

;+riespond.s to an equivalence De1;\ieen A and. ts . 'Ib.e

sii.,::.,s argunent ap-olies io a coatrayariant fu:r,ctor, and. so

,rie have proved.

(C.5.2) ienla. .i.ny tuo representatioris (1eft or right,

-s'applicable) for a (,:ossibly contravariant) functor are

. quivalent .

(A"5.1) .Jefi:ri!io:.. I,et F: t -> $ aad. .r, € n

i : .;:'ti a € 5'A that coirespct:d.s, by the Yoneoa

. -.l,ral-eno€r io a natural equivalence frorc, h" to F

."r ;a1iad. u:riveXga.I for F . Clearly a funcior 1s

.:.:. 1-ic=,";ab1e lff there is a universal e1er.,ent for it.

';iish this ooaroo, *. can, refine (0.5.2) as folIorvs.



{o"r.rl) .yrolosit:.'-n. Ii. a e trA is r:-c.ivcrsrl

:for Ir ana ar € I.l.' 1s arbitrary, ti:ere is a unique

:orphism f ; A -*,1' such thett F(f )(a) = ar ; Boxeovex,

;hc nap f is an equivaleace iff ar 1s aLso u:riversal

i! T:t-^^F.&\rr J: . J-I'JLJI r

,:ssigns the required. f to a' . (O.Li,)) finisiles the proof .

fn the next sectioil vre s.taII iiscuss functorial

representations furtiier. i{ere vre presen'; tire nost

ii,portant exanpJ-es of representertions. .l-,'oi ci:.e rest of

this se c'cion, ue fix attootion to fuactors .fro;a a category

.l *^ ;..^ 1
: r LJI' .l- L/ 5 \.,L l-td. J- .
s

{O.r.>) let (a, ); C r bc a faaj-Iy of objects in
4rt4

4i iad"exed. by a set I . A iepresentation for the fi:actor

. F^ a irrrai /, vu ,l ';ir-rriL assigns to ts e I the set
=-L:

ls naiicd. a d.ircct sr:.nr of the faniLy (i. ); r-_ r , anC isr - \-r

..::;r*";id. q, Ai . The uaj.versal eleuent, vrni.ch, is ia
./fLt-f,

th.e conpositlon F;.' = fn.,, , "] = [n^, , {= *(A, a,)

^ 
_ o(i.it ts)

at-i



X *(.Ii, O Ar) , is c*iIed. the fii.aiJ.7 of ciino:ical-
itL

-L4

r.ril5g!,iong .of t,:e sui:.;iu.nd.s .

(0.5.6) Again Iet (Ai)i 
€ r be a 1-.mi11' of objects

;indexeci" by a sei. A .representation of toe coli'i;ravariaat

funeior fron !r to S lrhich assigns to an ob;ect B

-i:he set ><4(E, Ar) is called a Cirect proCuoi of the
:/TaE-a

*I '" and. is d.enoted. X Al . [he u:llversal c]-onent in
; C;*\_r

X +( X Ai, ai) rs calle c the fan:-ly of c:^nonlc.rl-
I t-r at-r

onto tne fa.ctors.

(0.5.'/) Let g be the ze)o cate3ory of (o.A.9),

::.n.tc;:preted. as a subcategory of S by taliing for r;he

u;:ique ob;ect a set co::.sistiiig of a single point o .

I,et Z d"enote the only possi,ble functor fron ,:i to 0 .
=

.r;,i';,.*j.t a is both a functor anc. a contravariant functor,

- a ^*.1-,r +.i ^q- . u ;pr,;oent&ti-on zr for Z is called a left ze?o
!

^Jr ,r ^ -i -.:^!.;.:-i. ur L , a right representation, zD , a right zero

:r l,-kgi of + . Bl (0.+.4) th.ere is exactly one r,&!r say zu.

'- '.; ,,L to aa oU;ect A , and one trap ,AR, r --+ zR .



'::: r '{':,€i"r iuticjuelte ss, i-^ese mELps Irtugt be co-.^iatibLe r'litnh

r;il $-uorph.isnsl i.€.1 if f € !.(;, B) , then

f .rI;. = ,LB aad ,BB.f = ,l,R .

T..ir" par:iicular , zT,r.._.= zr,_R.z zL + zR , o.nd. this
-'R "L

u;i'": is an eciuivalence iff thete is a nap frora ,R-t io ,L.

.:"ii e&sj e zr and. zD ale equiv;.Ientr eithe r is referreo io,

;.. -;1y ers a zelo ocicct of * , a:1o call n a E15E=jP

*,je_ggr..r,vrir! zero, Lettin6 g" oenote the cateSory of

r:ats vrith base poiais a::d. base point prescrving f,.inctions,

a o;lreg*rjr $ is callec a poi:rtecL ca.teir.orI if , vrhere
v=

Ig; $* -> S is rhe functor r,';hich "1gnores" tr:.c Dase point,

* .l'.ir:";J"t,';r E: +*X* *,J* can De fouad. such that

I{ora, = If,..h
and.

ar ah

,...:;;:'ffiffi[frffi cate:orf, t'r1ti: zero is 3 rc:-itec c:.lt€r-or.-i.

f a - .\ 
^ I .;i.A.2 *a ) rLi:b Lrrg\, --r +S poillteo. ano. let X' € i(i, .d) .

;i pii':r'reentation of tii€ functor frolo ,_it to S vnich

'' ''lr:'i '"1's i* 0 € * the set

9(.tLrc is ciLinear.

ker(A(c, r)) = Lurs €+(c,A), r.s = o \



a'?

(b*re O' d.enotes the base poiat of each hors set) fs
'.'

caLled. a l<erne1 for t , and is d.enoted, ker f . 8be

unj.versal el"ement ts an eleraeat k € .$(ker f , A)

havlng the.property that f 'k . O aad. ,.vhenever f .B ' O

for s €{(c,A), Ji €A(c; kerr) suchthatthe

d.la6ram

Ohis is a slnpJ.e restatenent of, (0.5.4).

(0.5.9) Ag,aln assu.jire * is pointed. and, let

f € +(A, B) ' .l! xepxesentation of tire functor from

+ to g wi:rclr asuigns 'bo C in it tire set

ker(g(r, c)) = \u/ s € ;i(B, c), g.r ! o tL)

ls caI}ed. a coicernel for f and. d.enoted. cok f or

coker f . rlhe uaiversal eLenent has an ioterpretartion

s:.ii:.]ar to that given above for lcernels (vritb arioi'rs

re:rersed., since the coliernel of and;L-norphisra j.s a:

ke:*neL f or the correspond.iag Af -morphisn).

T-a the next exaroples we will d.eal with categorlos

*f, s*ts. i functor Tl A > B ls falthful or an

., ker f
e5n.v __?_ comnutes.



' irrrersion, if it is localiy 1-i, ti:at j.s io sir.yr:"f eiob.

furict j.on FAts , ;!(i'r, ts) --r- P(ee, tr'3) 1s l,-1. g is said.

to h.::.ve the structuro of ll if there is an :i.iierclon i-.ioli

4 to 3 , * is a conctete cate;.oryr or a clr.rc:..ci)r of scis,

if it has 'bne structure of S . Alr, i:ailcrsiot by v:-rtue of

vri:ich ;l is concrete i.s usually he1d. fixed tirrou;hcut

and. d.eaoted. by uabsolute value bars" ox not a1; al}; for

A (resp. f ) € :i , i;\ (resp. if l) is'thou;it of as

th.e und.erlying set of :i (resp. tite u-aoerlyi.ng ;;oini

function of f ).

(O,r.1o) Let ._r ce a cateiory of scis anC iet

S' be a set. A repres:iitat:-on for the f ;.nctor l'roi: r_:

to g wriich assi6ns io an object ;tr, the set g (S,i:1.[)

is a free ob.icct Aericrated. gg S'. li free object seaererted.

:,i a3leton i.s tirc sane i*s a Ier't repxeseiltation fo;

the structural !',rnsrsion i [ , and" is caIled. a l',c::e =iicr

in g ; !1oro generally, any o;;cct G for ';;nich hG

iii a.& :.:"fiersion is a Aenerator, If 65 is tr ficc oclcct



{ ;ne'"'eted, by S, ihe u:'rivcl'sui} cle;:eut, iv^:ici 1ics.: :.i1

$(S, i6[i) , is callecl ti:e 1:rc]-usica of tlie ,re.te rarc:c I

,r"::"io'cin.i it by k , onc easi.Iy se es tirert to eleh

i € g(S, ir'.p tir.ere corie spor:d.s ci unirlue j ' € e-(oS, A)

such thait /i'l.n = i € g(S,lrl) r urrich is esoeulia).Iy

the usual "extensi-on to a hoaonorpnisnil cond.rticn.

(C.r.11) let 4 be a concrete cate;or;r, b € -i,

. P r.,.ani f arn equivaleice relaticn on trl . Deflnc a

.funetol fron i:. I o S== oy seeuiag 1;b,e'

object ;l iorheseE lttr€ *(ts,A), *fo 
- trl (n)=\i\ (oj}.

;i. rei:resen'i;ation of tiris r'unctor j-s Ccnoteo :i/? atrC 1s

caLled a luotien! € ,) ly (ry1) f ; 'i;irc ,...).r..4

plsni,e!.t, iD $(B, o/ f, ) , is c:r.IIe cr. tiie cs.iionical- l::o jection

,
e*I^Q. L]re- quotient !X f r or d:-vio:n,q !X t fn rhe

" nted. coacrete category, d.iviciin3, by e,:luivalence(.i iJrJJllUrjtJ, UUirL;rtr Uli lidUUS{JIJ I Atr

',''':ations ls closely allied. to forrning coicernels.

(C.5.12) Iet i be a category of sets ;tni B an

:"1,*ri: of an arbitr.ary cate;ory g . An. A-stiucture.on



Ji,

the obiect ts .ls a contravariant functor BB, p ->*
such that \U'\ (i.e., t \.bu) and, bB are naturally

equiva).eat. Dual.).yr B[ A-costructure on B .ls a

frrnctor bsi g -> S such that \Ur\E o, . Ior

+xanple , if gg d.enotes the category of monold.s and,

mo:loid. homomorphisms, to say that .an ob je ct B in B

bas an SG-structure involves, for eacb X ln I , a

function n(x) : p(x, B) X !(x, 3) -> E(X, B) , all of

u;:ich forrn a natural r-ransformatioi, n ; asru.ning that

3XB exists in ! , ihj.s natural transforr;:,ation j.s an

el.erirent of fuua, hBJ , hence soxresponos to an eLenent

.;-f E(BXB, ts) called. the rcu.ltj-olication on B .

Slllilarly, all SG-costructure oa an object B couespond.s,

r" ,:::rrs BOB exi.sts 1n g , to a conuliipLication, tbat

:,3n & ts-uorphism B --> B@3 . Tb.e situation will arise,

...', the iraj.n body of tiris wor]<, of an object (ia a concrete

,r:i.te{:":ry) baviag the costrueture of a laitice-ord.ered,

;; ":l*raliscd. Banach algebra. T bo nunoer of $tructurs naps



is a','tktcaro.ly ).crr.:e. toe oo;ec'b is tne ;rrol-can f :.r:., oj

3,,me1 sei:s oa the reer] line. Other exaiaple s ean ir.iso

ri,.: concocteo.

(U,r,l1) A concrete caregory i equippable vriri:

a functor 
=h: 

A*XA --> A such thai \!\ 
y lionU

:.s ealLed. autononous provid,ed. the cotrposiiicn'ru.le

t(}LU, can be lif ted to a " oiIj-near i;\i;;icrpirisn'r ,

i.€., is the und.erlying poiat f'uncticn of sone $uolphisn

h(A, B) -+ b(b(3, C), b(A, C)) and oi' sone *-:uorphis;i

"3i8, C) ---) -g(!(A, .ts), b(.1, C)) . .r):a;:pt-es of autoaonous

eate6ories are prov:Ceo 'by g , E* , lG. (tne category of

abeLian groups and. group ho;:ioliorphisas), and. ,:,=, (tne

*ate6ory of ("u.y) real norned. vector spaces and" continuous

horioaori:hi-sns). In an autono:.ious oalegory, tnere can be

;.;; r'l a" ;:*r:ion of ter:sor proouci. irjarae3"y, let A anct

.: 'o€ tvto oojects of an autoaotcous cate8ory J , anci 1et

i]: + -+ g be the functor send.i::g X io

b(x) -.+(A, g(8, x)) O 4(8, !(;i, l()) ,



th* :-rr.tersectlon occumin6 ia 9( letx lcl , \Xl) .

representatioa
' 

proO.rctof b 1s caIIed. a tensor of

rvith 3 and is d.enoted. A@B r or, lvirea iirere is

ecnfusi.on as to which category is i-nvolved., .li& B.
*

i"u should be observed. that the natural isor,iorpirisns

(ia I ) betueen 1,t \x [al

(\A\x\r\ )xlt, I anci i;.t

isoriorphisns (in.r )

x((ts\ ,(Cl ) j-nouce n;riural

and. \ s\x lrl and. 'betr'/een

i$B 3 s6.'i

(46 B)6 c e .i63r (3EC) .

The firsi; of tireso , t,:hea
lc i^! - 4 , r.: CaIleC ihe tt'list::r;,

1n vie ri cf t::.e second., l';e shalLa",rrc:'c-l:riisn of

:ieveir need. parenihesee t;iten ;;ritui6 iterc.teC. teasor l,rod.ucts.

Jn each of tle sategories 9, !*, -19, !U, tensor prod.ucts

: lfor gJ ttris :-s oue to Sci:s.ttei:, ffzj aaA Grothsnd.iecl<

i.1,1,. chap. ri s1, n9 1, Prop. 11 p. 24). fhe fuictor b assigns

to X tho socalIed. billneer.r r,r3.ps from ;! x B , aad. the

,;.n:Lrersal eierient has the usuLl universal propcrty of

li6.l;



"l-irrea.risiag" bilinear iaps. leilsor ;roCuots i:i otnei

eategori.es than autonoi"o{,1.s or,es all arise fron a

suita.ore aotioa of bili-:earil,*y or. by co::parlson uith

a rclated, autonorrous cciesorr (see tI., for exanples,

aad. 51.6 for a tensor prod.uct like pairing of t',;o

caiegories to a third.) . .



U:t

O. 6 .l'r-rictoii:rI,::ei:rc se::tc."'io.,s

this section is d.evoted. tn the naia to tire proof of

a proposj-tioa whi-ch g,ives ratlier easily verified. clitetion

for the existence of a functoria.L represeatartion, a

eriterj.orr! moreovex, r:.,hich rziil frequently be useo in

tl:c next chapter, often vithout explicit refelence . ,t1oe

proposition in o*uestioa is probably ryeIl kaown, but I

have never seen a proof presented.. Incioentally,

ap1;iica.tion of th.is criterion to soiiie of ti:e exairpies of

ti:e previous section 6ive exanples or fu::,ctorial

.r*presentations.

/^ z - \(0.6.1) -Lrro-oosition. If G is a fu::ctor frora

9x+ 'Eo g , Iet c(,ts): :t --:>g (tor each ri € I )

:i;* the I'palrla1" t'ulctor c-finea by

G(r)(A) = G(8, A), c;(e)(r) = G(id.-, f) .

.itr;::rLrce tbat eu.ch G(B) is representabler sny riith

rL:i-)r'esent.:tioa tr'B and. uuj.vcrsi;.1 elenent ie e G(Ij) (I3) .

1'l ::'.," ii extend.s to a functor Br --> L , aad the ui:iversaL

1,

:,

t

I



e l earen.t s

:raking 
,tr'

Proof

d.i;fiae a

functorial

a-
D

a

Datural equ:.valence of

xepliisentation of

'^ :rr"'''"q
aJ:1 ii J. 9 rl

i'

--rrni'.
. lr\,/VI.

'lt'o c I \j/\sr L) ) .

ovl

that F is a functor. I,ot ( €

Using (0.r.4), d.efine

unic-ue e-;uorphisn for

G(B' ) (1) :

sencs iB, to the sane

sends iB . !ha.r is, f

f of the eq.ration

G( cr , id, ) (i_.)
I 11 t]]

In ord.er to se€ thet tnis

k € !(F3, r Fa) to bc the

''vhich the f',"inctiou

G(3')(Fs,) 
- 

G(B,)(Fs)

eleueat as rhe fuiictioa

li 1{ 1s tiie u.iio-ue solution

s G(8,)(r)(i,,),
L)

ocii:irtis4 nali€s I a furrctor,

tve must sde that ,p,r"n = Tu .% (coutrav;riai'icel)
r- dv i1

..f
i. ; B(B' , B',) , ano tiiar r'.A = id= . lhe lu.tterr*B "3

,",:.r.,tr":ment follor,ving ii;,$ed-i-artely i'rora i;ie uiiiiiucness plrt

i.,-)^5"4), lt sufr'ices here to provc the r'crner. .r.oi tac,.t

;+; i= enough to prove



t/t,?

.i:.r:i.ce tllis ls the d.efleii:g eiruation for

G is a fu-nc'bor, r're have

(e .6., )

$inilarS.y,

tr^ ., o

i2. U,-
I

llcv sir:ce

(0 .6. 5)

//;
flJ

/ :-+,
\ .8,

\ irl tt

\

G( B'

* G(B' ) (e;,)

I

G(8,') (!-B 
' 
)

o(s" ) (p.. )

3(i'i) (r'.,)
!

G(tQr.,t, idr.s) =(e(P, id,B)).(c(l , t%u) .

siace G(3") is a fuactor, l'Je have

(0.6.+) e(8,,) (L .rp, = (c-(B', ) (r,c)) . (c(8,,) (r;i ))

rippuring (o.6.1) and. (0.6.4)

viLl suffice to prove

to (O.5.2), vre see inat it

(G( .4, idr,.)).(G(o(, idr._))(ir) =t -B -3

= (G(3" ) (rL) . (c(3,') (rp )) (i3,,)

Aceord-j-ngly, ',ve maire the conrentic;:. ihat a poi::,t

of a set is to De id.en'uif ieC ,,rita (i. e. , t;:.oug-:t cf )

a.s ) a f,rmction (also lvrirten s) fron a sie;Ie po:.::t

:';'iir:. thls ccEvel'iio::,to (senciiag to s ),

coesiCer the Cia;;ran

G(B) (rr)

G("8' ) (Fr)
(2rt., -1

G(8" ) (tr'.o,, )



t'

i"n ';;hicr. C(u)(iao-) , erc., is t;:c ssr:c 3s G(,r(, rC1..) ,-5 5

r-;n i-i *no Q iS a f r-ir:Oior, G(6) sO Cle l'rncd. iS e
J

.....i-r:x.:'1 +:..r--fornatlon (fron G(tsr) to G(B,,)); hence\--

xne ri;ni hand. s(iuare co:r-iutes. lhe left har,c s..fLi3.xe s

-'.i1 *;"'-;ute b;" d.efinitio::. of !' , aa0 i:r "-'') rrrn
^d- sss 

'0 t ,{^; 
;J\,, iiu

l

.,,,*re esia"blj-shed. (0.6.5) aad- 1:roved. F is a fu::ctor .

Proof that I' is a fi.rnctorial represe:itation for G .

"ix is convenieni to d"esi3;:ate t!.e naturai ei;ui.va.lence froil

to n.,,, corres^ron*i;,g ro t.l:c'*::ivers;rL elc:-eni
-L' .-

i-i f, c(i)(Trr) oJ/ rr.3 r:r.ile sy--uol rr, sr thar for

r
fl * , i, (A) r.s :;l e qulvaience G(r) (l) 5 hr, lA) = 

=r(lro 
, .l) .

if,

{-,r' - +-- +a-.*.i -.'. ; /' \ r'"rJr- t,'riru t,rl,€ fa;i.,-y fr(A) r:f e.r.riVerLci:^CCS SetS U:)

a naiurai equrv.rlence oi' functors lroitr lxri , it is ti:"en

::' ,,i s*e it sc1,s 'u-c a .:atural rrinsf,..rr:latioa, fol l,uhich

,,",.$i.; +:;,**ii rnat, i';hen p € :(8, B')r the d.ie.gra:c,
:

ar_(a) ffi c(ts)(A)

in-.-, 1.,t;
i^D
VI

i

I

I c(rc ) (A)
t!
v

i1.-, (,'.) (-: G(B')(.\)
^ B' ' ral t (4,)



(r',.

r';ncre h.,- ("i) send.s f € h"-ie) = *(!'..1 , .il) to'f ^B

,"rF € a!(Fr, , A) = hlu,(*) , co;xlutes. so let

p e G(3) (ri) . tr'ollor';ing p cloclo,rise alounc (C.6.6)

61ves an elenent f I = (L,(rL )) , (G(f) (;.;611 € rr*.(;l) 3
i 'B'

= g(3Bn , A) r'ririch is u::iquely d.eteruined. (using (O.5.+))

by rhe requirement

(0.6.7) (G(B' )(r' ))511, ) = Gf)(.r)(e)

I,ot frr d.enote tlr.e element obtained. by chasing p

around. (0.6.6) counterclockvrise e i.€.1

f ,, = 011., (A)). (i"(A)) (p) = (ir(i) (p)) .r4 .,PgJi-

.t[ovr (0.o.6; sonnutes iff f ' = f" , i.e., using (0.6.?), lff

(o.6"u) (G(B')(f ',))($8, ) = of)(-)(n) .

Ia ord.er to prove (0.6.8), consld.er f = iu(A)(p) ,

,:ricli i"s the first etop vrhen chasi-ag p around. counter-

:-+tkuj-se to Set ftt , so that

q.i.{i"g) f,, = f.Fa.
{

This f is uuiiiuely Ceterni:-red. oy the e.:r:.:,.tion

(G.':.lo) p = (C(B) (f )(iB) . ,



*

I

i

(0 .6 " 11) \y
i G(ii, ) (r

;.,:r}"'il I r';e fenark thrrt ti].e oiagrarn belo'v co:::.:utes.

its,

G(B) (F;)F3, )

e(s) (a)

(f)

I

t

{/ 
G(/6) (;)

')(a)

I .H,.-,
v rb

'4 G(B')(I')
,L)

Ind.eed., tae upper triangLe c;u;uics by (o.o.fo), thc left

Tp, , u.iid. ihe li6lrt square
i

natural iransforniition fron

,squaro cgniautes

eomnutes stn&A

d.efinition of

\.
, 1S SI].I.J. a.

by

NY

S(n) . to G(B') . tr'lna}lyr appiicatior: of i;:e functor G(ts,)

to equation (0.5.9) gives the relation

- (G(3',)(r)).(G(3')(%)) = G(B')(f.') ,
{"

whlch, io6etaer ,,'iit|.i tiie oon:::utirtivity of (0.5.11), yielos

t.r.e d"esj-red. relation (O.o.d). Inis finishcs tiie proof

*rl,ii-:,op:siiion (0.6.1) .

*ipplicatj.on of (0.6.I) to soni.e of tire exaul>J.es

(0.5"5)-(O,r.Lr) yields the follouring exaiaples of

f ,,.rn*1.;,::i:.laL retre seatatioas .

a/ll \



(o.6.12) let )..) Dc an object of :-i aid. leb

G, :A* x .\ --+> S be t e f u.:ctor unich a.rctor unrch assigns to tiie
c

pair al, B the set .=i(^i, B) X-!(.i2, B) . If each

c,.irect Gum AI@A2 exists as an oirject of .=\, (0.6.11

assures t;:at any ch,oice oI d.j.rect sun ii,@.12 is part--

of a fuactor @ie, -:! -+ -i , s:rtitinli vritE !r, .

(C.6.1,s) :L:rgr choice of d,ir€ctiproduct A1Y.r\2 , for

each Al and. fixed. A,, , is }i;';elvise part of a funitor- t 1'

X A^.: Jr ----) :i . r,r-rl;:JLir1r1.;t \.Jt-tin A-, .
1==.a-

(0.b.L4) .iiny choice of iicr f , for each 4-norphisn

f , is part of a fi'.nctor ker: * 
U ., * . Sr:liJ-ar1y

f or coiler .

(0.6.15) if ii a o..r::crere cate;ory + a free object

fS exlsts fcr cach set S, any choice of free -b;ects is

:'".rt of I fu:ictor 6; g 
-> *, lvhlch o;'.iiefiiilt:.cn (0.i.1)

is a l-eft ad.joir.,t to thc l:uierslo:i \ \ r " 
--.> ,j .

(O.b,t6) 'I'here is, if tcusor products e>:let in an

i:.utonoiieus catbgory it , a f*l-ctor & r,Z: !i -) =i 
,



tene qrins r,rith AZ, r'ihlc!-,asslgns to each objcct .\1

a tensor prod.uct A1S-i2 of ,11 rvith .it2.

i
Jt:rst. as reple scnr..tj-ons are uaiiiire io -l';i'cl.iin ,,1:.i,iue 

i---5_!

I

ronyatible eluivalence, as f orl,ouis r"ron (0.5.2) aad. (]s5./i-), i

f;s can tnis fact be used., iD an ar;uueat lil;e that proving

{'. "6.I), to sb.ov,r tn.at functorlal reprosentations llkeuise

s,re unique to r,;itnin unique conpaiible natural eciuival.ence.

'3iris cornqent is intend-ed., in partic.liar, ior use ilrth tn.e

fu::.e "ucrs obtainecr 1n the exari.,les aoove.

One last co;::lieat: left fwictorial .rr€pre scnta.tlors

j;:.rc fl erve ,1ef t representations (tiie saxie is ;ri-ic rcpiacir,g

rrior't'lE r'.-' "*u.gitt"), i-rnen they exist. t'his 1s an iiuiecia.'i;e4r .s v vj !4{)]-u I ) ir^isu ULLVJ g,rL-L> v . J.iti> .J!:i qiii j.uli

consec.iuence of tlr.c der'initlon (0.r.1). fhus, f or exar,pIe,

':,. i.r:l: wh.ich has a rig;rt ad";oint preserves dirct suns,

.. aui'* oi: jects, eoke raeIs, ai:e a r'unctor v;;rlcl:, is a

,'lii, rt*::nels * ar,iolld; other thiags.



'? l/

O.'l sru::'i;ionu.1 Oate;rorie s

I,et A be a sct , o{ an crclnal, an,i. ,f the set of

aL1 sequencos ,"5rOS t ( "( of eleruents of A . r! funciioa

OL

and. *i is ce,.I1cci ihe :r.'ea.ln of ti:e o.,eratlon I'. If F

and. G are irvo olrerati.ns of 1en6th d- on realns A and

B? respectively, a fu.,lction f: A--)B is calLcd a

hlr.o:nori:nisr:r fron ir io G if

r(F((.S)cSf <oc)) = G((r("5))011...) .

I,et A = idI)'S I(p lre a se(iuence c; ;rd.inaLs, u.nd.

O), (OlI<p) an operation of icn;,rh aI oii i. I'he

collection (A; (,rI)OS )<g) j-s calLed. an g.1'.ebra of t,rce

A ' ox a A-*l:e r=o.. A [-r:orph.isr. fron a [-aLgebra

i"A; (3I ) ) to another (B; (G,f) ) is a fu::ction froii .r{,

.o ts vrhich is, for each avaiLacl,e tr , a ho-:onori;hisn

j::cn ,l to G I .

fhe cetegory oi all 2\-a)-;,eoras ancl [-lrol.i;irisis

r:.r i.naoted. (A) , and. is obviously concretc. A rr3r'it



{,i

zero obJect is afford"ed, by the set consisting of a single
elemeat aad. the obvlous (and rraique) operatioas. two theorens

of Slon16ski 126, Chap. IfI, (1.1) aad. (1.,)], when corobiaod,

ut.th (0.6.1) r ind.lcate that the inmersion of ( A ) ln g

by virtue of whlch (A) is concrete has a left ad.joint,
wblcb, ia accord. wlth (O.r.tO), ls sald. to asslga to the set

S tge free A- *1g@=g on (genelated. !3r) S . Ia parti.cglar,
we h,ave a free [- algebu I[ on a set whose sard.inality is
the ggg! of ( A ) , naraelf , whose card,inality is that of the

Leaet linit ord.inal greater thaa or squaL to each nI (OJ I. rA)

A fuLl subcategory * of ( A ) 1s sald, to be

eqqgtlona[y d.efined. tf tbere is a free fl-algebra W*

aad. a subset E,* g lW* | x IVI+ | such that a [-algebra A

belongs to A lf aad. only if each fi-norpbisn f ; Wr 
-r 

A

Eatisfies f(x) ! f(y) wh,enever (x, y) € ts, aad. Er is
aalled. a set of gegatiogg d.etermlnlng + . An gegtional

A-gggg"Sg3y is arx equatioaally d.efiaed. (fu11) subcategory

of (A ) . Slomliski has proved, p.6, Chap, III] that a

category * is aa €quational {-category j.f and. only if
* is deteruined. by a set of equations 5.n the free algebra

',J generated, by a set of card.ina)"1ty rank( A ) (or geeater),

.F 8,, Lff there is a subset E E lWtx ltyl such that
;i. g\-algebra A belongs to 4 if aad. only if each

;\*morphtsm f rii[ 
-] 

A eatisfj-es f(x) E f(y) rryh"enever

(x, y) € e . thLs is a useful, fact r a r€interpretation of
";.;iii*e. is glvea 1a So.1o . rt is convenient to write A r ACe>
ie H *sa

: 
,t equations ln iY d.ebnialng the equational8€

A
lld&**e"t€Sory



>U

,'iloirifiski Ll(r) proveo tne foliovrj.as results:

(0.7,1) (A) has direct prod.ucts aad. quotleats

iry relations of equivalence;

(A,? .2) ff + 1s an equational [-category r

f a ' 3 -* .l' is a fi-oonoiaorp):ism, aad. A e !l ,

tiren B € g;

(o.?.i) If S is aE equatiooaJ- [-catei]ory,

A e * r and. f 1s an equlvalence reLatioil oD, \At ,

ibea 
"/(, 

the quotient of A by ? in
)

(A) , is

in fact an ob;ect of + , and.'is the quotient of A

't);iy f in 4;t-
I(A.'/.+) If * is aa er.iuatio::a1 fi-cutegory and.

,t /: f r\ --oi \.l. E- r/ ilre in i ., tnen X *, , the Cirect
r \-4

Ai;r (A) , is an ob;ect of -_! , a;.:d. is tne

i,i"reci. product in ii of the Ai '"i

(O."/ .5) [he canonica].'rund.erlyiag seto l:.r.iacrsion

;; **F S frora au equational
f* A-categ,ory b.as an ad.;olnt .

('::his a;ii,;ra requires an appiication of (0,6.r) tg srorlrifski's

result on the e>;lstence of free A-objects.)



ile noi'/ Brove

(O.-/.6) EquationaL cate.5ories have d.irect sulrls.

be an .eguatioual 2\-categoxy, and,

the free ooject functor which. ls left

;djoi"nt to the car.,onical ia::erslon of + in S. Gj"vca

Proof: Let

iet 6; E --).1 be

/. z* 
-l, (1 q I) objects of 4 , construct ti:eir ouect s\ui

.;:i follovrs. Irirst forn d( U lir\ ) anc e ( l;.( ) . ,Ihere

r€ r oa the one haao, 5-rorp::.1sras A({.i. \) :;? -,-'i
{eorrespond.ing to 1di., , ) and", oa the othel hand.,

l-.i\

*'*ilci,--his;as u6 l.:-rl ) -J o( U itil ) (obtained by= , ]., . Jl-
. *.-i--;** ;X +^ +'^^ :.^^1.-^ 

I- :p;ylrs ! to the iuclusio::s l;, I q U i*,I ) .

' , 'ci:e iast co:u;ent of tne previous section, it is

;:iear thar (1, ); C r is a universai eleneat by virtuerr\_4

'i l,nich (cf , (0.r.5)) o( U\*.. I > = e ollarl.) . ..i3-so,

,i r inC.uces an
'"i'

:/TrE-l

l"ence relati-on f, oo lo( lAil ) I

/. \ --
11. \ Oi,) . r\ O\.'i

o(Ulirl )l
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sa/, I is t:re equ:.valence :elation on llCtJt;,il )t

generated. by the relatioi: fl^ U.ttned. as follorvs:

'/ 

\o 

. 
- 

tbttt l.a I" o irr 3r € r and. *i,bi€ o(lAil)

such that ., f, b, and. a = ii(ai), b ; ii(bi) .
4 )* r

$e claj-m: Q *, = q(Lllart )/ ( . Ind.eed, for B

i€ r

arbitrary in g , \,,e have i(e(t/ ljlil )/ 
,( 

, B) = (d.ef )

=L.rt r ( i.i(u(ru iAj.l ), B), Br- f, bi + r(q(+) = r{{c) }
* i,rrr)r€ r / ti€g(ir(lail ), B), ai I o, =+ f(e = t(bi))t

= X_$(6( lAil )/ l, , u, a/ 
X_l(ai : B) , *,here

r,i- J" at_ -L

*lu last X is c.ue to the fact that u(l:lr.f )/ l, - Ai

(cf " Slor.lislri lrfr, Chal;ter If , (r.8)l).

P.e-urii.r]<: the sane proof works for any concrete catcgory

iv'i;-i :f:ree objectsrinvriricn one can oivid.e by relatioas, aad.

h.e:re, if ? is the rela'Eion oa loC tef >l d.eterniaed. by
I

ilil"* canonical map E( lA l) --).i , then o( li D/ ? - .l .

\



lot A ' (",\)og\<rr, ,Iet fIP', aad.put A-
,r (uf )OlI.p . Let W aad. vfr be the free {-al6e

a.rt the free A-algebra generated. by a sat of card.iaallty

*t least rark(A). If E ie a set of equatioas itl W

{{oen, E € lYIl XlWl ), denote by E also tbe resu3.ting

equatioas' 1(E) i{i W', inage of E und.er the obvious

fi-norphtsu lr 1i[ -+ 1][' . t'ornLng both 7\ (S) aad. a3^. (f)

tgere Ls as obvious funqtor from A CBI to A Ce> , wb,ich

'-+;mpi.y ignores thE operations from tho r5th oae ono
i

;il;r*Iarly* if E C E'C lWl x lWl r we get an inclusion

;1{m'} A (E: " Arl eqqationgJ functor i.s any conpositlon

i.;t .*ki*$s 
':lvo types of functors. fhe iflportaace of equationa]

i";re*tors lies ln the following propositloa,

io:.?"?) fgg>ositlpn, Eacb. equati.onal functor is

' ,;.,.'; ';.i'; wi-*h une standard. i,mmersions to S and b,as a

' :, aSg*Sxat " E&gglr

:ilne flret part is obyious. Since the left ad,joiat of

': :xii:':'" "::,.t{i ;.s tbe Conposite, tn the otb,er order, of the

,,. . ";,..*-oa}. left adjotnts, when they exlst, tt suff ices to
'i-1,:,iiY,&'b;re fol"lgwiag 1emma.



(0.7.8) Ler",:lai. .riach of tr:cse f rr.:ctors

A Ca> --+ A(E) , A(r,) ..-> Acu>

h,as a left ad.joint . i'roof :

By (0.6.1; it will suffice to cLescribe ti':re action

of tae purported. ad,joint oii each objeci. in the first

instance, glven a A(il)-rlgebra il , forr: 'cire fnee

fS (U)-"lgebra it genera.res r 0' (A) . Def ine an eiguivalence

relation. on 0'(A) as foIlo,;is: for:r E(A), ti:e free

A(U)-*lgecra 6eneratect cJ, .i , a:id- Lct { by the

equivalence relatiorr on O(A) cierermired cy tire canonlcal

psojectior. O(A) -+i . fra.:isfer f to I'(-o) , inai 1s

to s&X, where j: 0(A) 
-> 

U'(:i) is tire A(A)-nor::h1sr;:

li:.d.uccd. oy tiie inclrisio;r of t::.e 6er.ere,iois lril e t 
,, (.iil,

",:*'''+ *'?oo' (lor &'r'br ia il'(*i)) iff ar = i(a)

;' e ;(t) v;ith " f U . iet (' be ti:.e ecrurvalence

rsl.r.tion in O' (-t) generi:.tod. by 
f , ; f orH 5, {A)/('

":? i"f i3 is &. A (U)-"16ebra, a [-r,rorpi:isrn fro;l ]l to

. .;.r:?end.s to a 2\-arorahisn frou O(A) to B that
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i-oeni;ifies l-""Ia.too elements; h,ence i[s ex'i;ension io

a 2\ -rnorpi:.isra fron &'(-*) to r id.enii:iies f *uiarted,

elements aad, is thus a A (r')-*orphisrri frora .,N'(it)/ f'

to 3. Conversely, each sueh A (p)-norpiiisia resirj.cts

to a 2\1111-rr"iorphisr,i fron e(i) t<; iJ id.entifyin6

f-r.Iated. eLements, a:rd" so cvirr€s fron * 'A(u)-:;ior1:hisrn
I

fron L to B. So tl:e lert uCgc.,ini ro 'uhe :'irst fu;rctor

is d.escrl'bed by specir'y:-ng, thctt n be snt to r'(:L)/?t o

I

in iire seconci rri$t-nce, givei tle Af e>-al6cora A I

d.efine an e(juivaleace relation f d.irectiy on A ss
I

f ollows; f or oaoh. fl-lorpirlsnr. f : ','i ----> A , vrciie o (, O

if a = f(x) and. b = r(y) ivitn (x, y) € Tt, ]-et

f" be the reLation generated. cy crl1 rhe (, (i.e. ,

,, f, n irr for sone f , u flr.o >, a;:.o let y be rhe

^quivetlence rel-ation ger.eratec by -f. . 'Ihen 
^/f 

is

a ACut)-algebre; iuorcover, each [6"1-nror.;r:icrii g frcn

rii. to a. dqf ')-a16e'bra "d iras t;:e plo,,erty tir,rit if
il

*. if 'n for srrle f : iv 
-> 

A , then g(a) E 6(b) , since if



e=f(x) an.J. b=r(y) riltr (x,y)e x, ti:en

S(a) G g.f(x) = g.f(y) = S(b). i{eilce elso if "iU thcn
I

g(a) E g(b,) . rlhus every ACPI-morphis;,r fro:u Ji 'bo 3

id.ea'l;ifies [ -refated. elai.r:euts,, hence,i^, a ACU' )-iiorphisn

fron tire A(p')-alg,eora O/f to B . [hus tirc iefi

ad.join'b to the second. functor is ciescriircd. by specifyin6

tiiat A is sei:.t to A/ I .
I

Re"lark: Ihis Ie.c".ia r"iII be applied early i.n rr:e

next chapter ii. the 1-rreJ.i;ciaary ciscussilir. on si6.a:r rings.
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O.8 fn.iectives e,i:'d I'rc;ectives

(0.8.1; Defl::ition. l,et F: i 
-)L 

iJ lre an

irn.'nersion (raitirlul functor). 'r'i.n elenent f e *(A, ci

is calIed. an F-nono;rcr?hlsm if p(d, F(f )); B(8, FA) --!(81 I'c)

ls 1-i. for a1l, B € E ; it is an F-epilornhisn if

p(F(f ) , B); p(r'c, B) -> 
g(8A, it) is 1-1 for all B € E r

An i"d.o-iu,ononorphisrn (resp. id={-epinorpirisu) is c:rI}ed.

sinplyanononorphisrq (resp. ei:11''.orplr:!sn); tf Br g, an

i'-aononorphisn (resp. ^?-epfuaorphisn) is d.cscfi-bed. by tb,e

ad.Jective L-I (resp.. 'onto).

(0"8.2) Lenua, An F-mononorphisu (resp. 3-epi:aori;irisu:,)

f '€ 
$(A, C) is also a nonoaorphism (respo iln epierorpirisn).

?roof: tret 6r h€a!(Crts), ai:.rLs'l,ipposeti.rt f is

an F-epiriiorphisa (trre proof ior an -1'-aoaouorgnism is d.r:;^I)

ana that g.f = h.f € A(A, 3). then p(s).f(r) = f(h).F(f)

j"n B(fA, IB) , wheace F(h) = f(g), in B(I'C, FB) r so that,

si.nce F is faithful, I r 6 aad. A(f , B) is I-1, oi

f is an epinorphlsm.
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(0.8.,) Definition. A:1 object A is calle& a EgjEj,g!

of C (uy a palr of maps f , 6) if f € *(ar C),

g € A(C, A) , aad. g.f r idA. Und.er tiro salre circu.a-
:

staaces, C is cal.Led. an g@5!9g of i! , and. each, of

the aaps f , g is s:'.id. to be split by tne other.

(O.8.4) I,qrai,.s. If A is a retract of C by a, 
..

palr of. naps f , S r tb.cn f is an I-nononiorpbiisa (resp.

g ls a.n !'-epiaor;,hisa) for each ii.,:niersi.oa f , ,* ;.-* "!.

irroof : Since g.f = id1 r !'(g).tr'(f ) = idFA.. Iience if

hr k e B(8, .uTr) sarisfy I(r).h = F(f,).k , then

[ - idlA.h = e(g).]''(f).h o r(g).1-'(l).k = idi.lr-li = ]c ,

"; ihat B(ts, 3(f )) is 1-1" a.nd f is an F-uononorphisra.

trlkevllse g is en tr'-epiuorphisn.

Renari<: Such f (resp. g ) is called. a -split

qang4gli-biEli (resp. spllt e;:inorr,hisn) .

(O.o,.5) Def:-nition. An ob;ect P in 4 is said.

to be F-nroiectlvo ( f an i,uersioa fron 4 ) if

ij(P, rl, A(P, A) --?+(P, c)
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ls onto for eacb. !-epS.rnorphisn f e g(iir C) aud. each

pair of objects A, C. Alr object J' in * ls said, to

bg 3-iniectiye tf , for eacb F-roororoorphisn f € *(A, C)

and. each pair of objects A, 0 | the function .

&(f , .I); A(c , J) -> +(A, J)

is onto. 3i-na11y, an object A ih S 
, 
i" calLecl a:r'

absolute F-retract (resp. absolute tr'-coretract) if

ev6ry 3-monoaorphism f: A -+ B (resp. evexy

F-epimorphisu g: 3 --+ A ) sp3.its, rh-us raaici.n6 A a

reiract of B . \'i'e aobreviate io -*oro jectj_ve ,
=

id"*-injective ) aosolrite 1d.-,-reiract, absolute id=l-coretract

sirply to ilrao jectj.ve , injeciive , absolute retract, absorute

coretract; if I = I , lve say 9-projective, etc.

As an iiu:iediaie cor,sequence of (0.8.2) and (0.E.5),

ws have tae folloiring proposition.

the f ol1oivin6 ii.,i.r1i.ca.tions

from ii to B :

(0.8.6) Pronosj-tlon.

-ne l"d, f or each iunersion F

,,'r,l;eCtiVe
.1,

absolute
coretraet

F-projective
.lJ,

absolute
tr'-coretract

i.njective 
=>v

a'bsolute +retract /

I-injective
{,

abs olute
3-retract

-+

'">
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lbe problen of deseriblng the F-projectlves (and. the

' d.ual probleu of tbe tr'-injectives) is so1ved, 1u a speclal

case , as fo).Loss.

(0.8.?) [heorem. Suppose the iriulersloa I'l A -> 3

has a left (resp. right) ad.joint E: 9 --$ii, and that\- - -5 ---9 - --- -

every object of E ad.mits an epiinorphisnr from a projective

(resp. a monoaorphism to ,an injective). Then an object n
I

I

II of A having oae of the ihree propertlesl=
I

II i) A ls F-pro jecti.ve
I

l'
I ii) A 1s a retract of 6(A) rvith A projertive iu E
| 

--, -\a/ x,

li.
I iii) A is an absolute 3-coretract
h
l.

li frer. i,) A is F-injective
l'
I

II ;- ') A is a retraci of . 0(J) with J injective in 3| -" " -\-/
l

I iiit) A is an absolute i'-retract)
I

I

i

i:as all three. lroof :

trt is enough to prove tle projective cas€, pince the
t
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replacement of A and. B by ** and. Z, converts the

injective case to the pxojective oo€r ro tiri.s end,, it

e learly suffj.ces to knorv tirese. four facts:

.I. 0(A) j.s 3-proJective if e is projective;

.2, A retract of aa F-projective is F-projectlve;' :

.7. EVery 3-projoctivs is an.absorute !-coretract;

"4. LYery absolute B-coretract is a retract of sone

O(a) wj-th A projective in\ g .

.1. let f e +(;., B) be arl f,-epfuuorphisro, and, let

kr g(rd) -+ B . By ad.joinrness ( g(u(q), .,:) g g(q,Ir(B))),

comespond.s to a E-rcorphisn k*: Q 
- 

l(g) , Since

a i-s projective and F(f) is an epiraorphisn, tb,ere is a

ts-norphism g* such that the diagrala

r'(a) !'(f )> r(ts)

*'\ 
/*.

e

I
*r*:uruies I by ad.jointness g* correspond,s to an {\-norphj.sn

sr s{a) 
->a 

w\ich, by the cournutativity of the abovo



aiagran, nakes

paIr

.2. Iet A be a retract

ll ;;'

klt = k'.f .

l.1. .

E >c

the d.i.agran belovr corariute.

fA#B

\
0 (a)

of the B-projective P

maps f, g ;

T)
L)

{4

A

k r.f =kof

-+

bya

let
/

k.

---+ Pf

A

/u

.7 , follows from (0.8.61 .

,4. tret } be an a'bsolute F-coretract. I;ei

f : Q -+ F(P) be an epirHorphisn in E

C be an F-epimorphi-sn

ancl let k: A --> C . Find k'

such that b.kr = k.g , aaa put

h"krl E h.kl.f = i1 .g.f s k.id.. E

:i;- ad"jointness,

*z e(a,) -+ P .

be a retract of

f correspond.s to an

being an absolute

F**pimorphisnl i.€. 1

rlhen

wilh A projective.

.{-morphism

.!-coretract, wi3.1?,

0 (e) , BS d,esired., if g ls an

if F(e): r'(q(Q)) 
-> 

F(P) is aD
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epiarorphisn in 9. .tut if u: q 
-> 

l(E(e) is tho

uaiversal eLement, th,eu by (0.5.+) f (g).lt : f ; s:.nce

, f ls an epiaorphi.sn, f(g) is aa eirinorpiiisn, too.

flrls eourpJ.etes tire proof

Recal-I tilat an object G ia .-{ hcrs oeea caLlcd.

6" generator if ie, ;i --+E is an. j-ni:rersion. Dua,l,3.y,
'' (

,a generator 1( of ii* is called a cogenerator of A ;

l?
.so K is a cogenerator of A ift .\^', .-L -> g is a

eoniravari-ant ira;ie rslon.

(0.8.8) lerna. If + has a generator G a.nd.

'! [ = {t*, i + E, then the uoaoinorpb.isns and the

:i^**ncnoiior.,.nisns colncio€ r l-;hence the i::lectives and.
ito

the gl*-injecti-ves are tire sane. rf :\^ nas a left
=u.

--. :i /-^.a j",.., s qrc&d. "free", as usuell), rhen tne fol3.owing

.,.. i'i nn c Ere gCUiValgnt:{4,& vJ JAAU $$

;\ ArJ G is projective

..\ti) the projectives coincid.e lvith the iin-Frojectives

1i1) svery epinorphism is onto. Proofl
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, 'Io verify ti:e firet assertion, Iei f € .=i(A, C)

be a mononorpaism, ancl Iet 6r h € E(S, A ) B g(S, ji(G, A).

i*ssunlng that tft.g = \r[.u j,n g(S, :I(G, c)), vro have,

foreachpoint s € Sr

r.(s(s)) = lr[ (s(s)) - (rt (n(s)) = f.(h(s))

ia A(Gr C) , r,rhence, since f is i. ::lonoiaorpirisn, 
,

S(s) E h(s) for all s ; tlris siro',vs B = b. and. f ls

an *g-nononorphism. (0.8,2) co::;oletes the proof .

!'or tiie second. e'.ssertior, Q = 6(point) , honca by

(0.o.7) G is ii*-rrojective, ancl so ii) =+ i). rlirat

iil) -+' ii) is ia:ned.iarte. Fin"rlly i) :? ili) siiice if

G is pro jective and. f is ern epliriorphisa, then +(G, f )

, is onto; but $(G, f) = *g(r) = ltl . fhis coii-cletes the proof.

iVe shall d.eaI, in '6ne ne:<t chapter, r.;lth a situation in

uhich the existence of one nontrivial in;ective il;pries i).

(O.8.9; Re-nalk: It folows fron (O.B .?), (C.?.5), aaC tbe

fact tb,at every ob ject of S is pro jective , tirat iire s-pro;cctives ,

ta* absoLute s-core.tracts, and. the retracts of ireo objects in aa

e quational cato g,ory all coincid.e .

I

i



0.9 Assoclated. pointed categglgg

Ia tbis secttonr E€. d.tscuss a phenom€non whtcb call

aoet easll,y by d,escrlbed, aouewbat tnaccurately, by the

i3.legitLnate statenent tbat the iaclusloa funetor from

tha category of oategories witb, zero to the sategory ot
categories witb left zero baE a left ad.Joiat. More

&caulstely, to eacb,.eategory wtth a suff,j,cientJ.y good,

left zero is associated, a BoJ.ated. category satlsfylng
certat$ untversal, coad.ltions. [hese oonEit:.ons wlII
al1ow a ttd.y d.esoripti,on of the traasference to the

assoclated, poiated. cgtegory of a costruetrrre on th,e

orl$lraL. Sucb a d.escriptlon is need.ed, in SI.9.

(0.9.1) Defj-nition. Iet ar B, c be three

objectsof acategory 9, and. let f:A*Cr g3B--+C
be B-morpbisms.

E
thed.i.agram a f>c<6 g isa

pullback 4lagram; a puLlbabk of this pu1J.back d.iagram

is a right repr€sentatloa of tbe coatravarlant functor

,rr*s p --+ g d.efined. (on obiects) by

pf -(x)r I(o,k)/ be p(x,A),k€I(x,B)rf.b-s.kl .al6 L -

-. + *$i if P is a pullback of tbe pullbbck d.iagram

& f, > c +-$- 3 , the rrniversal eremeat ia prru(r) is a

pa"ir of roaps from P I one to A r one to B i .akirrg

& cols&utative dlagralo

P 
->A/' ,/

B-C
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, aucb that Ehea€v€r anJr diagran

"r>=n
\ /t
a 8>c

eommutee, tbere ls a unlggg aap from X to P naklng

tbe d.J.agran

x\-\
\ 

:? 
--+ i

\/ 
/ 2

B ------> C

commute . A pushout 9.lagraa j,s a pair of naps , vrhicb,,

whon transported. to the dual category, beco&es a pulLback

di.agran tb,ere; a pushout of, a pushout d.iagran is an object

whi.ch, when everytbin6 is traasporied. to the d.ual category,

ie a pullback of the pullback oiagraro thero. Ia tho

orlgiual categorlr the situatloa, scbenatically d,eplcted,, ls

' c-a'
/ /\

3---+Q,. t
-.- -)y 

.

An eei1gligg,L of two maps f r g ( f(.4.; C) ls just a

.. .r.oiec:k of the pullback d.iagrau A j, C <-E I ; coegualisers

airrs d.eflaed. duaI}y. A d.ifference kernel of two maps

f u m € P(e, C) ts a right represeatation of the coutra-

varlant functor D*t, *, I -, I d.efi-ned. (on obiects) by

,*rrg(x) ! tblh € B(xr A), f.h - e.hl,
tn€n, 18 aa object equipped wltb a Dap -- tbe unlversal
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e}emoat -- to A tbrougb wb:lcb everJr map b to A

satisfyi-ag f .b - 8.h factors untquely. Dlfference

gq}g3ryfg ar€ d.efined, d.ua1ly. It is aot raislead'iag

to use the suggestive aotdtioa ker(f- g) for tbe

d,iff,ereace kernel of f and. g o

(0.9.2) !@. Consld,er tbe folloviDg assertioas

aboutacate$ory E:
I) ev€ry pair of obJents hae a direct prod.uct

2) all oquaJ,tsers exist

il aII pullbacks oxist
tt) all d.lfference keraeLs exLst

,) there is a right z€ro

6) 3 is poiated.

?) aLl kernels exist ;

tbon tbe followi.ng implicatlons are vaLid.:
f-

1) -e[21 + +)i
1) =-+ [u> E==+ l>J ,> "€ [2) - r)l

t6.) -=e [+) e ?)j 6) =-+ Lz) -) 
I)].

Proof : [he first iupllcatlon ls obvious. Oo

,*^,r:r;firu*t ker(f - B) , use tbe equaliser of the two

..: ,{ -r'ArB, sorrespond.iag to tbe palrs of naps

i :i 'rg, f,:A --> B) and. (ide r I !A -p 3) . Oo coastruct

tbe puLtbaok of A f, C <3 B , use tbe &lfference

keraeL of the palr of nape

AxB pro,1.r....1, f >c

AXB proi{.r 3 ...E_2, C.
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So construct the prod.uot of A witb B, us€ the pullback

of, tho d:Lagraa A -) z* e B in case there is a rigbt
uaro zB, and, of, the diagran A --:} C <- B with, arty

*b$ect C r but uslag the zeto lnps n tlr cas6 tbe category

La poiatad.. FtaaIIy, tf the category iB poJ.nted.,

far(f) - ker(f- 0) , wbere o iE tbe zeto map from

the d"oualn of f to the range of f .

F"smarks; the coastructions ia the proof lnd.icate
'''j:r&t a fr*netor pr€serving certain of' these noti"ons preserves

, LL ,+ther nstlsns 1-mp1ied. by then. Noti.ce tbat a frrnctor
,r,*'i."**S a left adjoint preserves alL the notions ia the

*i:.***:cmu r,;henever they exj.st, since they are rigirt xepre-

x*r::t,ati"il*s * A d,ua1 taeorem is of cor"rrse available for
,.:i.:r,a:,**.'k suli# ? coequalisers, pushouts, d,if.ference cokeraels,

;i.*iir **E{}su and. ookernelsl aad. a fuacror iraviag a righft

',r.'.;l;;;:;?; _*J'*$e}.Yes all these d.i:al notions.

.if # is any eaiegory, d.efine P! to be the fuII
-i,

j:"..rr:i,,.1r,*,,,i,y of E* - llo_f (E) wirose objects are all

ii*x*rpi:i*sis to a left zero of g . If P b,as. no left
,,.,... .:d i;*ul. *,&, #l ls void., but if I has a left zerof

, , ;,, u E?:** idr* is a (trvo-sid.ed,) zeno object in
:i":;;.,; *si.s$#ry if sets, whose left z.exo is the empty

;, ;, ;s a* *xamplc of a category for whicb, ld. is the-L
:,1,.,*"r, ,;i+j**t *f &l o but sucb pathological cas€s need.

,, 1",,;i ;i,{,xb5::gr;,isbed. and. cast out of the theory. tho

:' ;;ii,,i {un*tor Eur &g(9) --+ I of (0.}.9) restricts to



{, 't

ss a functor fron El to I, wb.ich we st1Il d'enote as
-t

'']o i simllarly, the restrlction to El of tbe target
*- ,r**sr *. i AV -+ g w111 sttLl be caLled. [., . thus,-a---il

*.x obgeot , e ll ts a E-morphlsm rr3 ro(n) ->tr(n) - ,!,,
eed. s. b I *norphLsu f : B --> tI ttis rr a p-uorphlsn

[(f ) * Q(m) --+ f,(n) sattsfylns tr - n't(f ) .

{O-3.3) I,emma. Assua,e tbat P has a I'ef,t zero

*,;, a"a& th,at each object of E has. a direot prod.uct

w;;r, u,r. [b,en tbe fuactor p: E '--> A't wb,j"ch assigns
-,o'

i,{.*' saeh ob$ect B tbe canoaical projectioa from Bx z"

. u# ay has E^ as lts left ad.ioint. Moreoverr iftuo
.* { B(8, a;), th,en p(n): p(ts) --.}p(rr,) b,as a kerner

*; ;:1d *ategory EI -- nrrelyr the Bl-object III o

Ep"qa{; [h,at p is a functor to begia with is due

$* {t.6.i5} and. (0.6.L) . To prod.uce an equivalence

g(g(m), B) 3 pl(r, p(B)),

I

eic**"6x to the B'-morphism f : m '---> B(B) the 
. 
conposite

,, . *3:r; proioetlon of Bxz, to B , and. to the

:,'..r,' ,:rr:1 s! t"(m) ---+B the E!-norpuisn fron n to

i wh"i-*b sends f,(n) to $(n(n)) - Bx z" by the

.- r,;::;!i:*sm **rrespoad.ing to the palr (g, ,) . The

:.i"r:;rre*trs*.3 alenent makiag B: B * ,L tbe kernel of
BX z- ,Ir* ,L

I:,:i-* &'*m*rphrsu p(u) r p(B) J "-----o p(rr,) J 
Ll 

1s tb,e
,L ,L



, 3 'l'oB'*uorph,lsn f,rom B, to n(A) | whicb send.s B to

'L uT,

h to BX zL by the B-norptulsn comespoad.lng to the

5ra*x ef uaps (id, r lu) .

[t wii,]" be coaveaieat to s]oak of a category satlsfylag
tk"* hypotbesis of I,ornma (0.9.7) ae haviag a prod,ucttve left
*r*s,*. Bba eoiaiag leroroa on categorles sith prod.uctive left
il*xss 1s eruciaL.

iS,9.+) lenrna. Let 4 be a pointed. categorXr let
!

S ae a *ategory vrith a prod.uctive left zero, and. let
5 b* a f,rxrctor from E to *. Assuroe that whenever

.: fl g(3, ar) tho A-norphisn 3(n): 3(B) r(21) has

i(r-r;l€i-, and. d.eflne Fl: El -+ g by tr. 
l(r) ! ker(I'(n)) .

*1* ff I' pr€serves products wlth ,L, 1.€., lf
;\#.! #e.r, - J(B)xi'(2"), then Fl..p g I.

"A * rf , in ad.Cition to preserving prod.ucts witb, ,L ,
'i: als{' pr€s€rve s the pullbacks , wb,en tb,ey exlst, of all
;:uJ.i***k &iagra::rs of th"e form A ---> C * z" , then

t

:1" J"rir'{*;i*i}v8ri kersels, whea tbey exist, and. aqr kerne}-

,-:,,:+:::i.:,;t'i'i;:li{ .fua*'e *r whose composlte witb p is 3 mUst

r...: .i.;.:ri:,riiT:ri;-Iy *quivalent to I'! .

u5* Faee* *1" and. .2. above and. the conclusions

.:. ].:,&r:lra& (*.9.3) eharacterise the category Pl to withia
iiij; .. :i,; *qr;i"va}*no€ *

l:x*{r 'r1ni* begia by d,isposi,ng of the uniqueness of

".1: 
, *f $t and" gI are two categori.es (poiated.)



equlpped. wLth, fu:rctors p3 p -+ pl , plr B --+- pI , eacb,

cf which h.as a left ad,joiat, aad. for wbich p(u) bas a
]<erae1 lrr El aaa pl(r) has a kernel ia pI f,or eacb,

B*norphLsar u wltb targot zL (these are tbe conclustons

of (0.9.3)) r thea both p aad. pI prsserve arr prod,ucts and,

pu[]backs, beiag rigbt ad.joiats, aad. so, by .J. and .2. s

there are unlque kerneJ.-preservlng functors u3 3l -> !I ,
'vz sI :-+ al , satj.sfytng u.p * pI , v.pI 3 p . But

i*-lsv (respo v'u ) r which ls kerael'pres€.rviag since u
and. v ax€ r sati.sfies u.v.pI { u.p € pI (resp.
rr.linp g, V.pI € p ), vrhence, by .2.1 ll.v € idrr (resp.
voll E id_r )" fhis proves .7. . '

.B'

Part .1, ls aa immediate coasequ€!,c€ of tho forlowing
weLl knowa cbaracterisati.on of d.irect prod.ucts in poiated,

*ategorias.
(0"9"5) T,erura. In a poiated. category * let foru naps

A

cond.itions

C - AXB

co rrespond.s to tbe pair

/ro

b.* given, then the two sets of

.1. a) Ja and. jg nake

b) iA (resp. tB )
of maps (ida , o) (resp. (0, i.dB) )

rin'i "?, a) JA'la ' idA and. JB.lg . idg

" b) 1A nakes A . ker(JB) aad.

are mutually equlvd,€at.
tB rqakes !-ter(5n)



lhis leuna ls too welL howa to be

establlsbes .1. because I'l (p(B)) -
proved. b,ete.

ker(f(3x zr) 3(zr)) -

flble proves the

to sbow that Fl

exist, provid.ed.

Now it is easily

- ker( r(B) x F(21) pro j' 
> r(21) ) - F(g) .

Flnali.yrif, ,€pl , !e.,a (o.g.l) guaranteea

that n . ker( p(rq)r p(8o(n) --+p(21) ) . Eence if
tr'Is EI -+ * ls a kerael-preserving friactor satj.sfylng
S'I.p . F r w6 have, for eacb, , € 9l I

p1(*) ' 81(ker(p(n))) r ker(rr(p(rq))) r ker(r'(n)) - Ft(n) .

uniqueness part of .2.i it renalns only

does ind.eed preserve kornels, when they

F pr€setves pullbacks of the d.escribed. t;4>e,

checked. tbat tb,e kernel of the El-norpblsm
AC

f I *,1, --t o{ is obtaj.aed by fornlng the pullback P of
Zra

-, )Jv

-q

\-Lt

,L ,L

whare uW ts the (u:rlqup) zero uap j-D. E, and. taking th,e

conposite of tho pullback nap P -+ A with ms A, + zL i
thLe composite map froro P to "L i.s the 3l-oblect which

ls tha kerneL of, f, call it ker(f): P + z,. [hen:

*ir. t ^ \\ 
P\ 

r , ..r. 
F(P)

F'( ker( f : n ---> u)) - 3l( uer(r)J ) r ker( r(ter(t))I )
,L r(21)

- ker(3(to(r)r P(A) ---r F(c)) !

- ker( ter(r(n))I
B(ir)

t(c)
ter(r(rD) J )

, r(21)
. ker(3lCr>: r](n) -1 tl(o) ) .



i
t
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I:

,
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Tbu eLemeatary d.iagram-chasins argunent, lnvolving

tire d.lagran

p-p!4-plg

*j"_rL.._rloItl
o 

- 
ia.. 

- 
EzI 1'r

whicb ls aeed.ed to estabLlsh the id.entifications ind,icated,

tn the secoad, Liae of this striag of id.entifj.cations

wlIi uot be reprod.uced, here

(0.9.6) Add.en4ug. Und,er the rrorkiag \ypotheses of

Trensa (0.9"4), 3! will preserve fiaite &irect prod.ucts

if 3 preserves a).1 pullbacks of pu)-Iback d.iagrans of
' tbe form A, + z! 3 B . 3oo s'inc€ rhe. d.irect prod.uct

of, mr g *, zL with tx: B 
- 

zL j.s the puJ.}back of
A -*> z, fr B equipped. wlth tbe evid,eat roap to .T,

I

(conPare t:':;,':;J:":' 3'(nxn) -

- ker( F( Igt1"L"i ) --+r(23) )-tr- P

ker( ,Xgffi;=$, -> r'(zr) )

a ker( r'A -> trztr )x uer( I.B --> Bz3)

r!(a) xr!(n) .

Impllaatione of thls sort abound.i w€ sbalL potat ao

;a#r€ of tbem out.



Remarks. Ihere are two ways to d.uaLise lerqna

(0.9.+) one is to take aII the fuactors as

coatravariant aad use cokernels lrr place of kernels,

the otber is to assume tbat P has a rigbt zero

all d.lrect suns with whtcb exlst, aad to associate

to I tbe category d.ual to (9')l , 1.€., the category

of maps from the rlght zero, If, we alply tbls procedure

to the category g (recall gl ts trivial) r w€ obtain

exactly tbe category E* of sots with base point. (0.9.4)
j.nd,i"cates tbat there is, to withi.:r equiyaleace , but oDe

pointed category associated. to a given categ.ory witb,

prod,uetive left zeto, and that there is often but ou€
I

extenslon F' for a functor F. Ihe next lenna ladicates

tho naturallty of tbe passage fron F io trt ; mod.ulo

set tbeoretlc d.ifficulties, it asserts that this passa$e

ts a functor from tbe category (P, g)) of frrnctors from

E "t* A (tf.e morphisms beiag natural. transformations)

to the categoxy (Pl , A) , provid.ed. * has all keraels,

and. presents a crtterion cbaracterisiig this fu,nctor.

(0.9.?) lenmq. tret + be a category witb keraels

(Brerequisite: A is pointed,) , and let P be a cate6ory

with, a prod,uctive left zeto uL. ff F is a functor frou

S to 4 , notice that Fl: El ---+, A 1s always d.efined,;83.3=

Let K,. 'denote the aaturaL traasfornattoa from I'l to F.to
d,eterruined by the caaonioaf lajectioas

I

ker(8(n) - 3'(r) 
->F(1o(u) r

i



aad, Iet jr be the

to F.f. d,etermined.I

natrgal transfornatioa from tr'.S
by tb,e Baps

F(n): F(ro(u)) --> r(21) . F(Er(n)) .

"1. If tl, F 
- 

G ts a natr:raI transf ornatlou

betweea two functors from P to A, tbere is a ratural
transformatLon ,1', Fl 

- 
gl , whlcb ls uaigueJ.y d,eteroined,

by the requlrement that f,or each , € Il the' d,iagram
't.

rl(.) 1'(" , Gl(r) ' .

lr(r(n) I I (*(u)

rc{c,> 1(ro(n)) > c{{{'))

ehould, eounute. Moreover, j.f ), G 
-) 

E is another,

then (tr'1)l E lt't . ohus, tho passage from 3 to
,tF' behaves ]ike a frrncior from tho (perhaps illegltinate)

category (P, *) to (Pl, o)) . Iaterpreting compositloa

wi.tb % aad. coraposj.tion with [1 siuilarly, 3 beb,aves

ltke a natural transforroatloa from the first to tbe second.,

and, ( like its keruel.

,2. i.ny |tfunctor" ia the above sease from (P, S)
t* (Sl , A) for whlcb .1. hold.s is natrrrally equi-valeat

to th.e passage frou 3 to F I .
Proof : Si-u,ee f'!(r) r ker(F(u)) , the existeace pnd.

uniquaness of each 1t 
(r) ar6 a cons€quence of the fact

thet ker: *il -+g is a fuactor (cf . (0.6.14)); that

"ll 
1s a natr;ral traasformatj.oa follows from tb,e unlqueness

t
of eaeh map nt {r) . Ihe lnterpretatLons ar€ obvious, and,

(
.2n ls la effest a restaterqent of tbe d.efiaiti.oa of tr.l .

t
I r--

{I

I
,i

i
I

I

t

I

I
.l
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RenarEl lemmas (0.9.+) ana (O.9.?) san be used. to

lnd.lcate tbe sens€ ia whicb tbe ad.joiataess stateseat of

the i.atrod.uctory paregraph is to be ooastrued.. Ratber tban

d,weLl overloag oa tbis matter, h,owever, w€ prefer to pass

lruaed.tately to the promised applicatioa to costructr.lres.

In ord.er tbat our resul,t sbould. be of greatest usefulness,

lt should. iacorporate a naturality statement, and. to tbJ,s

end., the foLlowing d.efinitioa, followiag Eilenbergrs

lectures ia homological algebra at Colunbla Uaiversity,

L962-67, will be employed..

(0,9.8) lefiqitlon. ff A is a concrete catego:ry

aad. P ls aa arbitrary category, the categglJ Str(!, *)
of $*structures over objects gf E has for objects aII
triples (Q, Grt) with Q€3, c acontravariant
functor frou 3 to * , and €- a natrrral equivalence

n
betweea Bo = 9(-, a) : p -+ g and. tbe coroposite

.=E-=

lGl : p Gr+Jl+g

(so that G is, ia the sease of (0.5.12), pn A-structure

on q). A nap from one A-structure (p, F, 5; to
another (q, G, L) is a pair (f ,1 ) with f € E(p, q)

aad 1 a natural transformation from F to G sucb, that
{

trt l'1f,
itu rl,

D
h4g-

.a

re a comroutatitive &iagraru

betweea fuastors to S o

tct

$a
sQ

of aatural transfornations
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I

t-
I

I

I
I

77

Sead.lng the object (Q, G, i) of gtr(P, *) to

a ia I and. the lrap (f , n?) to tne B-morpb,isn t
d.eflnes a fuactor f,rom Str(P, .S) to p wblch, by the

Yoaed.a theory of S0.4, ls read.ily seea to be &r inrm"rstoa.

Notlca that, wb,ile the conposite functor

ts contravariaat, the objects of Str(P+, g) can be

interpreted. as costructures, in tbe sease of (0.5.L2),

over objeots of P , and. so vre axe led to defiae tbe

gglgegxy Costr($, *) of A-costructures over objects

of P as the d.ual of Str(E*, *) ,

Costr(p, S) E (str(P*, +))t. !

so tbat the u:rd.erlying B-object fuactor Costr(B, A) -+ E

5.s again covariaat. Ihe evaluation functor for a category

of $-structures is tb.e fi:nctor

ev3 E* > Str(p, +) 
- 

*
send.ing the pair of objects (ts, (qr G, 8)) to tb,e

A-object C(B) ; d,ualisiag both E aad. Str(p, $),
tbe evaluation fuactor yield.s a fuactor, still d.enoted.

ev: (Costr(}, $))* x P --+ *

Tb,e length of this d.efinitioa is natched. Uy it"
usefulness, wbich is a consequeace of two natura).ity

i'

propertiss. Tbe first of these is that eacb, frractor

dz * --+ $f between concrete categories, conpatible

with tbe l-unersloas to S in'tbe sease that the dj.agram



'/riu

A d>A.
5!l

rr\ /,,,
g

eonmutes (to within natural equivaleace), gives rise
to a fuastor frou SEr(p, *) to Str(P, *f) tbat seads

(Q, G, L) to (Q, /.G, dGD aad beaoe makes botb

str(p, {)p'x

I
Brx-

t,.!{
I
I

I
I
{

str(g, S) 
g+g

s*(p, ar) =* J: 
aad'

1\.t r'9
str(p , *r)'

comuutative diagraros i noroover, any functor from

str(p, A) to str(p, Af ) for which that's the case

raust be aaturali.y eguivaleat to tbe oae just d.eflned.,

wbj.ch we may call Str(B;.d). Frou tbis uniqueness,

it folLows that if dL.IrL -+ *a is aaother fuactor

between concrete categoriee, conpati.ble witb, the

immersions to E, then

(0.9.9)

0he secoad. naturaLity property

E: B, -> B b.avi-ng aright ad,joint

rise to a fuactor Str(E, A): Str(p,
naklng tbe diagraras

4) --->

+) --)

str(p, d1).str(9' d) g str(g , d:r.d ) .

is that eacb, f,unctor

E: B --+ BI glves

S) --) str(Er' *)t
1

I
l

t
B

i
E

ls
+
B.rtr.

Str (p ,

str (E , 4)J
str(P1,

asd

t

I

I
I
I
II

I

I

I

{
{
t
,l

i

I

i

i
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Br x Str(8. A)
r '!t I-

PI'^ str(p1r *)

both qoromute, aad, r:nJ.quely d.etornlned, by tb,ose requir.raot".
Nanely, Str(E, *) assigns to the $-structr:re (Q, Gf L>

the A-structure (g(A) , G.E, t ) ,' where L' ls tb,e

oouposite natural equivalence
.L

g1(s' E(Q)) s I(o(B) ' Q) s l'G(o(B) t .

Fron the unigueness again, J.t follows that wbea Uf t Ee +If
is anotber fr:nctor he.ving a right a<ijoint,

(o.9.ro) str(or, A)-str(o, A) $, str(o-0r, *) .

there ar€ correspond.ing resuJ.ts, available by d.ua1ity,

f,or costructures; notide, bowever, that it is a fuactor
from Pf to E having a left adjoiat that ra'ill lnd.uce

the fuactor Costr(!, e) --* Costr(Ef , 4) , counterpart

to tbat above. In partlcular, the second. naturallty
property fai.Is to d.escribe the transference of {-costruetures
from P to El , since accord.ing to treqrma (O.g.7) tb,e

only caad.i.d.ate for a fr.rnctor from 9' to 9, aanely % |
has a ligbt, adjoint, not a Ieft. It is for this reason

that we noed.ed, Ienmas (O.9.4) and, (0.9.7)i vritb, their he1p,

w€ ean prov€ tbe rmiu theorem of this sectioa. Incid.eatally,

the central result of the next sectioa ts also a theorem

whmslr validllty the second, naturaLity property s€6u,s at first
glance to d,iscorxrage.

id, x Str(E, A>s,

x
t/

,/""

v6 ,( ld,
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(0.9.11) fheoreu. Let , p be a category with a
prod,uctive Left zeto ,L, and let * be a poiated.

category wltb karnels, admltttag a kerael-preserving

trnnerstoa I lrs * + E. . rf (e, G, !) € Costr(p, A) ,
ana qo ts the base polat ia I tG(zr) t . | 3. p(e, zy) ,
then tbers ts a unique conpatLble aatural transformation

Ll sucb that (eo, Gl, Ll) € costr(Bl, S) . [his
defines a fuactor from Costr(B, *) to Costr(P!, +) ,
thE oaly oa6, to wlthia equivaLence, making tbe d,iagraros

(Costr(D
Iand. I

\y
(Costr(E!

Costr(p, A)

,""r{r,$)

--> B
/\

ml1t
LII

I- -t
=

S))*r p 
X o

gf, E'4'
botb, eonnute; moreover, this functor, togeth.er uith,

Costr(p, A); Costr(p', A) -* Costr(p, 4) , sets u,p an

equivaleace between the cate6ories Costr(9, A) aad

Oostr(ll , *) , If dz * -> Ar is a kerael-preserving

functor to a polnted. category Af ,having kernels aad.

equ-ipped. wlth a kerneL-preserving i.:mnersion to E* , and.

d ls conrpatible with these i:"nr,rersiobs r tben the d.iagram

Costr(p,

c"".*p'

*> %costr(g, Sr)

, A) -go.t"G-d+ ,o"rrc{r, *r)
gomnutes.

Eenark: [he formulatloa of the secoad. natr:rality
property, with respect to good fuaotors to P, caa safoly



(/

be eatrusted.. to tb,e read,er r 8s caa the formulatj.oa of, tbe

d.ual tbeorem d.escribing tbe transference of {-structureg
from a category wJ.th ad.d.itlve right z€ro to lts assoclated,

polnted, category. Observe.r 36 an example, tbat slnce tbe

polated, category gl associated. to g is tbe zero categoly,

g has ao noa trivlal poi.ated, costructures (i.e.r'

$-costructures with S polnted, baviag keraelsr'and.

oquipped, with a kernel-preserving immersion to Er ) r Xet

the fuLl subcategory of g generated by. nop ggDgI. sets

hae nany such, and, they are not d.eseribed, by oiu theotreo.

Iastead., th,ey are essentia).Iy taken care of by the

appropxi"ately d.ualised. version of the second. naturality
property (in the vicinity of (O.9.10)) r,which conipares

then with the A-costructures on E* (notice'that tb.e

fuiictor from $* to g that springs at oace to nj.nd. bas

a left ad.jolnt).
' Proof of (0.9.U): fhe existeace and. r:nj.queaess of

a coxrpatible { is d.us to (O .g.?); rhat el is aa

equivalence, so that (go, Gl, {.t) e Costr(El, A)

fol,lows fron the id.entificatioas

I tcl{r) t,, | 3 llxer( e(n)'; e(s(n)) ->c(t )) )l .I' * lxer( lG(n)l* : le(r(n))l*# 1G(21)1, )l
+ltt f € E(Q, r(n)), &.f r qoi

s 3l(qo r n) . {pl)oo{r) .

Sba.t tbe two d.laglans commute ts evld.ent. AnJr functor



"/)/, (..

from Costr(P, +) to Costr(pl , *) rnaklag tbe d.tagrans

conmute must send. (e, G, r-) ' to (go, Gl , ?)

by (0.9.4)aad, (0.9 .?), and thea ? must be Ll ,
whicb proves the uniguea€sso the two conposlie.s witb
Costr(p, $) ar€ equtvalent to the id,entity, since

costr(B, a) --) costr(Bl, A) costr(p' A\ , costr(3, a)
sead,s (e, erL) via (9o, Gl , J) to (f,{qo), Gt.p, ??);
but to(eo) - Q, Gi .p E! G r and, ?? must be' L, by

the d,efinitioa of [o and. eo , (O;9.+)r, aad. the

second. naturality property. [i]at the second. conposite

is dquivaleni to the id.entLty is seen ia mucb. the seme way.

From tb'is oquivaleace , ihe last assertion folrows r aad tb.e

proof lf eompJ.ete.
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0.10 Eeqatlgnal Structures

(o.ro.r) ret A r ((<l)01\.F) bave ranlc I r

and, let q be an object la a category * whicb, contaias

aII tbe' lA-itoratod prod,ucts qP 'of e (O 1pt 1 \') . ff
I

G: + -> 
( A ) is a eontavarlant functor wbich ls a

( A )-structure oa Q , tbea for eacb A € + aad, eacb,

) (01I < P) th,ere is an operatlon 3^(A) or1 {Q(a) ,

F., (e), (+ncn>i^ --+ *,Q(a) .

After the ideatiflcations

(+ecof^ =i$(e, n)'^ - A(A, f^ ) - +d^ (A) ,

tbe fact tb.at G 1s a functor iad.icates that, for each

) (oS ) , P) , the operations Fr(A) (A € * ) are part
,.4).

of a aatural transformation FI, +Q 
^ --- 4Q , whlch by

tho Yoned.a corxespond.eace (0.+.+) is d.euermiaed. by a

unigue A-morphism f ) , C' -,--> Q . By an obvious

extensloa of tbe terminology of S0.7, vre caII these

fr rE gperations of leneth ,(y on Q, aad. we say they
a-

reali4e tb,e givea ( A )-structure G on Q , and. tb,at

a is a A-algelrg in +, 8be converse, that every

A- algebra in * bas a ( A )-structure , is obvlous

-- the above argu.nent is easily reversible. Moreover,

the notions [-a]gebra, A-algebra j-a. E, and. set

having a ( A )-structure, all cotnci.d.e .



(0.10.2) Suppose that Q 1s a [-algebra la
aad. the category * coatatas alL iterated. prod,ucts

(Olf 4) of q. Defiae a subcategory e of * as

follows. For each ordiaal j^ of cardinality ! f ,

piek aa iterated, product ql^ of e tn * -- tbese

are tbe obJects of Q; the Eaps of, 6 are geaerated.

(vta coupositioa aad. product-fornatlon) by the operatlons

fl of Q, and, by tbe canonisal projectioas qF -> Q

and. d.iagoaal maps Q -> 
qF . ff we f orm, ia tbis wBX r

tbe subcatsgory ti cf g associated. to h free 2\-a16ebra
(fir g) u, generated by a. set X (assuned. vrelL-ord.ered.),

thea tbere is a L-I comespond.eace betvreen the elemeats

of W and. the Vi-norpnisns from i,f to W , obtained. by

assigntng to the fi-norphisn ii: VIX a> W the elemeat

ii(u) € g , where ,. € Ux is tbe incluslon of the generators

X **-) i[ r and. assigning to w € W its expressj.on as a
pol;monial in the elements of X . Ia other word.s, WX

is a free i'l-oU;ect, with respect to the inclusioa VI -* g ,

6enarated by a singletion -- the iaclusion of the generator

is tho inclusioa of u in i'ix . A11 this only nakos sense,

of sourse, if cara(X): f '-

(0,:"0"3) Slouiflski's results in Q.6, Cb.ap. IfI, SiJ
may be iaterpreted. as stating that whenever cara(X) - I ,

thero ls, for oacb [-algebra (in g ) A I a f,r:nctor

;flt&r iy *-; ii having the foLLowl-ng proBertles. to tb.e

object lrl^- is assigned, the object .S ; to projections and.

*'
qt^



d.lagoaal roaps ia g ate asslgued. the comespoad.lng

proJectloas or d,lagoeql Eaps La li ; to tbe \-tA
operatioa oa W is assigned. the I-tU operattoa orr

A (o S I .p) ; ancl if r € lx colrespond.s to

I € C A ) (W, A) und.er the couespoad.ence

.s.x g s(x, a) s (A )(rr, a) ,

then ]l-nCii> {r) . f(;(") ro! aII ii € iv6vrx, trl) r

or i-a otber word.s, -Q-A(ic)(i.u) - ICiiCy>> for a1l.

I,E ( A)(w, A) . It is clear there is only one sucb,

functor a) ^ .dL4

(0.10.4; Suppose now that Q is a [- algebra

ia A , that g contaj-us all iterated prod.ucts qlt of
q (O1l^1 f) , and. that W is a free [-alsebra (ra g )

generated. by a set X of carctiaaS"ity f . tr.or eacb.

object A € A r we write sinply _CL for .Q*(A, e) ,

ir -+ (4{.0., Q))- . tr.or eacb. n € g , the covarinnt

b,om functor 4L, A --+ g iad.uces (by restristioa) a

runctor Jat, { --+ (A(4,

a f,unctor laa r q -+ ci

Ind.eed,, if ii € lv6w$, w1 ,

l,

q) )': . We claim there is

an eLement Qe(fi) € (gCl, e))r (S(a,

after naking tbe identifidatlons

each t€*,
q)r, A(A, e)) ;

such tbat -Ot: -Oa . .n-A .

we have, f,or

A(A, q) . *Q(a), @(1, q)1" . gatr), (*(a, e))" ( E ,
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a
aad. tbinklng of ftocfil as belng in E(*Q'(A), Ae(a)),
tt Ls clear that !b. collectloa .1|I A(I) (A € * )
d.eflaes a aaiural transformatioa

.Q-ca> ' *qr* -> Ae

whLcb,, byr'Ioaed.a (0.4.4), con€s from a unique *-trorpblsm
qP ---; q wb,i.ch we shall calr ]3-AC;i> . The verificatloas
that -OaC;> j.s ta fact a Q-norpnism and. tb,at ln this
way a functor fron .ii to A is obtained, are sinple

ap$Ilcattoas of tbE Yoned.a naturality theory of S0.+

whlch we leave to the read.er. [bat JLt.-n-Q. JL4
Is. olear from the d.efiaitlon,

(0.10.5) [b.e purpose of the abovo d.iscussion is to
facllitate the d"escriptj.oa of ACf>-structures 1a terms

of properties of (A)-"tructures. Und.er the 1-1

comespond.ence of (0.10.2) between the eleneats of tb,e

free [-algebra UI aad tbe W-roorpUisms fron WX to W,

each, set of equati.ons E E Wx W comespond.s uniquely to
a set of pairs of vt-norphlsnsr s8x ii C ir6wx, iri)xvi6wx, lv;

(0.1,0.5) [he coadi,tion that a [-algebra (fe g ) A

be a A (p)-algebra is equivalent to the requiremeut tb,at

eacb, [-norphism frou W to A ideatify both rneubers of
each pair ia E; this is cleerly equivalent to t}e
requlremeat, that .CI a, ill -+ ii (of (o.Io .7)) iaeatlfy
botb uembers of eacb pai.r of tT-norphisms ia t . Iron
tluis r wo sbalL aow sbow that tf e is a A- al.gebra la *



aad lf * contalns al-L prod,ucts of e a€cessaty for tbo

construction of qi , tb,ea the A- structure realised by

the operations or q is iu fact a A (e)-"tructure (and

we say g 1s a A (e)-"Igebra 1a * ) lf and. only lf, the

f,unctor lae , iv -> ci ld.entifies botb, members of easb,

pa!,r ln f . Ind.eed,, the [- structu,re realised, by the:

operatioas on e ls j.n fact a A (n)-"tructure if and

only lf On(n> . -1|f A(i) for each, pair (t, y) € t
aad, alr A € $ (tuis is tbe .Qa o[ (o.ro.4)), ruhicb,

is equival.ent to -Q-(ri) - -n-(y), AQ -* *A , whlch is
la tura equivaleat to -Q-AC;i> - -Oa(y) € g(elc, q)

f or each pair (i, y) € ii .

(o.Io,7) tet /-;i, * J be ths category of prod.uct-

pr€serving fuactors to S f,ron tae category iil associated.

ln (0.10.2) to the froe [-algebra 14/ geaerated, by a set

X of card.inality rank( A ) , and; 3.et f it , * Jn be tbe

f,uII subcategory consisting of thoso functors -O la
f w, AJ for wblch _Q-C*> . _Q_(y) whenever (x, y) € tli

rchere ii is the set of pairs of i,i-uorphisms assoclated.

j.n 1O"L0"5) to the set of equations E E WX W . Ehere Ls
Ta fr::actor 0n, f i'{, * Js str({, A (E) ) send.iag th,e

functor .1} to the A (p)-"tructure (e, e, t-) , where

q - fi-<w> , L - 1d , and. G is the [-etructure o]r, e
d.eflned. ln (0"10.1) by tbe operatioas .1f,(G 1 ) r viirere Gl

are the operatious of W -- th1'e is a A (A)-"tructure by

the previoue paragraph (0.10.6).
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(0.10.8) Lemna. llhe functor 0=. sets up aa

equivaleaoe botweea f'lit, *Jn' aad tbe fuII qubcategory

of, Str(A, Atn> ) consistlag of those ACel-structur€s
(Q, a, t) for whicb, all lterated products eltr (01,{^ tf)
exist la * . Proof:

Ar obJecr e ln * rs equlvaleur to onC-n-> .l)(w)
for some pi:od.uct-preserving functor -O € f ii, SJE
l.f aad, oaly 1f all fr-iterated. products of e exj.st (0+r !f)
aad. A 1s a A(e>-algebra in A, .by the preced.iag.

(0.10.91 CorolLary. .If A coataias all tb,e iterated,
prod,uots a[ (o11,t lp of a]I its objeots Q , then Ee
is aa equlvalonco beiween t'w, *Ja aad. Str($, A(p) ) .

Proof : inned.iate.

(0.10.10) fheorern. Iret + be a category coataiaiag

ar1 pr,-iterated. prod.ucts (o1[ ! l - raak( A )) , aad ret
F: g -+I-' be a functor wluish preserves aIL the relevan!

p-lterated. prod.uctsl i.6.1 F(ei\ ) g (B(e))[ . [ben I
lnd.uces a unique functor Str(3, A(n) ) rron Str($, A(E) )

to Str($', A(p) ) naking the d.iagrau /

str(9, A(E) ) --:>*
.str(F,Aca>>J. l,

str(a,, a(E) ) --+ a'

cou.route. If dz A(E) 
- 

A(uD is any Brod,uct-preserviag
fu,actor conpatj,ble with the und.erlying sets, tiiea tb,e d.iagrero



(t ,

str(gi A(u)1 seI*.-4--5str(g, A (E'))

str($' A(E)) ffistt(A" A(E'))

cornnutee. 3Ig€:
By (0.10.9), str(g, A(E) ) s f ti, + Ja . Defiae

str(F, A(E) ) to ue the conposite

str(&, A(n)) -+ t'w, *Jn I'' > f it, *"Js-+str(g, A(E)).
EbLs obvlously roakes the f irst d.iagran. copnute , and. is,
to withln natural equiva),euce r the only such functor

sinoe the lower horizontal flunctor is Fn immersioa.

[he uniqueaess has as conseguenc€ the comrcutatiuity of

the second. d.iagrara.

Renarks: f) A functor d such as that occumiag

tn (0.:.0,10) also gives rise to a functor l, iv' 
- 

ii,
wb,ere iV' is the category associated. to tbe free {-algebra
Wr goaerated by a set of cardlnality rank( 7\ ) , and.

th,e d.iagraro

str(g, A(E); str(*' /) , str(g, A (E')),|o1., If'w,LJn+ ft;,LJp,
counutes.

il) Of tbe three varlations of (O.IO,IO)

avallable by dualtty r w€ poiat out the oae whlcb, wi.II be
' used, cruslally ia S1.7, and. ts obtalned, fron (O.J,O.IO) by

replaclag Ar rttb, lts d,uaI. It states tb,at eacb, contra-
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variaat lunctorf coaverttag 
/.-tterated. 

products to

/rr 
-iterated, su.ms, froa a cai;egory + baviag all y'-iterated,

prod,ucts to a category *, (O 1pt ! ranrc( A ) ) inducas

' a unique oonpatlble fuactor froq Str($r ACA>) to
Costr(a' , A(s)) .

iii) the functors oa structures of
'(O.1O.IO1 

and. those of $0.! are coropattble witb easb,

other -- tbe uniqueaess guaraatees tbis in each cBS€o



"t t

Chapter Oae

'3oolean Ail8s aad Vector Lattlces
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I I llaf'a Fa'l-r n r e .4a* YVI;rr+V4V.'...9

T,et A = (2, 2) , A A-a)-gebra i?ith operatioiis

V, A , satisfying the eguations

xVx E x = xAx

xVy = yVx

xAy = yAx

xV(yVz) = (xVy)Vz

x A(yA z) z (x Ay)A z

is called. a lattice ; a lartice sa'bisfyiag in aoo:-tion

(xVy)\z = (xAz)V(yAz)

(xAy)!z = (xVz)A(yVz)

is callea disr:rloutive. An elertent O in a Latrice

satisfying 0A x = 0 1s caiied. a ainlnal r:Ie:nentr or

a g_g,Ig; tirere is at most one such, and i.u satisflAs

in acrd.ition OV x : x.

i'trh,en x, yr,ano z are ele:uents of a la'i;tice r:ri[h



c, -r

zero I z is a relative co:lple,arint of y in x if

zA(ynx) r o I z V(yAx) . x i

. ia a d.istributive lattice lvith iero, relative co;plea:eats

are rauique and are d.enoted. (ivhen.they exis'U) as z r [ - ] o

A comnlenentation on a }ati;ice is an acLclitj.or,al operation

' of length one satisfyiag,

xA(y^y') = zAz' , (:<'Vy')' = xAx ;

then x\xr is a zero, cal} ir O , aao .{r is a relative

courplement of :< in 0 | . ii <irtstributive lattice can have

at rnost one coru',Ienentatlon.

. trattices , d.istrib'u'i;ive' latt;ices , (ais'criou'i;ive )

lattlces witil zero, (cri-srributlve) lattices ';;i.th

corplernentati.ca, (aistriU';ilve ) fattices rvith zero

and a fixed (uniriue , in 1;ie d.isti0utive case ) choice

of relative coatli3-ei:ients -- with re iaii.ve coi:i'-.Iele:itr::tiori --

all forn equationerl cate6ories;

Iet A' ! (u5, iJ) , vihere O ls the first

iaflirite or.d.j-na1. A A'-"tgebra rzith o;:crations



I ..

V a!,e A are defiaea by
@

xVY = V
i=0

xAy = X..
. i=,)

aad. uhich satiafies,

(x, xr xr ...)

(x, vr rr ...'),

in .,.Cr:.j.tti,n, the eciucrtions

@xA(V (x,Ax))
., i -r,:\ 4

.l- - \.,/

ax;A V (x..)
i=O 'r

CO

x V (n (x, [:r))i-n 4
+-V

o
:(* VA (x. )i-^ r

J- - L./

is a (d.istributive) 6 _lati;ice; (distributlve) f_lattices
sith zero, rerat-ive coi;plenentertion, co:i.;r.e:x.ei:tr,.;ioa, are

define. as bef ore , t,nd. also f orn erluatiClnal categories.

the i:artial orie:: associated. to g lsi;ilce ((_i.attice)

is deiined. by x( y iff xAy = x (irr xVy = x ) .

i/ach lrarti-aI 0rd.dr on a .set is associateo- to at uost one

lattice structure on tnat ,:t; each lc.tti.oc rltrtrcture , i:r
turnr coi:les fron.at iiiost one 6-J.attlce structule. rf

co@
V ,,A , r,raj.ch is a]'=U i-O

(ais'Ur:.lutlve) lattice i.rb.eu

of,t V- (*rA*)
i=v

1

= n (x. Vx).i 
-/\ 

J.



a par";ii]l ord.cx ic tiie .;c.rtleL.orCer associll'Ucd. to a

Larttice (wtrich coaes frcn a 6-lattlce), r,ie say ti:.e

partlal ord.er converts thc set on t';llich it is d.efl:led.

to a lattlce (resp. 6 -Ia'Utice ) .

A ring, overy elenent of lvl:,ich is io.e;potent (i.c.,

is equal to its square), is calIed. ijooIea..n. If .a ano

b are any t'r'ro eleurents of such a rieg, ti:ere follov

successivel-y frcn tl:e i::eatity

a+b = (a+c)2 = a'l+ab+ba+b2 = a+ab+ba.+b

the relations

. C = ab+ba and O = a+a

(tfre secorro.of :.,ii::.cn foil-ows iro::l 'Uhe first oy icler*potence,

taking b = a) r frcn i'rhich. vre see in i;urn tnat

-.^^'aJ u* .

['he last t','.,o relatiors i;:.d.ic:'.ic r::at t:re ::oi;ior of boole:rn

riaa coincid.e s xi-tkr tre i:o'Lion of co;:Li.:uEat1\,e Zp-allieora

ever'y eleueat ,.ii^ :';hich 1s id.eiiUotent.



:) ;'
," 

"J

rntrod.ucti.on into a booree.n ring of ir reLatlon *

clefined by asb iff ab = a d.efii:e.s a i>a::f tar- orc.er

trhich converts the bool-ean ring iato a C-:-s-trributive

lattice r,'rith zero aad reLa-tive ccn,.,1enei:tat1on. riiceed.,

a{b = ab, avb = a+ab, a-b E a+ab.

conversely, each d,lstributlve lattice wrth zer':o and.

relc.tive cori!,Ieraentation is converted. into a boolean

ri-ng by the d.efinitions

ab = anb, a+b = (aVb)- (aAu) = (a_b)V(b_a).

'Ihus tir.e notions of booLean ii:rir ll;lci ..rs'i.rii:utive Lattlce

yrit+ zoro. anrl (necess:r.rr 'y unirjue ) rq-l-:l'ilr,,e co:: i:l-enlantation

coi;:ciCe.

fn a silrilar r&X, it can be esiabii-si:ed. thai _the

notioris of booLean rln;,. i,j-tL u'rii el-::ent, d.istri):r,iti-ve

1: t i c e r,:-th c crl! l- e i:' e ::; s.r i oi1, i:Jr C c,Jjj_ uri1lf-yg |r-*Sp_rlr.

::ii!h u4it "':ith. eacb. r:1er'.c-rnt ide:riotcnt, ai i goj-noiCe.

Such ;l boolean ri-ng rs calied. u:iite.r.l'. I'inar.l-1Xr it can

ce checlced. that any of ti-e t:lree interprete.tio:'rs fcr a

I

I

I

I

I

I

I

i

I

I

I
I
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ta

A

(unitary) boolean rlng yle1d.-< ti:.e s:.me d.efini-tioa of

a morpiij.sra as another, rvhich vre call a (pijgiy) bocLeaa

hono;ioruhlsu.

lhe element (a- b) V(U - a) bein6, ou the one hand.,

the sum a +b of a r,'rith b and., on t:re oti:er, the

trad.iti.onally-narled- g.[S1gj.r'r-g. diff elence 
" A b of a

and b , 1're sherll henccfortir Ce::'i;te tne erd.r-iitiorr o-uor;-tioa

in a boolee.n rin6 0;r A rtrti:eri;.nc:n oy + i urd. write
n

in pJ-ace cf f I hor.'ever, He s;hal,l- u.se interch:ia6eabiy
.L- I

the nota.tions ab ancL anb fcr ij.:e proCnct of a rvith

b. Obs:::ve, ioci-ci-e,:t:iLyo t;:.eit avb = aAbA.b r-s

uhat Jacobson F,S, p. cl i,*,ou)-d. call the circle co$ositionL .,i

of a wlth b.

let A be a subsei of air: arcitr;Iri' h'itice B .

An ele:ient e* sa'U:-Ef;r:i:o

(a e .i) ==+ (a ( .r* )

is caliccl tire tiiti-onr F'.I?rci3uilIr'or ieaet u:'.er'cor.,.ni of

I

1

I

t

{
I
I
I

I

I



the elenents of il and. is d,eooted. (rf lt exlsts) by

BB(1.1.1) ar E V i. = \fa .
ALA

Sinilarly, e;.n eleaoat ar of . B satisfyj-ng

(u e e) (.*S. *)

(b e ts, bS* V a e .,i) ==+ (b<a*)

is ceili-ed. ihe interscciior!, i:ifl:iu;r, or i.rea.tesi loller
I

bound. of tne elerients of A ancl is d.er,oteci (if it'

exlsts) by

Bts(L.1.2) a*=A;i= na.
a€A

A Lattice is caI}ed. co:.rl.ete if all u.:.rions aac ir:terscctions

e;cist, boir::Cecr1)r co.ii:r..,1er;e if aLI unions (intersections)

of subsets ha.viag at Ieu.st one u.pper (loiver) bouad. exist;

a lattice horiloinorpir:-sn is co-::riete if it pl-eserves whatever

unions and. j-:itclsectitrns exist in t.i:.e d.o;nain. Incicentally,

tire siriilarit;' of t.:e s;r:abo1s V , A with tire synbols

"o@V , A and. .Y,, , A can l-e:.c to no error since
4-v I-rJ

xVy = t/{",/}',.V^,", - ftro, x1, *2,...}
i=C r'

tscoB
x/\y - A[-,r], and. A_(*r) - A t"o, xl, ...] .

i=O r



If tlr.e lattice 'l)

the s;rnboJ. occurriag

1s clear fro;!. tiie curlteil'J, ',','o crit

in f orr:iuLae (1.1.1) , (1.1 .2) .

An eLe:.lent of a

is jusi as reasonacle

space a vectori of e

boolci:.:a ring is calied. a

al eleuent of

ro;r. (tiris

a Banac]:as. ca11in6

topolo6,icaL space I a pi"rint; oi of a

d.iff erentlal graded noCule , a chain; a::d. i.s !ioI'e o\/er

jus'bifieC both linguJ-s'blcal-I;' (bj' Ca.rath6oi.or;r 1,L r5i,, V. U])

and historica)-ly (uy OUtz lt/ , footr:.oie or.)). If

and. b , tiren, are so..::,s ia a booiean r!-D;, \re saJ' a 4D

a eubsoioa of b , or 9I9:!::jof a, :.f alb;

are d.is joint i:[ anb = O . f,'urtirer,

boclean rin., cJilsistin5 of pairwise

itself called- clisjoint, .and. t.re uni-on,

b is :',ii

we say

a suose'b

anC

"r\ of a

d.ls3o-i:rt soxras r-s

if it exists, of a ,i.i s.,o:-nt ,:c,; A of sol:a.E is ca] led. a

d.lsioint union, an:.c r-s siixct'i..es clenoted. by Y a .

'rhe f oLlo.ring inf inite oistrrl:utivity ,-i"::. vaLid.

for any snbset

(1.1.1) !rB ,

of r,. d.isbributive Lcrttice B 3

B t Br B

Vo,eS + bn(y*):V(bna-)
qgA \qeA / a,eA



be8 A**n ts + lu(r\*^\ : (1,,*1
/ aGA \^tA *GA

is a boolcin l'iii5, one l'u3,o alsc De;.:or-'-.::'s lu.Io:

C if a(b fcr all a€A, then
\-

{ V" € B irr Ato-'l € B,anc
I*€l a€ri
tb--V" = /\('o-,,)

a €a a {;i
(unitary) boolean rl-n3 iu wnich al-1 c6uniable

(resp. interscctions) e::ist is callec a (.ir.1rar;')

(L.r.+)

llhen B

(1.1.5)

a\

unions

g-rier (resp. (unrtary) [-i-fpg). It follous easily from

6-Lrr.ttices , , and

is in fe.ct a

(1.1.5) that everJr 6-r:-..; is a t-".o3, and. hcnce a

d.lstributive relai:iveJ-;' co:l:p : e::ented. 0-laiiice. irron

Dci:or;ir-, .r--.i:i, el :rJ' 'i;tij:;r;' (-=ir.; 1c a 6-ring. .t\

(u:i:.'t:ry) boolea:: h;.':u--'. crpnisn oe'C','.'een, txo (r:ni'ucrry)

6-rlnjs (resp. 6 -=.,.;.) is caLLea a (u;:l5ary) 6-irori:nis:'r,

co'u.r:.tabLe iit.r'ccctio-:'s). 'thet each 6-;rorphlsn, is a

f, -norpi:,isn , and- hence a ilononorphisn of

th:lt eech (-norpnisn between ti'to 6-ri:5s
?

$ -;:lorpirisn (ncre ger:er':11;,', tr::'t e:.ch | -:;o:.'pitlst pressrvss



lot

whatever cor:ntable unions are present i:l t.lle doiiain) arg

further consequences of iolrlorge.n.

A boolean ring in \,'ihich all j.niersections exist is

caIIed. ,{-conplete; :.f 'a:.f un,lons exist, co:i::Lete. .ri.

boclean ring is co:.iplete if ano o::1y if ii, is u.i:.ite.ry

and. Z\ -couplete .
t.

''i'hese facis are tLeveloped. uore extensively ir

riirkhoff [/ ], CarEih6od-ory IZ:, a.ra Sixors:<l [rt],

tritere, in pa.rticular, proofs of tne asserii-ons here.,;ra.d.e

can be founct.



lot

vrhatever cor:atable rraions are present in tile doiiain) arp

furtner consequences of Delr:orga.n.

A boolean ring in r,,:nich aL1 j.ntersections exist 1s

caLled. A-conplete; if 'alf un,ions exi.st, co:n::Iete. A

boclean ring is corrplete lf ano o::.Ly if i'b is u.itite.t'y

and. ,\ -corop)-e'be .

''Xhese fac'i;s al'e cieveI,.rped. :tlore extensive }y

Dirkhoff It ], Carath6od.ory IZ:, a.na Si.l.corsri

uirere , irr pa.rtlcular, proof s oi' tne ass:eriions

can be fonnC...

i:

ii'l'
hetre .,;rir.d.e



{0L

1,2 Unif icati.on

L,ct 1i bo an auionorious c:.tegoly rriltir tctcor

prod.ucts (cf . (O,r,L7)), a,.nd. forn the subci:.tegor;, B(*)

vrhose 6bjects axe the ir-ruorphisas

forrhich the Ciagrans (of maps ln il, )

:i6;\

and. AE:rtBA

A@ii,

\

A
'uy2y

;\E A

r\"
(:-z.r) ir* )V ,/ra

A6A

of *t = I&g(E)

mr "f Ea --+'A

vshere tw is the ti:;:.rsti::g

conraute, and. uhose ncri,.:lislils

those U9g(+)-r.crohisils / =

do = ltS lt,

(cf . (o.1.9))

id eniifying

A-rnorphisns

' fi'lrarrc +h4 {-onna#
-l:q,J u.;v uq&Liv u

I

(

iiu

gives rj-se to an irule
. .:.(& li .i' rl, .\rt

!(;i) l- ,f , '' J )
\ -i :r /

f : ii --;\ :ir f or ',vhich

A @:i , both
:ir EA' \

In'J J are
i'/

vhicCr

+
l| 

-+F 
A

(";\) 
-> :\

set of iiiose

oi:ci.;hi.sL'i of

| .i:.Q9.i

B(={) [t .t r
\,
\ '1L

do , dt) for

f'';:.ctor T1t

rsion

with

the d.1a6ran

n({)-osject r!

'rl t

AQi ri 
-> 

]l

r)
=

thg

(1.2.2 ) l, "'Yf >ri,

n @ ra-i

'. /s .\ ft&f \
:1, kY -! 

---> 
:l.l &;ii

1,"
Y

,t
..l

con-nutes. For this rear.son, the



tq)

ls abusively d.enoted.' ;., Er 'is cal]ed. tire nu};[U.liggtlon

on A , and vre tead. to thirrl<

(1.2.1) B($) (A , rr' ) C ,l(*\ , A' ) .

rR(A) is tn: socaLled cate;-or.'r of (coll,:utative o.nd

associative) {-afS_e_pras (co;;ru-i;ati're anC. c.ssociative

refer to the coi:unutativity of d.ia;rems (1.2.I ), l'rhich

of course need.nrt have beer.r. required.). An {-aJ.6e'bra

m: AAA 
->A 

is ca1Ied. id.enri:oteat if the coiipo:;itioa

lAl -c '> {:ilx l,r\ -jL* \e t

is idr ^, , r,vhere d is liie ctiu.,-'lnal ntiLp ai:C ii is the
l,\\

rr:rd-erlyiag fur:ction of the biilnesr t"rap asiocie.ted. to f,I .

'r',/here ilU j-s the (concrete , auiono;icus , equationa.I,

pointed.). cate3ory of noCules over the corr:.utative ring k ,

B(i.S) , w1:1ci: we oenote ti r is ;ust the cate3orJr of

(coanautative, e-ssoci,:tj-ve ) t<-algebras ancl k-lj.near

category of rings; r'.(E) (resp. E(,9,)) j-s thc cate6ory

of (co:r.iu. , assoc. ) noaoid.s (resp. rvith zero) .

riu3.tii:licative houonorphisns; 3(.]9) = E(Z;J) = 7i is the'
l- t-



/.ii

An A-er)-gebrcr

unit if there is a

i,i(a, *a) ' a for

a

A ','rlth nultiplicu.tion n hais a

point

crJ.I 4

,^ € la\ for ':ihich

€ lr I I such a po:-nt is

ernC. i.s called ti:.e u;rit of A .

having units and. unit-preserving B(g)-norphlsns is

A

d.enoteC S(g) ; in ti:e specl;r.I oase 4 = l.lJ r wc lrite

r.4 r and" rve iravc the usual }i-:.13ebras i;itn unit; :,J.;ebras

wlth unit (and. un:-t-prescrvi:1.3 ::orphisiis) ere ci,.ILed.

rrri {-ar.rrgrll Uq-! Y a

-l&
fn e':ch. cetegor)" *I , t;ie o! je ci ]c (a.ssuning

the rlag k h*s :r. ur'.rU) is a free object 3enerated. by

a sin6).eton (cf . (C,r.lC)), ana the fr-inctor @ t< is

naturally ecuivalent vrrth id.
A'

rilL-r^ .\ * ^ J-'a^i,, o *lLt(D .41 J.- Ull.E
/;L l\-
=

subcatefor,v 91' tiiuse oblects m: r:r.$ri ----> A ad.nit

a (necessarll3r ul.iciue)

unlrlue , if .it is

lire subcate6ory

present,

that the dlagram. lAjiB

of B(l) ooasistina of i-algecras

l{}i-rriorphism

A(D i( a9

l\=U. I A.ir} r'
!-@L/ m

lf,ri k 
->A 

such

coin.r-iuteg, ancl whose



a

norphisms *l(r., i') are tbose nor';rilisrus f €: kgi.(A, :\,)

which preserve ulitsl i.G.1 Ehj.ch sa.tisfy f .r,t = uA, .

One easily cheEks that g${x, .r) = t"ut r so that k is

a lef i; zero ln .,.3 t

the inclusion (L.2.7)

a L-I coxresponoence.

a1so, a k-a16ebra is

#(k, A) E riJ(k,

id.e:;:potent iff

A) (= e) is

Ihe category I of boolean rings and boolean.horso-

morphisms* can now be d.efined. ars the fuli subcategory of

7L or of 7 S whose oc;ects 3re idel:poient; the reme.ining
L- L)-

subcategori-es of 7 * ;h.i ca ale of il'berest to us are i
L2-

.: n A i unitary lloolean rt-;rgs and.b=5ll'r-{:
= zt t Lzi ' u:l1;s-ry booleila ]:"o;::o:;or,:'It:-sns 1

( ( -(d : $ -r:n;,s ani $-nor-riri s:ns ;

6 : qi-rings at:'C. qi-norpiris:;rs ;

aA^'t6 - 6 ( \ Z .=i r:::i-ta.ry 6-rin,3-s. s-nd- unitary 6-norphisos
I _ ( a,, 

t2. . t ;-aIso cc'iie d'

t- 0 t 1 7-! ) 5i-ri'';s an* f,-r'orphls;cs .
\ LZ-t

Eachof thecer.tegories t::l , #, i..!.r gr grI16, &

is equa.tional; ind.eed., ine oi;erations and. cqua.tions ce.n be

so chosen that each has countable ranJi and. that. each of

the functors (indeed., im;:ersions e.IL) in'the cliai,ran



/ c'3

g
,A

I

,$

t
I

(r.a.4) e\^
+\

--i, IL-

is a conposition of functors of tire t;r;re concidereil in

rzliai'r.l-ir U.MII U .(O.7.?), and. hence hls a Left

'fhe notation tie a.d.oi;t i'or t;:,cse functors and. their

left ed.joints is the c:ie nininun: tiic sp:bol for iae

functor t'ri1l- be its r3.r.i;o caie5cxy, e:rcept that 'rhen

clarity is sa'crificed, a fu:rcicr j-n (1.2.tt 1 ';ll-L be d.enoted.

by absolute value bars or evcrr::ot at:11 , a.nri a left

ad.joint to arny of the five Lo;er vcrticai i,'unctors ,.ril,I

be i';ritten as  r, a:rd- calie d. u-'.:fic::t- on. Cne should.

u.)-l';a;s lteep in rnind" tiie earlier reii:;.rli (conc3-uciii:g, $C.5)

tirat a left (ri;nt) functorial reprcce:-r,tr.rtion Brcseivcs

lcft (right) represeniations; ia,pi-:.rt:,cu).e.r, if each of

I
no

-zM
L1

4
I

L

L2-

t
:-7 .:

L2-

---+ rj <--
A

I

+7!+
A
I

I

.:i
l\-

t
.I.l

t
-->zi +L-

/?=F6<-G
A6l'l
^'

-=-0-



tvo functors tr', G has a Left aajoint

G.!- hc.s as lefi ad.joint X.Y, eaci: of

X, Y , thea

our iunbiors

."j
I I preserves d.irect proCucts, aad. eaclr of t:rej-r lcft

ad.joints (in particular, u:-rification) pressrues rl,j.rect

Suns a..,d. frde o'b jects. []nor',LC confusion be L:-iicIy to

arise as to vhich category a d.irec'b suia

belng forr.ed. in, ti:e c,',rte;or;r t';iiI u""o*,ruoy t;le cyr,too3.

o
for iire surr, as @ tri , for e:ie.upIe (no euci: ,;onfusion

iei
can arj.se vrith proCucts).

i{e remark ti:at eacn of tne categories in (1.2./i-),

uith the exceptlon cf t-':e e:<tre::e top :rnci botton ones,

hna zero objeot, henoe is pointed., aild- '..e l:s.y speaic of

kernels aad. coirernels of iaaps; these l:.re related. to

cluotients by e.:'.ulvalence relati.ons, es hinteC a.t in (0.5.11),

as f oLlo'i,rs. If .L --). B is a nori:hisn^, let I be the

i.e.,relation on tA\ d.e'beruinec

Then ker f ='r(x) = r(r)

ta

I

r:l

eo*ulvalence

" (, lff

bv lfl '

\"/*f:i.
Li.ti-on on

I' \;rliherrise, let be tire e ii:lva.Icnce.



I tt 'iitv t

.0 
I

6enerated. by the relatioa t d,efined. by f (x) f" O for

a]I x € l.f t ; then colrer f = y,/(, .
I

lle pass to a &ore d.eiairec- er:Eirriinirtion of tl:e

uaiflcation functors ^t [ -, fi (5 = tcA, g, 6) .

To this enc1, 1et I A I iaea.rr the :..r:lcr-er,1ying .f-laocluLe

of the 5-object or E-ob;ect .ir. (a5ree l( = 7^ lzhen

S=Er6)r'so that /. "i:"e ,.!-;aorphisrr

rnA: l/rleD lAl -5 t.r 1 of tire ryps d.escrj.bed. a..t tire

begianing of tni.s section. Defi.ne fi. to be the co:lposlte

(t:.rl x lc)e ( l.ll x k) -)>

-2 
( l:il @ ljil) x( l.ite k) x (k@ lAl) x (16 r) --_>

, n'aX Zx! xZ iicr.!rj-d-.Jr% (1.\lr liil -l.il)xk ---l(> l.,ilxii ;

let pri e k=( lr\l x k , ]c) anc iri € L,o.( lAl , liilx k)

be the cano:iical projec'iron and. injection, respectively.

(1.2.5) I"t:rif:_caiion leiu:1r., !?here, L( 1s one oi. the

categori-es k.i, 9, 6 , and. I I is the "uncerrying k-nocuIe"

functor of .(1.2.4) (take O = ZZ ,;,,iren I=( ,r g or o ),

d.ef iue ff^ , p,i , 1A , as :.bove, for all i in U . Then:



tof

a

.1. fi. ls la S , pA arlA 1A cone from K-norpbLsms;Ji

the caaonical XuJecttoa u; k ---> tAlx k ts a upltr 6o that

,A Ls llr $ t the canonlcal laiectioa iA , gua S-rnorphism,

^E^J.s univorsal'for the frrastor I ->E 3+ E , so tbat i'

'l.sn An: (tet{t)6(lLl xk)---"(tl'1 xt); p4 (resp. 1A)

ls the universal elenent naktng k the cokernel of 1A

(resp. A tbe keraEl of pn) r so that, to particglar,

P4 I's a $-norPuism,

,2. [hsre ts a productlve left zero in I r aamely,

the ground. riug k , and. assignatloa to A € 5 of PAt

.t-+t ta tl d.ufioesafr:notor

P: E-+8I
wbicb', together wl.th the fr:nctor composite

rl 

I ' --+ uer($) ---+ Moq(S) is* E ,

sets up an equivalence between the categorles

Remsrks: Tb,e theorems of S$0.9 and. 0.10

to transfer costructures from, & to E, by

*1." rEll} be invoked' merely by reference to

Obssrve aLso thatr 3s a consequence of '1.1

K aud. ft1.

'are avallabLe

vtrtue of .2. i

the preseat theoren.

the d.iagram



//o

,1

74+-B(-sL2-?t(1.2.6) -l' 
[^ ]^

,i=+S.--3Lz= =

conmutes. (to wltbln aatrrral equivaleace).

proof : .r. wlc.en K r tA, thls is a1l knowur and.

Lt 1s easy to see that when O - ZZ, td.empotence of the

Z2-algebra A Lnplies ld.enpotence of the rrnificatlon. A .

Thus the cas€ E r E is aLso takea car€ of . Fiuall,y,

whea S r s , observe ihat countabLe uni.ons ln the (at a!,y

rate) r.raitary booleaa ring

are glvea by th.e f or=::1-

ao: (lAl xz) 6(lAltzi-+(tA1 vlrl

(r.2.?) Y(*, , f L) - ( -.Y", .A-*, , V_ .t ) ,1=0 * ^ ti=o 4 Li-I' 1=0

whlch also shows thai pg and. 1A are c-morphlsns;

thls essentlally finishes the proof of .L.

.2. 1s an lmmed.iate consequence of .1.1 as ls the

cormutativity of (1.2.6),



t/l

l.r. fel:Sl Frod.ucts

the aotlon of tensor prod.uct can 'be extend.erl fron

an autononous category !l to the category 5(:r) of

(coan.., assoc.) A-a).georas, in such a ..vay that the
a

tvo conpcei.te functors E(+) X B(+) -+i\ * 
=t 

e" * and,

B(*) ^ 8(A) 9 g(+; -"+ =\ are naturally eclu:.valcni.

tr'or if *i, Ai @Ai --+ A, (i s 1, ?) oru 
' 
ii.-algebras ,

d.ef ine *' (A16lI! eGl@ A, --+ A16 A2 es tr:e couposiie

A, 6:i, tD Aa f .il,,
I

j iC., 
"@tv;1st 

@iC.,,,

*\, 6 .^16.it e0 "i,
I

I :r- @ n,',ric-
Y

.ir6 /I,

Slnce (n1@ nr)(la ot*],Dic)(tw) = (rn".trv) o(nr.tw ))(idoo t..z @id)(t'r)

,,,1* rr2) (tr,; @tu) (id 6 i';:eid.) (trv) = (!r16 r,2) (j.d I trv @1d.),\rr

the first 
.of 

d.ia;ra.a,6 (i.2.1) co:i.i,ru.i;es I a si;;'ilar calculation

shows tl:.e o'ther cotu.:utss too, and. our as,'iertj-on is valid.ated..

i:ior€over, if both A. u.nd. A, have unitsr so hae il1@.i,2 .



//z

\'Irite both 6 and. t:tc &ssociated. teasoi lroduct
l'r*

^\in ke as p except r';hen X * Z or Z, , ia irh:-ch cases
ii

nrite sinply q9 and (E, 'tespective3-y. 'Ihe tensor prod.uct
2

ir$B of tvro boolean rings is again booLeun, since the

i.d.empotence of A aacl B iruplies that of APB; houever,
{

no such stateneat is trus for r(-rings or for Grin6,s

(unless one of tirem i; finite). Sti11, axanination of

the situal;ion 1n boolean rings iirlii sug6est an appropri-ate

d.e finition of iensor procluct ior f-ria5s and. [-ring,s.

?or a fuiction f { g(:;.x8, C) , d.efine fu. € !(8, C)

(o € *) b;, f^(b) = f(a, b), aad. aefine fb € g(4, C)

then f j-s '6h.e bilir,ear a:i*o corlespond-inB to > uil(i

5 --l
^ ^ clII(I

^^+.1 ^!.: --ues v 4v* 3v g

...br^rr.C,r^r', - ob2a \cAlr \G / - * ('xt)

r 'o)f,(u') - f r(bo') . 't,i\- '-a\- ' 3

Conse quently , if i< - Z, *1 ri r .ll r C et.r e boolea.n ,
o\

,-i-rrorphj-sra i.',8.i3 --+.F^ if and- or:ly tf each
"r!- k

each fb not orly t-s a g*r-i*oxphisn, bui also



t/>

coxrespo!.d.s to a ii-norphisn -- i. o . 1

2-

from the tensor procuct O 9, to C if
a

obra)rb(u,) = fb2qo o,2 :B rb(a ii,)r \4./r \a'l =

fa(bxr(b') =.f 2(bb') a fa(bbr)qa

and. eacir fa , fb is a 7 +-rroiphieal i.€,1 iff e ach
L)-

fa , fb i-s boolean houo;r:or1r!,i.sn. thus j-i is rearsone:bLe

a S-;iorphis;

and. only if

t

i

to reciuire tliat the

caie;ory d should.

irilinear f,iaps be usod. in tae

f € g(ix B, c) (;t, B, ancl

^b-_, f" 1sa 6-iiorphisn.

be'uhose

c 6r:-ogs) for ivhi.ch eaclr f

Before giving a fofi,::i ciefiniiioa, we rei'i;eraie the fe,ct

thatr &E a conseiruence of Deil.or;',.nts ruLe (1.1.5), oach

d-aor.Lihism betiisci ii';o D-ri:.:3s plescives i;i:aicver

cor-i::tabLe r:nions nic present iil tce d.oni.:.i-i:, so ti::t a

)-morphi-sn bcir,;ecn i',;o $'-ri::5s 1s alre;id.;r a f -norpbisa.

Il:e resi of '5ilis secti-o:: sh,ou1d. be read. t-,'lice , eticlt

I ihe second. tineoccurxeuce of 6 bein6 rei-:la.ced by

around.. Ict I be an i-i:d.cx set arC

I I a $-rlng. Lei f € S(3, C) ,

3i , for e.u.ch i j.n

t;i:,ere C is a 6-r5.a6

I
{



>< 3.,

i€r-tj1
@ eIe;::eu'bs) ; .lcfine

cttrL]- -l- o

(1.7.2) Defir.:ltion.' :in eleiuent f e

call-ed a 6-:ruitilinca:: (or o-(card.. I)-Iinear) :n..:.p fron

(3i)i€r to c if

(i) each rj,, of (,.1.1) € 6(3i, c

co q) ^ fa(ii) r(Au") = Ar(a"), :::here ( A
\=:.s=i c=i

ihe set of 6-r.rultiLi::e:;r iiiips fron (tsi)i€

d.cnoted. l,.uL((tsi)t€r,r) i,!,(C). AIe

of i:1.8 (whioh is clearly g. fuactor O --+ g

a $-tensor p:-g-euc.!. oi tce fa:rrl-i' (B=): 
::

r-[it
aj

{

,r-) a -J-au(: .Ltii l,

//u

.,, Eaoc ! = XB.,
tLt*\ *

S

(by couvention,

ti,o€t(Ei' c)

(:-r.t) f* ,^(b. )
dtv d

, 1et j€ I,

1' L^^ r,J- 1 ^^-J-I lfc^i) !lU .l.ti*E U

by the

= f(a),

f .oruuIa.

(>ot , '€
fu'i-
,C) isc/a

:/ \!

\ r-. -A/ ) qr+$

\co
ou)" = n bi ,

/, s=L

tocis
I

ft represenie..tion

) is ceIled

d.enoted.
rl- I+\4

Convention: .l'luI(rror c) 6(Bo, c) ,, I.u)-(tf 1

(l'rhere I I is u::.Cer1J'ii:,3 cet ) .:ie 'b::e :oaventioas

E" Bi'

c) = lcl

for card.

r','l:ee " = ("i)i.6 : ari t- -

I - 1r O, respective!-;r.
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I?e:i:qrl;;. C.ond.ition (ll) is a 
"oo"etue::cc 

of conCition

(i) in case the tnd.ex set I is at ::,osi couiita5le , ,.ztrlch

iviLr bc the cnly case of interest rater. o:jssion of

cond.ition (ii) ia the 6e!.erar!. situation Iead.s to another

notion of :::ultiliaearii:y, and. heace to al.roihex notion of

tensor p:lod.uct. It reiii,r.ins to be seen ivhlch i's rltorc useful.

'ihe prcof of ti:e foLlowing tireoren rrisera.bles t}:,e

proof of the cxistence of i.i::ect slr:l'.s j-n eqrrc.tioaal

cate.ories.(0,7.'6), ancl is ea.s1Iy ad.irpted to the ca.se

in i.rhich cond.i-i;1or: (:.i) is or.1tled. fror. tne aefinitj"on of

rnu.ltillaeariiy.

(OJ).)) 'Il:eo{ec.. Dach faniJ.y (s., ) : c r hasarE-*

a tensor i:roCuct. Frocf :

fhe co:utents after (1.1.5) and. the C.efinitlon (1.r.2)

ind.icate thai a fu.;:ction f € E(8, C) (ivhere ag*in B

is tire cirect procuct of s.11 th.e 3i ts) is o-:nultirirear

1f and only if each of the equations celol'r 1s sat:"sfied.:



//6

@@r1) r( Ab") . /1rcus) ,
s-L s=I

z) rr,ocfiull r lrr,otuJ) ,

il r;,0(o] Ao3) - ri,.o(u]) A ri,o(o3) .

Iret S : g --+ 6 d.enote the, Left ad.joint to tire unC.erlyiag-

set functor O --+ g (vhich latter wiLl irave ao nalce), and.

Let y € $(8, 6ts) be tl:e universal elendnt for 68 (tfre

incLudlon of the generators . (In geaeraL, y i.s not

g-multilinear, ) Uncler the corre spond.ence

ur(c) E E(3, c) v 6 (68, c) ,

an eLement s € 6(o;, o) coj;r.€s :-lo;r ani eLenent f i.n

. IIB(C) if and only if

,') e(x;,u(blAo:)) = a(x;,utclt A rj,oco!)) ;

f or g cori.'espond.s to 'f = B.X r and. fjrb = g.,vjrb.
,,

o
Consequently, if I ie ;ihe e:iuj.valence re1etion on)j

i
6ts ;,elreraiecl oy ri1l the relations

,,
{
I
I



! /'1

S=I e=l

.(&o;, li,,,o(,i),

r") y(

Y.r
dr

2")

i") yJ,b(b}A,o31 ( cr;,.rcu;l A xJ,r,rojll ,

and. ve for:n the rluotient by I of 6.8 in the category

6 , vie see iniaed.iateiy that an clenent g € O(Of , C)

sati.sfles e(x) = e(y) r,,;heuever " I , if irncl ouly if

g.y is 6-nu1tilinear. lnus, the natural transfom,ations

r(68/( , c) 5 c($3, c)
I
(^ tv

Ii-(c) =>E(ts, c) -> 6(o'.3, c)

8. o,.
; C:

. r \-4

lnduoe a 1-1 corrcspci:Cei:ce betueen i:lo(C) ana 6( 68(' , C)

uhich j-s the natural eciuivalence re..iuired. ir:. orrier 'chat

gZ/\ be a tensor prceuct of the fa:liIy (3:-):- 6.f .
I r ..t- \-

fhis Droves the thcorca.

(L.1.+) f'heorcii. If the ii:clcx set is at nost

' cou-,-r.tab1e , auC if eacl: 3i 1s a $ -ring, then
A.\r ,-s:(r-dr.

I
i L- 'l'
! \_f

Froif : Observe fj-r,:'; of a.11 that & r, has ir

1€r



t/ li

unii: nan.ely, th,e inage, und.er the .u::iversal el,e:rcnt

ia ri3( @, sr) , of the unit elenent of X Bi .

i €r i €i
i.ioreover r Br 'elenent f € %(Cl g,ives rlse to a

6-norphlsn 8. ,, _-?. c iff cor,d.ition
i€r

rr) f(1) = L

hold.s in aclcition to 1) , 2) ,, and. ]). Thus , nhere

firtC) is the subset of i:r(c) cons.sr:lg3 of thcse

f-raultiLi.near mp.ps tha-b satisfy 4) too, 'de obtaj.n.

aa equivalence , nature.3- in C (in i ) t

f:utc) = & c 8u ,r, ,) .

i{r
By d,efinition we hc.ve s a,:tu!al erlui-valence

A

^d6( @ 3, , c) =
tLlr\_+

X a(Bi, c) ,

ancl so, to piove tb.e tiisoremr:-t *i11 be encught to

present a ne.-c'*rai e.:ul-v---rience

(t.7.5) X a(Bi, c) = firtc) .

1€r
Accord.inBly, Let f € ffu{c) and let (fi)i€f

€ X a (3i , c) . Derine o(r) € >< & 1t' c)
i€r ier

. ana t((fi.)t€ r) g fir{c) as follorvs:



i

a1
HI
x
!E
ll'

i$

,l I

(q(r))i ' ti,r

r(rl)i.€ -) ((br)i 
€ r) E 

,.Arr(bi)+\--

(here the syubol rrlrt occurring in ttre e>:pression ,,fir'tt

d.esignates the unlt elenont of X 3r.). !b.ea
jgr-it)'

l

(-u(* (i)iet))r(uu,r = 1* (fr). g l))t.,i(bi) r

G r ((ri)i € 1)(a) ("i = *r,, j1 i )

lr- A rr("i) = fr(bs) ,

i€r
so that

(u(s (fi)i 
E r)))i = fl ,

0(r ((f{ ).,cr)) G (f, } c, ,
44\' * *4\ *E

0. f is the i"dentiiy.

s((o(f ))*): c,)(b.,)* c,)r 4\ r a !\ 4
L

whence

L.8.1

l,loreover,

so that

and. so

E E (q -, )* c,r) (b..I ct) -
-t* -L* --L-

at--L
i,r(bi) G r(ut)r € r) ,

E (6(f )) = s ((O(f ))i)i€ ,) = f ,

8.0 1s the lo.entity.

fhus 0 sets up a 1-1 correspond.ence between the sets

ia (1.7.r); $e onit the verification of ns.iurality'

vrilicir is straightfori'rard. anct cor-pietes tne proof .

t
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i. 
,+ 

t'ensorlng' is ei:.a.ct

In a.ay pointed. category, a pa5.r of naps f ; A 
-) 

B ,

g3 B --+ C 1s a gho_rl _etE*J. seqgg&g (s.e.s.) if f

is 'a unlversaL element in terms of r.rhich .r = ker g and.

g is a uni-versaL eLement in terms of phich C u coker f .

Instead. of t' (f , B) ib 
, 
a s. e .s. tr yi,e aLso say

,'o---+A f rB-g >c--+o is a s.€.s.rr In an equational

pointed. category, o-->/. tro-E-+C---+0 is a s.€.s.

lf and. only if f j-s 1-1, g is onto , and. S(b) a 0

e l" €Asuch tb.tit b = f(a). Ii neec. not, of course,

' be the case that every onto narl ( $-epinorphisn) 1a an

equatlonaL category is part af a s.G.so1 nor teat every

mononorphi.sn be. fn tne category of d.istributive lattices

rvith minimaL elenent, for ex:,'.np1e, thele are onto mps

nhose kernel is the zero object, i'rhi-cd yet are noi 1-1 .

, (f.g.r 1et X be a set, ancl 1et i)(X) d.onote the lattice

of non negative real valued. functicns on X ; d.efine

ar ^xs ! ;'i --> 2^ , riher e 2'" ls the 1l:.t'bice of suosets of X ,



lzl

by s(f) '' fx/ t(x) / ol. rhen s(f) = A iff f ls

tb.e nini-rls.l elenent of t(X) , yet any t,.';o fuuctj.ons

nevel' talclng the value zero are ldentifierJ. und.er s .

See Goffmen [t ] for furthor reniarks . )

In the category a , fortunetely, every S-epinorphisia

d.oes fi! j-nto a short exact sec;uenoo. lrlot every

6 - nononorphiso d.oes t hovreyss. Ind.eed., a Gnoaoaorphisn

f : A 
->B fits'into a s.€.s. iff tne icplicatioa

is valiC. for all a ( ;f and :r11 b € B . Ihcse fircts can

be found. in the first cha.ptors of Caratir6oCoiy's book [A],

for e:empIe. Such d-nononoipii:t .,s l:.rc called, 6-11rlea1e.

rf S€g ana f e g(s,B) (B€6), the 6-id.eo.1

generlted. sf, f i-s bJ' C.efini'blolr the u:iversal eleaent

for the lcernel of the u::iversal elereent for tiie coliernel

of the d-norphism 6S 
-> 

3 corrcspond.ing to f , orr

what is the same tiiing, tl:,e ur:iversal ele*ent for the .

lcerneL of the canonlcal pro jecti.ori B :-- S/lt, uhere

i



'1,

aIIc

!he

Q---1.A f rB 8-C

an i,d.eal, and. C

ls tho equi.valence relatioE geaer:rted. b;.'

or(a)lro'aL1 a€s,

,/ k is the riuo;ieat in 6' of iJ ' by t,

6-idea.1 g,enerateC by f can also"be d.escribed.

l?z

so:

-+0 is a s.G.s. iff g is onto, f is

l\.J
r/\Jii5J- J-.

evcry

forn tne subset of B consisting of those soilas b fe whicb,

o
f .r ( e (i = 1, 2, ...) such that b < y-r(ar) ; thie set

L=.L

is a 6-rlng, the lnclusion is a 6-norphi"r, and. that is

the 6-ideal generated by 'f . fnis a.3c',in is exi;ractable

from Carath6od.oryrs bool<, e.s j-s ti:e faci, fina.lly, that

cinil-ar in i-Ln ^q* a..n nrrvlau v*uvuv*J

$-epinorphisn in is a coliernel (or re.tirer,

elenent for a kokerneL), e,.:td. a moi:.oxrorphisn :-n

the si.tue,tio 5inis

6 the 'urniversel

universal elenent for) a kernel iff each elenent j.n the

/.
tc.r.rgct Lring riirlch is a subsona of a countercle rmlon

(
of images of elements. of the source b-rina

for sourc€ and tar6et) ls itselfl the inage

the sourco r

(recalL (O.1 .9)

of a so:igr in



A short exqct sequeace O -...>.rir ,i -.9eAr --.+O iS

ft 6lsald. to gp4t, lf 'there is a s.iJ.s. O-.+/{tr'>.ri 6--it-.>O

such that

(1.+.1) B.fr = id.4rr e.nd. g,.f = id.;,r .

Tie also say each s.€os. spllts the otl:er. ID, sucil a

case, the pair (g, g') is e universa;.I eleuent :,n terias

of vrhich A = ArxA'r , anC, in ei-ti:.er Il C, or 5,

(1.4,2) f '.g(*) f\ f .g'(a) = a (ta-jcfy. f,.GAg'.f - jt).

Conversely, if, ia any of the categories g, 6, t ,

raor-ohisms f , f t, 6r g' vitir source aad. tar3et as above

satisfy (1,ri,1) anc (1.4.2) , it i'ol1ous fron (C.u.4;

that f and. f I are inoluriorphis:lls a.nd. that g c,rC g,

are onto. Ilioreover, setting a = f (ar ) in (1,4,2), for

any ar €Atrr{€ have

f(a') = f'.g(f(a'))A f.s'(f(a')) - f'.g(f(a')) A f(a') ,

since g'(f(at))= a', whence f,.g(f(a,))= O. Since fr

ts a rionomorpirist:t, g(f(at)) = O, anil eo, since ar .rjas

arbltre.ry, 6.f c O . A sinilar ar3unent shor-rs Z, .!, - O .

Flnatly, if g(a) - O (" € e), by (1.4.2) ve have

f
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e' r f '. B(a) A f .g' (a) = r(g' (a) ) ,

vrhlch shovrs that g(a) - 0 --.} a = f(a'D for a,- 6,(a)eA'.

lhus 0 -1>n' f t A 
g+.irt 

--+ O 1s a short excrct ee ijucrlcc ;

f , dlsir:iLar1;r O-+/{'' ri-:-;it 
-C 

is a s.o.s. a::C

(0.tt.1) shoivs tr'r.ey split each other. i^r6uii;.j a LiitIe
r/

furth.er in this spirit, one can prov. (.orra.pcrf€ (o.q.s) I

(1.4.,) the f o11oi,;ing s"tateraents are e;uj.v::le:rt.

1) S.B.ss. (f , g) and. (f'r g') s;:iib each'other.

li) (6, gt) is the uniyersed eLenen'c (canonicaL projectioas
on the fectors) for a d.ire c'i; proCuct.

ili) f , Sr f ' , anC. J' satisfy (4..4.1) and. (1.2r.2).

'Ihe goal of tais ssciioa ls to prove tne staienent

vuhich is its tit1e. To tais end., r';e state

(1.+.+) L,s-qga. The liuncl'ors 6 a, p -> E (B € E ) ,
?

6rs, [--*trCu€[>r and Ers:6---+6(B€o) arI

send. split s.e.ss. to split s.e.ss. Froof:

I,et o 
->A' 

f>r* 8-r!t--+o be a split s.e.s.1

so that there is a B.o.s. o --+ rin f'> ,\ -8t-r.r.'-> 0

such that (1,.+.1) and (L,4-.2) hoId.. fc:rlsorin6'everythii:g
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ln stght wlth B (1a tire relevant category) , r.re get naps

vrhere @

fOB! A|OB->A6ts | f'eSB: A"(68---+AOB,

g68: AGB 
->Ar'@B 

r [5t@B: .i,68 
-)-.rlr6ts ,

d.enotes the relcvant tensor procLuct, aacl.r,;e see

(s@B).(f 'oB) =

(e'6 BXf € B) =

(f '@BXs@n) l\

= (f '. g) a. (f . gt)) gB = id..68 = 1d..68 o

Now (1.+.r) guarantees ttrat (f 68, SOB) is o s.e.s.

spllt by the s.€.s r (f '6 3 r 6'@8) , r,ririce proves

the Ien:,rna.

f,erarna (1.4-.,+; ani. ";ne leaiaai ..':rich fo"l Lovs ille d.efinitions

about to be r,racle are tile nain 'Loo1s rn tire itroof that

lr. be A booLean ring, and lettensoring is excr.ct. le-6

a beason&of A llr, t''i :,r a,\.I *4v

A. = [c/u {.,\

(g.f ')@ B = ida,,@3 - id;{,*A. ,

(a'.f)@B = id.4r6ts = id/.,oB ,
.

(ro t){9, 6) B) = ' (f , .g) E BA (f .g' ) 68

a

A - a = \V / A(

(resp, f') be

bS.f,

, bfia = 0f ,

tl:e i.nclusioa of ,lo. (resp. i- a )let f

in A, e.nd. d.efine B: A -+. A- a , ii'; j. 
-+ A* bJ,
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s(b) C b:. = u A (aAu) ,

e'(t) - aAb .

' Using (1.+.r) lt ls easf to prove

(1.+,9) I.,erul,a. Ie! U be oae of the categori.es

E, [, 6. rf a i-s a soi,]a of an object A of I=(,

then ,\o and. A- a are objects in [., and. the naps

f , Br f t, gt e..re E-morphisnrs; $creover, both

foft,,|
0 --+:\a =-+A-g-).lr - & -+ O and. O->ii - a -3-+:i -e+i\^ 

-;, 
Q

are short exact sequencos in L( thai; si:l-it e:ch other.

lYe can now state and prove the main result of this sectim.

(1.+.5) Iheorem. 'Ihe functors 9 rr E -- ! (B € 1) ,

6.ar 6-' 5 (r€5 ), ana 6or, 6 -> 6 (:{ s I preserve
5!--O\\-

short exact sequences and. tire :-r splittln6s, i.e. , if

O -+, tt f , A -g-rdt-> 0 is a short exs.ci, secjuence in oac

(. of ti:e categories B , 6, D, and. B is crn object of the

sqne category (and. (f ', A') spU-ts (f , g)), then

o --..r.A'68 

-A6B 

gaB>.lJrco3 
->O is again ar see.so

(vrhich ls spllt by (f'68, g'oB)) r vhae @ is,ttre relsvant

tensor prod.uct.



,

Proof : rlhls result in tr:e cirse of 6g,
2

consequcnce of

. The proof

tl i

-qr i]E

=C

result for z A
Lz=

g,iven in d.ctalJ.;

occumence'of (

A X B ---> A'xB 1s onto (since

and that O (,il'x B) --> r['fB

used. in tire proof of (t.1.4))

fact that A'9B is genercrted.

ele:::ent rlf xB --+

the knoln correslon,Jing

6 
-> 

6 uilr befor Cn B:-o
;aent, in tnls proof r of each

, anct Sne nod.ificatior:Sr';i:.ich

proof , le suJ.t in a

g a:ad. id, are onto)

(ti:e canoiii-cal projection

is oi:.io I i.€ . ,. from the

by tire inage of tne univer,sal

ls an 1nuued.i.u.to

[o see that

-+ x E (rOsXy)

replace

bv6

I?o sb,alI make expllcit d.uriug the

t---+ [ .proof for the case E)rn, t

'Ihat (ae,Sl .(fq5) = Q foLior,.rs fron the iC.eatity

(sqn> '(f qB) = (s'f )S,3 .

fhat g@rts is onto folloi,;s frori the fac'bs that gx Bl

-Xr6 3 .
f

f @B is 1-1 a::ri inat
6

for sone (necees:iri1;r

(rJ @ n) (x)

u::.ique ) y

ln jit ,

€ A'6.8

f or;a1'Je uso the follov;ing, d.evice. For each a
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I
-t

A'* r and. 1et lu,t Ata-->ilt be the lnclueion. .'.rc kaou

fron (1,r+.4) 
""a 

(1.4.5) that both sap5. beLo-i'r arg

monomorphisns and, 6-ic1ee.ls:

. i*-6rB: A',*6o3 ---> .f oo)3

(1.+.7)
(f .1a) @uB: ;r'$g--t r\'@,r13

Next , uhere t: Atx ts 
->iir6_B 

is
c

1et fo d.enote the set of solias

o@B - t(a, b)
g

orc.inals I <

---->.i 6 Bc

the universal elerlent,

in Ar@ 3 of the form
t'

a.nd- sonas x- --!u1r

Nco@
A A J -,*"1
L-.i. rt-.L l-J.

>0) is to be

e.nd.. if TI ha.s been clefined. for alL

( lo a couniable orcinal-) , cef ine

rr = f>:/x(--'i.'68, I lr."<\-io L L s

i:: OL*= srich tnat x =

(
(For \-rings, thc Cef ::rition of 'i\ ( I

nod"if ied. b;r ortittilrg tne r-inciexeC unj-on trnd- thc ind.e:< r. )

fn vi-eii of tire fact thai To generates *'?r, it foLlovs

t

ro

6 -riug,s

50na Ln

only,

.rirE B
f

Fror.

, sri:j )

:::-th I

thai

a countable

.i 
-..i r.ali a-.Al.\* Lav V.l. l,rl .

fron sloniis}ri [td , Cni'.;,.I, (2.r) (or, on the ca.so of

fro:n Carath6od-or;, fa

belonl;s to !or.u
rn
^),

tnis fact, r're prove b;'ord lna]..



(1.4.8) Drery solna in

tr'(

i.s obtained, as aA'@ 3
.c

valus. of soue XaEfB.

EVery element of

a corrntable ordlnaI,

Proof:

To is so

and.. suppose

nr\ C I < lol is so obtained.. tret

IT'@coxa A A V*o*"3-I n=J- f=I

1(ror \-rings,

obta.ined.. !et Io be

tha.t cech .sona in each

€fr r sar
A9

a6ain, orilit the

anc' )or=. tro ir-ind.exed.. union) , rvith x..-- € f 't.*t* 
^nnr

choose sorf,as 3or" € ,it such that l.tnnr is a value of

i.a 6-ts , say xn::r = (ia Q.t;(J,,,"-) (for 5 -"i.g" ,*ro.lxr f rs! *nnr 6 !rr-

it ls harmless to assune thai *oo S *r=I for each E, n,

and. one chooses sonas a* e l' (m= J-, ..., iY) such tirelt

xml , and. hence ellso x*o (n 2 1) is a vcrlue of i, Q B ,omd

sa.y xd:r o (t"SD(r,*)) . rf a d.enotes the r:nion, in Ar

of all the 4nrrr (ror 6 -rirrg," ; of all the .* ) , we see

that xrrrr= (1"&uB)(y,*o), sotir:,.t x= AA=Vr*r-"
N @ co lli o) co \r A A V(i,O-B)(;r---)=(i.,&ts)la n V

6=1 n=f 3=! u 6 ,*r 'a f
( .5 tt"BB)(vnnr) = (i,l&ril) 

Ll=r n=I.,r=L 
:-r)(tor b-rings, vi,rn= (t"*53)(rr,,r)r so {= 

AA*r*-
N@/i\io\) A A (io$r>(r*r) E (ia6 3) LA A 4 ), anc ue

b.ave proved. the assertlon (1.+.3).



. 1-4, o

01? shorv f & B is' 1-1 and. an

loeal. Srom here onr the irguinents are vaLi.d. for elther

$'-tensor prod.uct or f,-turr=o= prod.uct , aD.C v.,e urite

sirpLy & . To shov; f OB is L-1, it suffibes to shou

that (r$nxu) - o -) b= 0 (b€ 4'63) . so assurre

(f 8,8)(u) = O ; using (I.4.8), r,jrlte b s (i.168)(c) ,

ubere a € A' and. c e A,"@B , Sincu rr. then ir,ave

e - (f 6)8) (u) - (r @e).(io@ B)(c) - (f .ia)&BXc) ,

the ltalicised. statqnent preced.in5 (1.+.7) iadlccites that

s o 0 r so that b is inc1eed. zero. In a siuila.r vJay, we

shovr f &B 1s :n id-eal: if x { i{@8, y €;!$ts, and.

(fOE)(x)By, use (1.+.8) io lrrite x = (ir.6g)(c)

(a € A' , c € :l'@ B) ; tire italicised stateneat preceoiag

(L.+.?) then lnclica.tes that I d € lf'0,63 for vhich

y s (f. 1*) O rXa) = (f 6 B) (i.6ts) (d)) ,

vhlch shov;s f 6.13 is i-r: ld.eal.

','ie alre o.lnost d.one: it remains to be shor';n or:Iy titcrt

g6.!l is the ui:j-versal elercent mal.:ing, .('@3 tae colrcrncL



r3 t

,

of t 68 . fho fact, nenti.oned. at tae trrginntng of the

proof , that (eOn)(f OA) tr O , and. the C.efini.tion of

cokernel, indlcate that thers is a unique Eap

cLz li &BrlA'O B --+ 3!' & 3, (A eB,/rite B d.enotes coi;er € e P)

such thet, vhere p is the cunonical projection, the C:a;rarn

AoB ,6&ts =A'@B
.:/o

A 6 B/i\rO B

cc.'c,.:utes. ihat d, ls onto :.'oilo'r';s fron ttrc fact, also

obtainccl earlier, that 6&3 is. ifori 1et P be tho

nap corresponcling to ihc bllinear a.ip d € lIul(ttt, B; AO ts,/A,6B)

d.efined. by: d(a", b) = p(aOb), r'rhere ;(a) = at'. fhe

. d.efintion of . d t-s r-u'ri:oi3'uous, since i.f E,(a) = g(aL) . &,, ,

there is a soixa a'f, I' such that a l\ aI = f(a,), zurd.

so a4}b{a.@b = f,(a')6U = (fOg)(a'Ob), i'rhence

p(a$b) A p(aro b) = p(aob A arob) = p((f oBXa,6b)) = o ,

.l-.i a

(a)

so that p(a g b) E: p(aro b) ,

- g(a) OU c srr 6 b , i''rhere a"

(1.4.9) ,L() = idrl,O B .

ITo xbG",@b) = <p(.rob) =
I

tnt^!rA.J..l'tkn .E ff'o
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rf rrya can shorz tlrat 
l)*- 

- .ldri oa,/rir o B r we shalr b,ave

established. the d.estred. equivalence betvreen {tOB and,

coker (f &e) ; since the cancnical nt.ojoction p fron

. ;1 68 to A Ol3/ir'ct'B - coker GO e) is an epinorpirisra,

fil- = ida@n7*.,6r rvill foL'lou froa 
Pxe = p . I{orv both

p and. 
l*n 

comesponc. to biLinear.naps from ihil to

I'g'fltt&B , s€ry dt and. d" , respectively, and. p<V E p

vliLl folloll frorc du '= d', ivi:.1ch i','e 261.; prov€. Ind.eed.,

d'(a, b) = p(a@b), and

d,,(e,, b) = Pnr(a&b) = ft(Q,(a)@b) 
=

= fJ:.d.;;,63(a(a)@u) = f3(a3)ou) = p(aob) ,

by tire definltion of [3 and. (1.+.9), anC so d" E d' , qed.

.ris a corollary, ;. obtain a clescription of ii@B
('',

vrhich could. -Oe useC. as an alternate cha.racterisertion of

prod.uct of tvro g-ri.ags (tnis vontt nork

servc tir;.t by (1.2.5), i:rere is, for each

/
(5 = E or 6, not b ), a s.Grs.

A

tire 6-teusor
(

for 0 ). oo

I5-ob ject A

(1.+. ro) o --+o -a.^-t.r.-q+ Zr+o
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,I

uhere pA € I' correspond.s to i and iA ls the

I(-norphisu rvirich is th,e urrive.-sal eLenent for i .a

llensorlng 6equencs (1.4.10) rvith tle analogous sequence

for 
, 

another $-& ject B , 1,,'e obtcriu the folLo'.;ing

(1.4.11) SbSSggs. f,et SEE or 6 i 6r@, and.

X d.enote the d.irect sun, tensor prod.uct, d.irect prod.uct

functors SxE-+8. I,et AEll-z\i@ts bethe

ulrlchsenrls (arb) to j.1(a),\jr(o), v;here jA aacl Jg

are the injections of ti:c suruianCs (cf . [0.5.r)), aad. let

A(i\B ---+A XB comespon,i to ihe eleraent (ld.rir Or O, idB)

in Ij(A, 'A)X S(:i, 3) x :i(3, rI) x S(3, 3) . li:ese /i-uorplrisns

yield. a short e:ract se.:u.?nce O 
->A@3 -2iO3 +:'rX 3 

-> 
O.

' Renarlc: Ih:-s thccrem can easily Oe 6er:eralised to

obtaln a short exac'[ :e(jlr.ence of fr,'u.:ctore O-46->.6)->X-)0 
n

Ln a sense t'lhici:' viLl not be ;:,.ri.e precise.

Proof I It viI1 be convenieni to abcrevic.te o. s,€.s.

O -->:(f -> X 
- 

Xt) ---- 0 as li ; for tv;o s.€.ss. L



t;.r

and ' f , E&I rl,snotes the coriautaiive g-gon v;lth

short oxect 101,,6 and. columns

o00
ttlvvr

o --+ x'@ Y' -> x'otY -+ zr @ yrr 2 o
'rlllrlV ''l \,

O __> X @X, ____) X@ T _+ X Ay,, --_+.0
ll.tt!\yvv

o -->*.'?r' -- *"?Y -->:r"?Y" --, o , '

rll\t,+$
c00

ancl a map fron I to i is by d.ef i::i';ion three ts-norphisns

Xr 
->Yt , X--->y , Xtt -->Ytt na)<lng a coi,uiutative d.iaSrarn

Xr + 7i 
-> 

4'1

lll
yr + y _;,_ y,r .

ifow, given tlre E-obiccts ;r e.nd. B r for:: tire s.B.ss.

.: ,:

A, : O _| A .r-F,i -t-C 12O
;.]

Bt t O -r- j3 *"rt-! 
-> 

C -> 0

' ir ^ PiiI : O 
->F*\ 

j5*1 :rZ, 
-> O

i,r. ^ ?i
E : o---#B-+g:4-Zr+o

? : o ----I c -+ Za 9rZ, -> o O



\\.*:

fhe triples (0, pA, ld) aad ' (C, pB, id) are ,caps
,.

A ) ? , E --+ a vrhich give rise to a reap of 9-gons

g @g --+ae a , whlch is onto at ee.sh entry. t3ecause of

the placenrcnt of zeros in ?6?, it is easy to see ths.t

the kerael of thls epinorphisrn of 9-gons, r'rhich ls the

g-gon of kernels , has sh.ort exs.ct ro',rs ,:nd. colu:rurs. Iloir

the mlcklLe entry of A&g is .3.Oi , r:.nd cy (1.i.+)

and. its cLassj.cally kno;n analogue for S = !: , this
A

I(
raid.C.Le entry is ce.no:ricarIJ isoilorr-hio tO i0=3; hence

the raid.d.le tatry of ti:e i:ernel 9-ilon, bcic.; the kcrneL of

t ^ tA _ t_
the nap p;@=r, , iO= ! _--22:i@Zz v- Zz6= Zz = Zz , is,

by virtue of (1.2 .5),, just AOB. Conse.tuenrlT 'bhe ]rerneL

9-gon (having short exact ro\,,s €].rrd coi-u-r'rrrs) is

oc0.l.Li
O 12 116 ts +nC g 

-+,.a t <sJTJ
o --ZiOt -?AGB ->ii - 

oJTT
12-2]l * B + l--+0,), .i' .J,

c3c



\ :' iI )'o

aaa

tbc

a stan0ard, argrrneat for 9-gous of tnf." ty?a cltachea

proof tha! thc sequ€ltco we want to be 8 8.8.8o is.

11.+.12) Renarkst ..1. Usla6 (1.4.8), we ca! prov€

/that the [ - tensor product A q B of two 6'- g!n6g actually
()

colacid.ea wltb thelr 6-teasor product Aq-B. Fot each

element of A0.B beiag a subsoma of some elemeut a& b r
d

!r€ may assune, glven a sequence x,r. xZ, ... of sonas in

AqB r tbat xr 5 a, & b, . But since A and. B @o c-rtngs,
d

each *l Ls a subsoma then of ( V "i) e( V bi) , whenee

thelr union exists in AqB. Thus A9B 1s a 6-rlng lf
o0

A and B ar€, and., .the C-uorphisms betweea two 6-rJ.ngs

colnctd.1n6 with the (-norpUisms between them, lt follows

easlIy that A@ B - AQB .
if

.2. An argr:.nent similar to the proof of (1.4.11),

whosa detaLls we leave to the read.er, estab!-lshes the followlag

faot. If (Bi)f € f is a nonvoid. collectloa of f-riags,

thea there ls a short exact sequence (in whicb tbe enpty surrr

lf l"t occurs, 1s conventlonally taken as the zero ring):

o->@rBr+dBr---+ X
r€r 1er i€r i

f
@ B* -ro(r-li\'
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1.5 fu;ectives e.ncl Proje crives

6 are co:npIetel;,

program, hor:evei, ?e presont

not read.ily afi'clr'i.eC by (0.A.9).

Tho !-nroiactives of 6 and.

d.escribed. by (0.e.9). In like fashion, (O.g.g) assuxes

that. the $-iniectives coincid.e witfi ti:e iujectivcs.

ITothing 1s known, hov.,ever, al:out the projectives, and. a

d.escription of the in;eciivee is }acking, too. (By ve.y
t

of comparison, it is knoivn (i1alnos l/17 ) tfrat th.e.

projectives and. $-p"ojectives in D coincicle, or.

equivalentl.y, that eveiy epinorphlsn is,!-epimorphisn,

and. that a unj.tary booiei,^n r5.i:5 is in;ective in I 1f

and. onl, 
:t 

it is co;,,;:l-cie; ii f ol1or,:rs ealily tilat the

same is true in the cate:ory L? .) fn this section ue

pre sent sone !.ecesssrir cond.iticns for an object of 6

or O to be injective, ancl '.:re ezanine ti'lo cod.sequences

of the assu:iption that at Ie';st one noatriviaL ir:jective

exists.

Before ernbarking on this

an exaupl"e of an S-projective



r>.1

(1.r.O) 'Dxann]g. let qp. d.cnoto tl:e d-ring of

t3ore.I subsets of 'tne tuo-point co;rpactification

A = (-@\unvi*o[ of the space n of real nu:::.bers. I,et

.firr! * ) B be an g-epinorphisn in tr , and. Iet EE A* n

be any 6-iaorphism. For each ex'bend.ed. ratlonal nu;rber r

(" € 1--lrQv(+ool), ptt

3" = k(f-o, r])

and. pick an ele:nent 3, e ri such tlrat I" = f (Er) . tret

(r e t-4"'Q,u[+ol) .

t€g +cD

lhen
n Ef=n /\8.=n J^=D:

tzr " s)-i; tzr " s1-r r .r

and.
. o/;rr4") = f( n En) = /\ f(E+) = /\ F* - F_

tar " t>r ' T7 T v !

(r, sr t all extend.ed. rationerLs), fron wi:ich it forr-ol,rs that

there ls a lxu.quu d-ootphisn k': E=;; 
->1l 

sir,cli 1;hat
-t{

,*L = f(f-*, "]) ,r7

and that this ki satisfles f .C = k (coni:are Giitz L/t ,bZ. Z.]).

rinother proof co.n ire givcn usin6 trre stone Eprrce tccirr:iquce

of !:1.7 by e:.*ribitJ"ng BTi o.s a retract of a 0antor sp:;.ce;

1:re o.ult the d.et::.11s.

Ef .= A xlI tZr, "



O-ring S-projective in

see that each

6 and.in A.

E-."RJb

tirat

I ir'i

':

E % for c;ich $oreI eetiibi:revj.ating (

.

b € tsE , the fact 1t
"b

shor',rs each %

the unlfication

is a retri.ci of 4.i-)

is $-trrojeciive in 6 ; finalIy, since

of a 6-rin6 !-projectlve in 6 is a

G and. (Eu_tit1)^ = Eb , re

$-p"ojectiue, both in

',?e next clescribe necessary concl:-tions for a 6-ring

to be injective.

(1.5.1) i,el:1,a. fn either 6 ox ; every in;ccr'ive

is an e.bsolute retraci;, and. every acsolute retract is

corploie . (Ii, pe.rticul-ar, every absolute rc i;ract in 6 ,

a.nd. hence also every in;ective in 6, has a unlt -- the

union of everyttring in sight -- and is tnus a 3 -rir:g I )

A, f-ring is ir:jec'bive (resp. &D absolute retract) in

d if and only if it i,s :.ajec;rve (resp.

retract) in e. Proof:

[irat every injective is ::.n abso].iite

ar: absolute

% (b€ 3n) is

rctract is o'oir:.oris.
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to prove .a.n abso}ute retra.ct is, co::i:lete r r/e need. the

fact (cf. $I,]iorskf fff,, (15.I)]) th.it evcry boolean

ring has assoclo.ted. a coispl"ete boolean ring, and. a

nono&orpphtsn fron the given ring to.ti:,e cor:plete one

preservin8'aII possibre unions. rn particular, there

l"s a mono&orphism fron an absolute

rlng, hence each absolute rctraot is a retract of a

retr*ct to a co:iplete

r_n;ec-ctve ].n

6(:i, B) and a

a G-norphisro

f -nor1:hlsmthat lc.f e

A -ak' L 6(8,

603?esponds

1n,f = j* .

is as in

j , find.

J) such thert, rvhere j *

to j by ad.jointness,

Take k=}c'.iB (v;here

(L,2.5) ) ; then k.f =I,

as

conpJ.ete ring, and ls ti:erefore (cf . Ilalaos Lt{7) itself

e oi;pIete.

IText, Let J be

a xaonoraorphisn f e

ere 6iven. Io obtaln

kf .iB.f

A and. suppose that

6-nrorphisa j€ 6(A,

k € 6(8, J) such

-i f >B

=,1 
} ro' lr^^lr \i:i

A ----> B
f

= k"i'ir.. E j*.li

The ccnversero,luired for J to be ingec'l;ire in 6 .

*t),



Ehe convex,se is trivi.al, because given 6 -;aorphisns j

and. f as qi:ove qith J lajec.;lve 'in 6 , the 6-ruorpi:isa

lc satisfyin6 J != li.f j.s alrsad-y e. I -norpnlsm. Incteed.,

k(I) . k(f(I)) = j(r) = 1, which is a[l tbat neec be silo$n.

Iinally, Iet J be an absolute retr.act i-n A , aad

let f €6(JrA) bearlcnoraorphism. let a= f(1), 
.

pat .iL --?Aa the canonical projecti.on. Then . 
p*.{ € a (J, ,t)

anC. pu..f a nonoriori:hisia. iience there is a i -norphisrn

h: Aa ---.> J such that '1,pa.f = idJ. ieii;in3 g = h.pA,

$e then have g.f = 5.?,0.f = idJ , l'ri::-ch. sho,.rs J is an

absolute retract in 6 . fhc cotiverse is :r.bLil-n a trivialitj',

ie 'pr:veJ".

In viel'r of t:iis leruia, it iliir.tters litt1e if

cetegor;,r f or 6 , exan:.inl--g olif inlectives.

tfhe ne:ct Le;:ne Ce;.,r:nc1s upon tne faci tirat tirer€ j-s at

A least one d -ring K lr:-th no G -norphisn to Z2 . Sucb

ring;s ere afford.ed. in l;::ofusion by tl:e teeor;' of ::ieasurebLe

card.inuls (cf . l? 1 Chap, /aJ) . Precj-sely, lel X \e G\\

and- the l-eini:ia.

T)a na r1z .
-Lulia'4l aL.

Tre nork in th.e



uaaountable s€t wbos6

. ,\
laaocesslblo from I1o

IU).

card.lnallty preced,es the flret card.Laal

(for d"ef,Lait{oas and properttes of, sucb,

card,lnals, cf . ULau fa, , $$rrsr9], Slkorskl frs, $ae3, and.
.-1

l? , Cbap. 12] ), and. ret ( r ,"/f , where f ls the

cquival€ace relatLon t'itiffers by at most countably roany

poiats fron;r there are LnflnlteJ.y naay such K, and, none

of then has a &-norpnj-sr to 7.r.. Remark, before .passlng.'c

to the aext Lemma, that f or a ?- ring the lrot j.ons &- norphS.sn

to ZZ and. noa zaro 6-norphj.sm to Z2 are equlval.ent.

A(I.5.2) tremna. There is no c-norphS.sm from aa

lnJective to ZZ (equivalenilyr Do non zero tr-norphisu).

Proof : If J ls iajective and. a ( i(,f , Z), 1et

ZZ + 8 and 72 +x be the rrnique F-norpulsms, and.

let b: K z\ J be a &-norpr,ism, avallab1e siace ,I ls
-l 

-?

lnJectlve, maktng the d,lagran -t \ *4 
conmute. Tb,en

a.b Ls a &- norpnisn ;from K

(L.r,r) oorollary (ualnos

f,-rlng hae an atom. Proof :

to ZZ , whicb ls J.nposslble.

*'l

1,,/ ,, Prob . ,3) . No lnJective



tihicir fu,,plles to have a caoonicaL pro;ection to Za, irhich

l"s lncoripattble uith the assu;iption of i-r;ec'i;ivit7.

Iv'i

' Eo b,ave en aton is to be i-i d.irect procluct ;\ Xf, ,

ro d-eorphisn

from an iajective to ti:,e 6-ring, 2X . Proof l

If a: J --> 2X

i € f (2x, Z2),, the coriposit a d-a is'zefor Dx (1.5.4) .

For each point x in X , d.efine d* € 6(2X , 72)

[r, x € s
dx(s) = I 'vt 

[0, "/t

and, observe that /x(S) = O for aIL >r ( :f iff S = I .

Frorn d.a=o foral-I d€6(2'(rZe) ueobiain

d*G(i))so forali x€x and.alL i€irzlr,ence

a(d) -' g for all j € i r uhicir shorvs a = 0 .

(t.j.r) Coro1lary.. If J is a non zero injective,

J i.s uncountablc . Proof :

If J ls finite o it a.d.eits u. noilci,lorpilism to 2t'

vith X - S(j , Z2) ; for this ;:e.p tc oe zr.;To r J raust be 
.

zero, whlch contrad.icts the }q1:othesis. So ,i is inf inite ;

.1e a f-morphlsm, tnen i'.,he neve r

bv



tvq

but aa lnfl.atte 6 -rlng ls uncountabLe l?5 t S2O E)] .

(1.r.5) Corollar.v. EVery d-Borphisn from arl, fngectfve

to aa $-nroJectlve te zeto. Proof:

SLkorskl'e coastructlon lZr,, (lf .a13 shows tbat each,

A free o-ring la a fi-fieLd. of sets; each. free f,-ring ls

therefore aLso a d-fleLd. of sets, and. an E-frojective,

belag a retract of a freer. therefore has a'monomorphisn to

' 2X for some X . Conposlng this wit$ aay .)-morphisn

from an tnjectj.ve gives zero, by (1.r.4), which end.s the proof.

(L.5.7) Corollary. No non zero lnjective can be an

$-projectLve, elther in f or ln f t Let alone be an

absolute retract or a pro jective. Proo;[r Immed.iate .

Now assume there ls a non trivial lnjectj.ve either

ln 6 or ta 3; an application of (t.r.I), lf aecessary,

assur€s tirere ls then a aon trivlal lnjecti.ve, say J , la

3. It ls easlly seen that the four element booleaa rlag

Q r i0, pt., IApt., 1] is a free ,i-ring generated. by a

slngle polnt. I,et a solna a ln a ?-ring A be ca1le6

non trlvlal lf O / a /'L (so onJ.y Or t are trlvlaL); then



is non trivial if aad. ouly 1f thd | -norphisro
,\

1l G -+,4 correspond.ing by ad.jointness to ti:e incluslon

1a', ( a is a mononorphisn. Let h: G ---, J be s.Dx-

.4.-^

6-morphLsn, and lei ga, ii -+ I be a 
--6 

-norphism

'(avai3-able .sj.nce J is ia;ective) aaring the d.ia6ran

?t 5 \'tq ----zA
\
\ /r"

t.,

J

cornnuto ( a. non trivial, sona in A ). The faraily

(s*). non trivial in A d-efines a & -morphisn

g: ir. ---? X ,* € .f (eacn J'a is ,])
a{..
cralL

rvlrich rve shall- sholv, ',u:d.er the a.sr.,ur:i.1:iion tcai O y' A / ZZ ,

is a mononorpilisn. i::aeeci, t-h.e icteatity 6,.(ei) = a
9\

assures that lnF so;1:a a for r:irict: g(a) = 0 nust be

.!_ triviaL, and. if(I) = 1 sirofis that this irivial soi:a a

cannotbe 1; so fl=0, anir b is:^:oil.iiicrpi:isn,

,t

Since J** is cr'.si-Iy scen to be l-njcctive ';lri:en Oy'A /ZZ,

r;e see tfurt each such -t a6i-..its a Eioltoii.ori;:isla (la a )

to aa li:jccti.ve. E^re sijne ls trivia)Jytrue for 0 anri 22.
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' FinaL3.y, lf B ls a 6-riag, thg coi-t,usite of thc univors:.:.L

it' elereont ig, B ->. i uith a i.i3n.rj,:.orphi sn (in h) fSoii

B to an lnjec Live yie1C.s a' r.oi1u,:ior1-,hisn fro.i;: B to i.:n

injective ; so r sayi-n6 a catggory hr.rs enor:69 rr;.ectiyes rf

each object adriits a. inonoiirorl:irisr,a to s;r irr;ectr-t'e, Irc hirve

thus proverl:

(1.5.8) lg,*U. If eltner 6 or & i1:is one noa

trivtal ivr;ecti-ve, then bo-[i-'" 6 and. & have eno,-.gh injeci;ives.

(1,5.9) Coro1le.ry. ff ti:.ere is ,s. non triviaL in;ective,
6

then tb.o fr:nctors O3: 6 -'> o anJ. 8.ts: d;-;6i i,.rescrve

nononorphisns. Froof:

Suppose f : Af --2 A is a i:ono:lorpi:isn. ict

f
dt At@ B ---> J be a monono::;hisr:r to a.n in;ecti.ve (Fossible

by (t.5.8)) corres;ooad.ing to a pe.ir of roeps :C: A' * J ,

yr B -->. J . I'lnd. a 6-;rorphlsa x: ;i ---+ J such tiru.t

x.f - t' r e.nd. Let zi ,idg ---i i be the'nap corresponcling

to the pair x, y i then consid.e r the d,iagran overLeaf , r'rherc

the naps r ar.nd t* are d.efined. irl (1.4.11).



168i rd, I \,
Jv Y- 

-4o&n, *'>rtda

the trlangle comurutes bJ, tce d.efiniiion of I . fhc

I u'.:

6is f @jj ;

f oB.
e

porti,oa of

scluafe Comr'utes by tiie co,,raent preceiting tne proof of

(1.+.11). Sj.nce zl

since zr and. 'i are

is a ncaoaorphicn, so

monornorphisms i so is

vi,s.s thi;.n tlte relevan'U(Horv nuch easier this

the proof of (1.+.6)t')

The last result of ',3ir:.s sectioa asserts

(L.r,lC) Ti:eorern.. If tir.,:::e is a non t:riviaL

injective, tiren the projectives and. ine $-projectives

colncid.e. Froof .

Let us worlc in ti::,, c:.tegory & . ;issune given a

f -morphisn f : A --+:3 ririch i-d noJ an g-eplnorphism,

so tha'b tnere is an elenrent bo € B not covered. by.

f (i.e. , f (a) / bo f or all sonas a in .{i ). T,et

f, = Lu/ u( e, r(o) li% or r(a)alfioo€ o;t,

! = fo t o ( a, b1g r('i), ai € ,J,



tYI

/ t t*/* ( ar aS,8 *r, di € x l.i.=1

Y ancl Z _q:ire 6-14ea1g_ in the rings B and. A ,
--

respective3.y; if a€2, tirea f(o.)(X (incleerl,

o@
a ( z '.E+ ag.1/- ai (ar{ x) =EE>f(")SV f(.i) ("ie x))i

i=1+1i=I4

andif f(a){x, then a€z (ind.eed., f(a)(f E=+>

f (.r) 1 )/.f(ai) (.i € xl :; 3(4) = \/ f (aAai) ==e
.L-J . ..r-l
@'@

r(a A X("na, )) = 0 5. bo ==+ (a A V ("A". )) e .x ;

@
but l',rhere a] = a [ !(ala.) and. al = aAa.i (izf;,0 -i=t

of,@
!,:rehave a:€X (iZO) ancl a=a*A_Y.;SY"if

.iY 0*i=1 r- :-=O

so a € Z) . Co:1€e..uent1y, if p: A +it /Z and.

q: 3 -;2'ts/Y are t:"G c:..:iunj.c,Li pro;ections, 'bhere is a

11 af 11 af
unicrue f, -ulor::nlsn f ., : ,;- =ll-L ;-'^/Z +FB/y '*t Bt ntllcing

,L/.

the Cie.;ran .f .f co;.:.-ute, and. fr ic a
t? .----.?, .^1 -"i

gor.r.rnbrcirisn .

I'tre:rt, let bI = q.(bo) e tsr , and Iet et, € n, satisfy

O/ aI / l. ile sf;;.in 'irat fr(*1) a ct is i.,:possible, as is

rr(a., ) I r / br . rnc.eec., if fr(arr) 1 b* cb.oosc a € .l

G)
such that p(a) = o1 i then thoie i-s b € T , si:.7 b: Vf(ai) ,

!=2 4



, "'l

at € X (i 7a;, euch that f(a) 5 boVb ; 1,,e may fr:rther

assune the't f (ar) S bt = lAbo (i; a;, since any .1

with f (ar) * bo is unnecessary in b . ,],lorning ar..
@,a-Va.ri?ehave
.44L=1

Thus ar { Z, aad. p(a') = 0 . On i.:e other he.nd.,

a, e x (i : a) ==* p(*i) = 0 (1 >_ 2) -+ p(a.') = p(*) ,

@
for both a.re equaL to p(a) V p(a.., ) . Co:lsequent1y,

i=) r

*1 - p(",) = p(at) = C\: uhich ccn.i:ri,..CLic-ts tire 1:;'i:othesis.

-An argument contr:.d"reuir:; fr(ar) S 1 A bf is siniLlr.

' Thris we have a ilcnojrorpnlsr: ff € &(i!f , BI) And

an eleaient b.r of Br for wnich

tr'inally, let G 5e the fc.Lir eler:ent fi-r:n; th:t is

thc free 6-ring on 'i e i::.6,Le lrrrer;i.torr an.J. l-et



l>.,

g! G->81., 6,: G-->8,

correspond. to the lncLusions

It Zt orl e Bt . Accordlng

the lnd.epead.ence of btr' fron
A

3 -iaorprrisras h: G d*Ir * BL

 be ihe 6-nor1:hisns thr-rt

torJ e t,. '
to Si,;orski [zs, (]s.2)] ,

gaaraniees thai the
A
6

hr: cOAl *BI

(i:ossible by (i.i.ci)),

;l
ll__}rJ.

-l

311
I

elnd.

correspond-iag to the pair,g of naps (g, ff ) ane (S: , f1) r

respective3-y, are mcnoiiiorpnisms. 3inc1 a irotloiior;lri.sn

e
from G @ A1 to an inlective ;i

and, find. maps k ana '(f fro::. tsr to J i::.aicing both

e*AiJ*r,

,t 
- 
,/ a*d.

J{rr

!ir

I
I

v
J

coi:,:.rnta'bive d.ia",rams. S-{nce li(br) = Ic'(1A bf ) = lAIc'(b1) ,

Ic / lc' unless ! = IOI , vri:icn i-s trlvla.lLy inpossible;

then sj.nce 1 is rn e1;ir.rorphisi:r, k.g / kt.g; j,et

coi:uiute.tivit;r of th.e iii:"-.;ra.n ovcrler.:f cJ-ea.rIy ind.icates

thet k.q.f = kt .q.f . 'ihus f is

otl:er -:i'ord.s r everJr epr'.,orpirj.sa in

of (O.1.8) co:..;;1etes t::,e procf , in

noi an elrialor2hisn, in

t is onio. .iit al)3Lac.3tio::.

i;e ca.te;or;r 6 .
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ff
B< r-{----yr3

I

rlr.

J'

Pass to tire crte6cry

-t rl

il:c

6

an

IO

epi;:orphisn. fhen

an epinorpl:isn in

. l,et f € 6(;, B) be

ui-ific".tioh i g 3(i, 3)

(indeed., 6.i = h.i (g, h € ?-C3, c))

':9> 6"f r h.f =:i ij = h ), h.e1Ce oti',,o, hence f iS OniO,

and.another applicatioa of (0.3.,s) corp-l siss th.e proof

of ti:.0 t::eorct, ,-.;:CL cf ci':s t:*c ':.?';i-c:i.

4 f,,'l r. -J
a 1--.1-+ --l>e

N. i^Yl"
i ot;
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L.6 Stqp f u,,:ctlons

fhie secti-ou is ti.crotcd, to ihe construciiol of the

Sroup of step fu::eiicns over ir r:ooLei:"n ringr',';iti: vaLue.r,

or coeffieients, in en abelian group. thg p.roccciri::e r';iIL

be to ohiain'a step fr-rnctiolt f,-::.ctoi #r 3.gXB -+r:! c.s

the left functorial represeutatlon (recarIl (0.5.1)) for a

certain functor IIix: (,${9). *;J 
->g 

. ri ren;irh of

Freyd. [5, ] wilL heLp sh-ol ti::t ther.e is a u:rique "e:i'Uensio!,'t

of the step functj-on functor to a fu::ctoi i<Lix3 T>,,.-*
(rrhere k is a colu:utative r'ar:.3 iiith uiilt ;;a ir]s iu tir.
catcgory of k-nod.ul-es) r suci: that tae ctiar;;ran of fur:.ctors

(t.q.o)
#

Ixid^,.b
=

(t';here I I clenotes t::e ".rd.e::Iying Aroup fu.ncior) co.ra:rutes

(at Iea:st to ilithra ;:a-iural ei;iuiva.leece); this 1ii turn

has en extensi-on to a fui:cior r,rEx P -, '*. 
;Ic be3in

wj.th the' clescription of the fi:.::ctor Liix, and. an

associated. fur:ctor mir:: 9n * g} 
-> E ' ,

(1r6,L) ret Ii, l,;l'€,i9,3€9. Afunct'ion

f*: B 
->Ii' 

(i.e., f* e rq(8, i'it))

is ce.1Ied n:::s.g if

. !*(eVb) * f*(.--) + t*(b) - f*(aAb) .

Deffu:o ni:i(3, i:it) io ce the c'.:.oset of g(3n iI') th,:t

consi.ste entire3-7 of mi:lecl frrnct:-o::.s ' l{e:<t , for each

I
lrtitl

:4

,-l.l x 3
A-

lrv
-:9x!



function f : u (3 
--):';:' (i.c., f € g(;:- x.llr i,l,)) ,

tleflne fb e S(i,r, i.[,) ( o { a I anri. f* €,5(8, ]i')
( n € Li ) "by tho fornuleis

rb(n)

fil(b )

oOrrL

forall b€B

(r.6.2)
from 9.,x rig

{ ;g(L:^ , r,r) ,v

e *g(rr', iij) r

f € lxi].(i,:, B;

("e
(bg

, aa1 i'Liix aie f r-i::otox6 r

, rcspcctivelT, io $.

of fil:oenJ a left iunctorill

f (n,

f(ru,

))

Fin':.l1y, i:'Lix(i,,j, B; 11,:l') is by d.efirition the gu'csct of

$(irix n, iri') consistlng of all those functlo:rs f (c.:11-eC.

onco agein ni:red) for ';i:j-ch bcth

I:1, l:') i:nc1 fr, € ni;:(3, ;:')

and- aIl- r:r { iI .

'It 1s no troublc io see ihai if

{g(

Jf_

r-* \-

.',: t \:'i /- )

7,

then z.f *'J, € ni:<(3o, I:,ii) r (z.f . (xr'y))-o = z..f:c(no).I ,

for no € uo , so th';"; (z,f .(r=, y))o^ ( :ulx(roo Li) ,

and. (2.f.(*ry))bo = ,-i,r(bo).: r so'rh*, aLso

(2.f.(*rylbo € ,i9(lio, I,Lf ), for bo e Bo. Consecluently,

we have prove c1 tind :,1: )- ste.te

T'ertnr.r. Both uix
a::.ri (+g xD)'^ *3

i',te non reJ.uce the 1;robLe;.1



represcnt,':t1on for i{ix to that of 'find.i:-:; one for l1ix.
Ind.eed. r jJ mix: Et x 4G --:> S has a Left functorial=, : = . --

eqiuivalenca

mlx(s, li' ) = ;G(r(ts) , ILI') ,

the fact that Ag is a.utononous lnd.ica.tes that this
equivaJ.ence can be lifted. io an e(.Luj-valence of functcrs
to !$ (and. in particular, that mix na.y be vieued as

a fr:nctor to *3 ). Slnce ' gg h;:.s tensor prorlucts

(cf . (0.5.J7) and. $1.,1 tcncor :rod.ucts i.i1' ,jg ate 6 ),
if ve think of urlx ns liftcd. to *9 , lre have

Mix(tri, B; Ii,I') g 4g(;,io ni>:(B, hi,)) Arcix(g, lQ(lrt, II'))

= *g(r,, {!(F(s) , ;r,)f\*g(F(B), -*g(1,1, rri'))

x :iG(iiiEy(B), i.i' ) |

rvhi-ch proves

(L,6.1) I,e::iri:.. Ii' ihe. fu.r:ctor llix has a left
functorial represcr,taiLon F , r.r:.en ihe f..rnctor LIix

has a left funotorial le;resentatj-oi- /lz --.G xg 
->.€!.

given by

l!,#B = hi@. (B) .

[hus, j:* ord.er to prove the e::j-stsnce of a left
fuactoriel rep::cs:o:.r:-Jr,ticn for ir:ix , lt su:ffices. to Co

that for ni:< , and for this, by (O.5.1) o it is enoulh

to prove ih-at ea.ch func'u'or rcix(B, -) hi'.s a left relrie-
aarr{-o{-i,^-rvUtlV!.UIL'rla

representatlon !'; E *>sg, so tiiat tl:ere is a aaiural



l))

(1.5.4) lggiig, let B be a boolean ring anC. Let
' G: ;!i --> g be the fu;:ctor ni;:(3r -) . '11:is fil-:cior G

has ii left representation.

Prqof : Form tiro free abelian group .iG(B) getrereted.

by the unC.erlyin6 set of B , so tirat

S(8, I{') = g(ric(B), i+i') .

o
Iet ) Uu the eiuivaler:,ce reLaiion on AG(3) gencrc.ied.

by the relations

(aVu) + (aAb) f t.,) * (b) (a, b'€ 3 )

r.;here + is the acid.itici: rn ;.c(3) anC (x) is t:.e

elenent in A0'(B) coriesl:cnCir:i; to the :ie;.:ent r: ( 3 .

Deflne FB = ;fo(s)/ | , tr€ r-jrlciieni i;i {3 of j.G(3)

bJ, f . Observe init "ri::n f € !(,i, i.,') cor.r€sponcis io
f I ( ee1:iC(f), i1')r f r-s roi.r:cd- if a.nd. o::.Iy if z<f:f :>
f '(:l) = f '(Y) . Cone e;uonil;r

c-(},i,) = nix(l, ll,) 3 ,.-!(., G(B)/|, ir:') ,

AC(3)/f represer.ts G , -.rnd r-:'.c Le;';:a i 5 irroved..
t

As rena.rlied. ;bove, .i.r. inned.iate conse.luence of
(1.6.)), (1.6.4), and. (3.5.1) is

(1.5.5) ri'ireore::i. . Ihe::e is a functor ffz g}x E ->.jS
vrhici: is: a Ief'b furc'i;oria1 representation forbhe functor
iriz: (.igx F)*xi3 -> =".



(1.6"6) roraulae. Let r', € g!', Bi € :j . ,}hea

.1. (iil8 r.r2) # 31 * tilo (i.tr# Br)

"2 . ':,, # (s10 ,a ) ^1- (l.l ;lj tsr) ;!l 32
*2 L 4

.j. zil'r, x F(3-, ) (notartiou of (1.c, .7))

1# B' o t,' O (Zrl Bi)

Z;# (tsr 
Zrr) 

4 (Zi/ it) @(Zx Bz)

([:.^ i.;r),li (Bt^ Ba) : Q:t] tsr) x (.^r ,# )r; xQ:zil3r) x (.ir,:l i.)

Proof : [he first fornula fo1lo'*",s frolt.tire ';bservaticn

tha.t ti:ero ls a na.'burri.l 1-1 coirrespc;:d.ence i:eii:'len thc

-{t}-norpkrisns frollr either sicle a-,cr 'Ure f;r-ciio;is froi.l tne

d,lrect product LI" x ii..-, x B-, 'rJirici'l ,?.re ,rG-.loi'p.;lislls in e';,chltl:

of 'bi:"e firsi tr,ro ve.ri-:'5ies aaC :-rl:red. i:: 'u'-:e last. lkre seccnd.

f o:r"u1a f o11o'.;s fro.. r:i'-:.lar co::sid-,:ra.ti o:s . Ti:e tirird. one

foLlovs fror,, the f..',:ct 'b.'.;.'.'. ser,ci:Ll:i f { f,-ix( l, tsr i lt') to

fr € :aix(B* i:') :r,r.i- seiiir.g g { d::(-l-, r --') ," ti:e n:r

f € :iiiix( Z, Bj,i i.:t) '.;,r.ii:h is .;'-c-l.'.1.i:ec ti! f (r:, b) = u.f (b)

est:,bl"iehcs a natur:lL c'lrri-val-e:;re l:cir:ecn t,ie f",.rictoxs

rai.x ai:.C. i,iix( Z, -; -) . [i:e proof <lf foua' is s:-:.:i]-ar to

the preceliirri: olie obse::ves tirlrt there is a nat-ural

equivaleilce i:etiiecn t.::e firt:cto::s i;ii:r(- , ZZ; -) s'nd.

*g(-, -) . -.r'or:::ula .'), u.nc. (i.5.,) have .5. es c.n i::::rec.is.te

colrs€t]llence, and- .b. fcl]-o'.'ls i::oll .2. :,rad. .5. Fin*IJ-it

o'/. is etluiv*ient 'uo t:e str.i:il:isi':i; "b:".iit bo'Eh the fu-iciorg

to s;.rlit .:rr.ot sc'iue nccs ? :rad- t.:i.t's prove.J. lilte (1.it'Jl) .

.i!. ii|"#Zz e :,-,

.6.
r').(.

#B z .$ * 49 c.nd. i::;i t p --'o .i} s3-:'J -ar:1-i! €ti;:rct t:erlucncss



t1I

'Atteatloa sbould. be calLeB to the fornal stnilartty
betweea thle step f,uactlon f,uactor and. tbe group riag
f.unctor of clemeatary algebra, oa the ono hand.r end.

betweea Lt anct tensor prod,uct fr:nctors ou the othor,
ITe suggost also that it is qui.te like1y that the functor #
is cbaractsrlgod, by fornulao .I.1 ,2. s .4. s EDd, .?. of
(1.5.6), aad. that each of tbo functors #A t Ag --+ $i
aad M# r E --+!$ preserves alL oxact soguencos. Some

of tho forthconlng results wlll tond. to support thcso
t.

conments.

In the moantlmo r observo that a rlng k wttt a unlt
elomont can be tntezpreted. as a category E having only

one obJect * with E(*r.). k -- that ls, the trapE of

the category 5 are the elements of k r and. tb,e rule of

composltion ls the nultipllcatioa table of k.
A category .A is aCd.itive if there is a functor

b: A.^ A -+ +g such that lb(A, B) I = 4(A, B) and. such

that the composition ruLos are billnear vzhen Lifted. to

{$. [be pri.ne examples, a prtori, of ad.d.itLve categories,

are the category 4g itself aad. tho category. 5 associated.

as above to a ring k nith rrnit element. A fr:nctor F

from ono add.itive category to aaother'ts caLled. ad.d.itlve

lf , iu= e""b palr or oui."t" a, B j,n the uor"ffioryr
the function f'AB Ls L:r fact a g?oup homonorphisn f,rou

h(a, B) to b(3(A), F(B)) .

Freyd. f S , pr J.6] pohts out that tb,e category tS of



Ieft k-nod,ulcs caa thea bc tdenttfled. wlth the category

(E , & )* of all ad.d.lttve lrractors f,rom thE category

E Sssoclated to the rlag k) to {$ ; tndeedl, such a

f,uuctor oonELetE of aa obgect M la Ag (tUe Lnage of
the slngle obiect r; of E ) and a group homomorphtsn

k > {g(M, ![) , whlch is exactly how a left k-ood'u1e

ls d,eflned,.

Eavl.B a f,unotor #z AGx B -.+AG , as we d.o, we

can easily produce a f,unctor, sttII. d.enoted. as #,

' (8, S)*xE->(E, S)* 3

naroely, to the ad.d.ltive functor I and. the boolean r{ng

B assign the add.ltive functor !#B which assigas to

the ob$ect * of E the abelian group 8(r)#B aad. to

the nap a ( [(*, t) r ! the eap

[(a) # ia, ; r(*)#s + 0(*) #B -

thls functor ttYB is easily seen to be ad.d.ttlve, and.

so w6 are through d.escribtng the action of # on obiects.

the d.eserlption of the behavior of # on luaps ls tb.is:

given a rnap ln (S, 49 )* , i.6.r I natural transformatioa

d from aa ad.d.itive functor S to anoth.er I r aad. given

a map ln E, say f € E(B' B'), d.efino d#t z s#B:+ tr#B'

to be the naturaL transfornatioa which assigns to the obJect

. tberoaB dG)#fr S(')#B+[(.)#B'.
Relnterpretiag (5, !$)" as gLI,

I )i,

r?6 bave tb,us

whise v6ryobtatned. a functor #z kS x P -+ iU from



def{n{tlon 1t ta oloar that the &lagran (1.6.0) .coaautee

' 6t leaEt wltbln aatural equivaleace). An equivaleat way

of gotttng to the 6aoe result 1s tbLss I k-nod.uLs

conslsts of a 6roup lI aad. a gtoup hououorphisn Bi

k -+ Ag(M, ![) whicb converte rlng nultlpltcatloa to
conpositlon of naps; thls group bomouozphLsru cau be

relnteripreted. as a group homomorphisro .a&U --> M

satLsfying certain cond.ltlonsr amounting to the nultlpllcatlon
compositloa condltJ.on Just meationed... Forn the conposlte

k6,(M#B) s (kFM)#, t#tu' 
,M#B;

lt too wtll satisfy the coaditions that assure that a

k-module structuxo on I[# B i,e at b.and. .

Sormul"ae simtlar to those in (1.6.6) can Dow easlly

be establtshod.. Moreover , #t kU x P * tS ls agaln a

Ieft f,unctorJ.aJ. reprosentation. 3or convenience, assume

tb.at k ls conmutativo, aad. let & d.enote the tensor product
k

ln the autoaomous category tS .

(1.5.?) 'beoren. 
Defi.:ae Mlxk , ( t$x I )* * # -+ g

as folLows; ltlxn(Mr B; M') conslsts of tbose functioas

f € E(ux B, M') for vhich, 1n the notatlon of (1.6.I),

f, € ruix(g, M') aad. fb € t$(u, M')

for all n€M, b€8. [hea there are natural equlvaloac€s

nlx(u, M')' g 
kU(k#B, i''tr') and. Mixk(Mr B;I[') g 

BS(M#3, lf) ,



rhcre dx La thought of ag a tunctor
aad, se havc formulao (neanlng ceaoaLcal

from g. xo$ to I ,

d-l"omorphtsrns ) :

.1. (M1? \r2> #Br E 
"^" 

(%# 81)

.2. ur # (816, 82) g (!rr # BL) # 82
.L

.7. tc# Br X Y@(Z#B;

.4. Mt#Zz Z ut

.5. Mt# ur ts *.6o (k# 81)

.6. k# (B1q 82) g (k# BI)e (k #ry)
^2 c J.'k c.-

.?. (Mrx M)#(BLXB2) s cur*Or) x(u.#sjx(%#Brx(u.#O2)

PEoof.: . Ib,e natural equtvalences are ind.uced. by those

of (1.6.4) and. (1.5.5). As for the formu3.ae, .I.1 .2.1

anil .4. a:re proved.' just like tb,elr cor.raterparts ln (1.6.6);

.). ts an appllcatj.oa of (L.6.6 .L.) i .9. folLows from .I. i

.6. fsllows from .2. and. .9.i and. .7. is proved. llke (1.4.4).

In order to e:stend. these'results to k-algebras, Ee

seedl the followlng
(1.6.8) I€S. lf M ls a coronutattve k-a1gebra,

theq M# B laharlts a colamutative k-algebra structure.

Proof: to say M is a connutatlve k-algebra Ls to

assert tho proserce of a UU-noephisn n: M8 I( ---+D M
K

satlsfylng certaln cond,itioas. these cond.ltlons are tben

sattsfiad. also by tbe fJ-norphtsu nr I 0#B)@ @/lB) -:> ([#B)
k

dlefiucd. to be the composite



Ei (uou) # (B@ B) rn'# r M# B ,k2
vbsre 1\, z , 

B 
t -> B ts the nultiplicatloa -- i.. . 

:

tnte:,sectloa -- 1:r the booLean rlng B, and. all the

l./.omorpbisms but the secoad., wh,ich ls tw# id.U , are

provided by (1.6.?),.

,In term-s of the followiag d.efinitionr w€ sha1l .eee

that '# hd.uces a functor t4^ g + r.S wbibb, agaln,

le a left functorlal representati.on.

(t.e.9) Definition. Xet M aad. L{r be oomnutatlve

rlnga. A functloa f r !l --> X,ir is call.ed.

. nultipllcati.ve. lf : f (ab) - f (a[(b) ,

eqggeultlplleative: (f,(ab))2 . f (a)f (b) ,
clrcular if : f(a+b-ab) . f(a)+f(b)-r(a)r(U).

Wltb thesE appelatlons , d.eflne functors nuI , sga r cllr
from E'X*A to g by assigaing to tbe pai:r B , Mr

the set of nultiplicative, squar€nultlpllcativer or

circular funstLous in $(8, M').

(1.6.10) lgcgg. A functloa f from'a booJ.eaa rln6
B to a conmutatLve ring ![r is nlxed,, multipltcative, and

circular lf lt ls aay two of these thJ.ngs. ff tbe rLng $t
ls also booleaa, then the nixed, uultlpltcatlve'f,unctloas,



the nlxedl sguarenulttpltcatlve f,unctlons,

honouorphlgne all cotacid,e. [he functor

lt" ?

aed the boolean

cLruulr P' x kA -+ g

whlcb aasigns to the paJ,r B I l[t the sot of fuactlons

h E(8, U') that are at orce clrcular aad, nultipllcatlve
(and hence nbred) bae k# t P -+ kA as a left functorlal
repros€ntatLon, and. has 'as rLght fuuctortal represeatatloa

the functor I: f<S --2 E wbich assigns to the k-algebra

U the set of lts td.enpotent eLements, mad.e a booLean ring
by using clrcle compositlon (Jacobsop, flS, p. 8l ) as

unlon and nultlplLcation as iatersectloa. ProofI
t.

Ihe flrst two assertions f.o1Iow from straigb.tforward,

nanlpulatloa of the d.eflnittons. [hat k# B (wbicb ts
ln kA by (1.6.8)) represents the functor clrnuL(B, -):
d -> 

g follows from the fact that the equivalenco of
(I.6./) between nlx(B, -) aad. kiJ(k#8, -) iad.uces

a com€spoad.eace between nultipllcative functioas ln
each lri:((B, M') and. OA-norlhisms in tS(f #8, M, ) .
Aa appl-icatlon of (0.6.1) nov .shows that passage from

B to k#B ts a functor from B to tA and. is a left
fuactorlal representation for cirmul. Ihat I is
a f,unctor at alL ls d.ue to tbo fact that ring b,omomorphisus

must sond, X.dernpotonts to ld.enpotents; aov arry functlon
from a booleaa ring to a ring which is nuLtlp).J-catlve

also sea,al,s i.d.enpotents to ld.enpotents, aad. tbe circuLarlty
requlreueat ls equivalent to the statement tbat the functloa
seads unlon Ln the d.omala booLean ring to clrcle compositioa

ln thc raugg rlng, whLch Ls Juet uniotr Ln tbe booleaa rlng



)Li

of lf,enpoteats. fhLs eonpletes tbe proof.

Fenark: fhls leuna shoss that the firactor
k# z I -" ke le left ad"Joiat to tb,e rrbodeaa algebra of

ld.enpotentsrr firnctor Il t* --> g . l{e have alread,y aeea

another paj.r of ad.Jolat functors of thts nattue i naroly

tbe lnelusion functor E + aA (k ' Z o" 7z) of (L.2.4)

also hasn by (A.?.?), a loft ad.Jotnt, wh:lch passes, as Bn

examination of the proof of (0.?.?) leveals, from tb.e

counutative ring or Z2-algebra (as the case may be) to

lts quotient by tb,e equivalence reLatioa f geaerited.

by the relattons *' 1. . fhese two ad.joi.at pairs should.

not be coafusod., nor is a functor from oue pai.r ad.Joint t

on aither sid.e, to a fia:rctor from th.e other.

(1.6.11) 'rhe.oren. Defining a fuactor

. Mi:ou1o: (kA X E). x aA + E

by the requtremeat thai Mfirnulg(Mr 3; M') be tb.e subset

of, g(Mx B, M') consi.stj-ng of those functlons f, for
whlch, ln the notation of (1.6.1),

fb € xA(u, M' ) and r* € uix(B , M') fi sqn(l, M')

for alL 'b € B and. n € M , the natural equtvaleace of,

(1.6.7) lnd.uces a natura} eguivalence betueen

M$oul*(Mr B; M') and" k*(M# B, M') ,

aad go # ts a functor *$ x E -> kA whicb l.s a left



f,uastorJ.al represeatatloa for . Minul* , and. ts conpatLblc

with tho earlter varEtons of the step firncttoa firactor.
llbe formulae of (1.6.7) ar€ all valtd 5.a thLs situatloa,
too. t{oreover, thc functore A anil # when restrlcted.

2
to PXEI 

'aro nsturally equtvaleat.

"A)!> .

M#B s
fr,#s x
I

(Me
(B€

llhe proofs consLst la
unttary nozplulsns froa

pras€rve nnLt eleneat,

One of the welL known.properties of teasor produots

of vactor spao€a, trad.itlonally used La linear disJofurtaess

Eroof ; Unaer the equLvaleac€ ![fxk(![, B;M,) E 
Og(}4'fO, ]S)

of (L"6.?), tb,e subset Mimulk(M, B; M') of the left
sid.e is put l"n 1*1 correspond.ence with tbe subset

xS{m# Bu M'} of the rigbt, whi.ch prov€s the ftrst
assertlonu the vertficatlon of the fornula'e proceed,s

&s earl.ier, Finally, if B and. Br are two boolean r1"ngs,

*hr*se f*rmulae afford, a s€quence of canonical i.somorphisns

B&8. s lQ(22#8,) x (n8Z)#8, s B#B' ,
22G2

wbteh takes eare of the last assertion and. conpletes the proof,.

(1.5.12) @!. [ruo formu].ao b,oLd. Ln the case of

k-algebraE that lt ls meaniagless to wrlte Ln .the other

casos -- these d.eal'wlth. un:Lflcatlons aad. assert

(M# B)^
A

(M# B)

straightforvzard. comparisou of the

each sid.e with mixed. Eraps tb,at

and. wl,Il" be onitted..
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arguEcnts 1u al6ebra!.c geonetry, is that each, elemeat of
the tenso:, prod.uct V EW of tvo vector spaces over tb,a

kn
ftelil k has an €:lpr€ssion as .>- vlolri vltb tbe

1-I *
v 's X.tnoarly J.nd,epead,eat aadl thi tr 's LJ.aearly i-ud,ependeat,

wh,ere rr&w "l"s th,e lnago tn VEII of tho pair (v, w)
k

ln Yx W und.er the unlversal b1l1aear raap Vx W -+ YOW.

tb,ts property has at, aanlogue i,a step fuactions, nhi"O'*
we aoT? d.escrlbe.

letttng M be a. group and. B .a booleaa rtagr E€

too.h,ave a rrnlvorsal element tr[x B --1 ![ #B , and. we rraJr

d.eslgnate the lmage of tho palr (n, b) as m#b. It
ls sufflsl,ently elear, at any rate, that every element of
U#g hasEorreexpresslonas ::-nr#bi, since M#B

i=I *
can bE r€presented. as E1 quotieat of the frse group

..AG(MXB) geaerated by l{XB. More is true, however.

(t.6.t5) fhooren. If O/f (u#8, thea f
h3s a trnlque exprossion

f-
11

:
t=1

nr#b1

vLth the b fg non zero and. pa5-rwlse dlsJolnt an<[ the

m ts d,tstlact and. Borr z€lo.

A proof can be based. inductiveLy oa the leagth n of
the ehortest possible e:qpression for f as a, Bum 

; 
rr#br

expresstng.fr o f - lo#bo La the optinal form

deacrlbod by tbe theorem and, conputing t'r * l.#bn. f,

fron lt. Wo sball aot gJ.ve th.e d.etaLle, stnoe've d.oart

nced this tbcoren, d.espite the fact that lt has trany useful
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eppltcatlonsr soms of whlch, trc.tadtlcato here. llhs

. e:q)reseloa d.escrlbed ta ghe theorctr wlII be oalled, the

caaonLcal orpressloa aE a sun o! elemeatary etep fuactioas r

aa elementary step functioa belng one of, the glementE a# b

d.esorlbed. ln the prologue to the tb,eorem

Suppose that M 1s a topol.oglcal Broup, aad, that
B le a b.ooleaa rlng. For eacb open ne5.ghborhood. l{ of
zero in M, deflne a subset UN of !l# I to coasist

of aII elements f of \t#B bavtng, fo their canonical
n

e:cp:ressLoa a6 a 6um of elenentary step frractions f r 
flarf #bf ,

all the m 'S ta trl . This family of, subsets UN

ls read.ily seen to form a base for the neighborhood.s of

zero ta M#B rnak5.:ag M#B a topoJ.ogical group.

If i[ ls a norned U.near space, with norn [i [ ,

a aorrr can be d.eflned. in M# B by tbe f ormula : '

llfll . ,?* llnill
n

where .f- ,i #bt is the caaonical e:rpresston for f as
i -1 

4

a sun of olenentary step fuactions. Incid.entd.ly, tb,e aorn

topology d.eflned on M# B is the sane as the topolgy

d.escrlbed. above lnd.uced. by the norm topology on M .

theorem (1.6.LV) caa also be used. to prove that both

M# t p *-* 4l$ and. #B z *g --+ *g presetve short exact

seqlu€nc€s, for it afford.s an e:cpllcit d.escrlptton of the

keraels. Wo sha1l aeed. none of these remarks, although

speclal cases of each of then w1ll be establLsbed. ta other waJrs.
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L.? [ha. Bora1 fungtor

A booleaa rlng (resp. d-ring) whLoh ad,ntts a

monomorph.l,sm (resp. C-Doaonor1lhlsn) to the booleaa

rlng * of al.I subsets of a set X ls caLled. a

fteld (resp. C€&-E) of ggtg,. M. E. Stone h,as

proved. (fa [a7] ana [zr] ) that every booleaa ri"ng

is a field, of sets. Preclsely, the booleaa ring

Z2 1E an lnjecti,ve cogonerator (cf. (0.8.5) and. the

d,efLnitlon precedlag (0.8.8)) tn !'n"a has a

lD-structure, wheeo TD is the category of compact

totally d"'j"sconnected. Bausd.orff spaces pnd. contlnuous

uaps. fhat ts , there is a contravariant fr.rnctor

s: D -+ g such ihat !(n, Z) = ls(A)l . Iioroover,

the two poiat d.i-screte space ZZ, uhicb. is injective
TD by the d.efiultion of total d.iscon'nected,ness,

Ls aLso a cogenerator aad. has a !-structujre, neanlng
 

e

there is a fr:nctor R: Q -+ E sucb. that lR(X)| 3

S aad. R establish a.n equiva3.eac6 between (I!).
and. g . Since S(Z) is a one poiat space , the category

l=AI
B ; , wb,ieh ls on the on€ band equivalent to P (by

(1.2.5 .2")) , ls equivaleat, on the other, to the

category d.ual to the category of naps of a point to
a totally d.isconnected, corupact Eausd.orff Bpacel 1.€.1

of oonpact totalIy d.isconnected. Eausd.orff spaces witb

baso polnt, and. contj;auous base point preservlng naps.,
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caII tt f3, . It foll,ows tbat tr'e boolean riag 7Z ,
as aa obJeot of E , hEs a Br:structure r sBX ' S* ,
and, tbe two poiat spac€ 7a lvith base point 0 hae

a p-structura B. , which, togetber wl,th S* ,. sets

uB ea equtvaleaco betveea E aad. the dual of P* .
If B € E , we wrlte s(B) . S*(B) - fuase pornt) i
then I$(B)g *[eptuaorpb.isns from B to lr\, and if B

ls ualtar;l,r ao confusLon arises. S(B) l.s calIed. the

Stoae space of B , and. S*(B) , th.e .potnted. Btonq €8S,.

' 'It ls not the case that every c-ring Ls a d-f,ield,

of eets. Ind.eed., an argr:raeat like that proving (1.r.+)
shores that aone of tbo 6-rings K r *, f defiaed.

just before (L.5.2) can be a 6-fteLd. of sets. Sikorskl

A{, (24.1)] glves neeessary and. sufficlent cond.lti.ons

f,or a 6-rfag to be a 6-31eld. of sets. Ioomi" fXo ]
shows, howevel, that every 6-ring is, Like tb.ese K r

a guotlent of a 6-fte1d of sets bf a 6-j-d.ea1r.and. that
the Stono representation ls not far off. Nanely, glven

a 6-rlng A , let I(A) be the first category (1r(rr;

neagee) subsets of S(A); thea tbe composlte

A ---> [::t3"il S'(ii J +zs(A) -+ zs(Y<s>

wherE the first nap 5.s the Stone lsomorphLsmr.the secoad.

ls thc laolusloa, and. the thlrd. l.E tbe canontcal proJectloa

to the guotleat, ls a 6-norphism, whLchf lf A ts a

^^6-rlDB, ls La fact a 6-morphisu.
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In ord.€r ad,equately to nake use of tbe Stone space

thcoryr E6 aeed. the notioa of the quotleat of a category

by aa equival€nc€ relatlou. So let * be an arbitrary
category, and, assrrne that there ls glven, for eacb, palr
Af B of, obJecte in S , an equivalence relatloa f*
on thE set *(Ar B) , in sucb a way tb,ot whenever

fr € *(A? B) and. er e g(8, c) (i. r, 2), the

lnplieatlon

I Lr r, , er Lc se :+ 6i.rr Lr. *e.re

is valid,. Such a class ( of equi.val.eace reLations
)

i.s admlssibLe r or aa admissi-bLe. g.q-glvglgnce. relation
OIf \ i" an ad,nissible equivalence relatj.on on 4,

can thea be formed. tb.e category b / tr , th.e quoiient

S by | , which has the sane obiecis as A, but the

ax€ given by equivalence classes of naps of 4:

*/( (a, B) = a(A , z)/ lm '
and. the composition of two L / ? -morph:Lsms i.s , by

d.efinltloa, tb,e equivalence "1J"" of the composition, in

A , of arry two representatlves. fhe adntssi.bility of f
guarantees not on)-y that this d.efinitioa is unanbiguous

but that 1t makes */ f a category. Assigniag to each

A-morphi.sn f its equivalence class d.efines a iunctor,
the canonical proiectj.on, from * to 4/? . f,b,ls

)
coastruction w111 be used. 1n the followlag dlscussion,

0
\
).LB

on g.
there

of

maps
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A Borel gtructire oa .a set . Y is by d.eftaltion a
I

patr (8, S) couslstlag of a &-fteld B of subsets of X

(meanrn8 the tacLusion B --> 2X ls a $-norphlsm) and

a 6-td.ea1 tt of B. rf (xt, 81, nl) (1- 1, 2) aro

sets wlth Borel structuree, a frrnctlon f : XI --> XA ls
measurabl,e lf both

t-l(a) € Br whenever a € Be

and
r-1(") € Nr whenevor a (.s2 .

^'lhus the neasurable function f Lnd.uces a f-trorPhism,

say 8(f), from BZfi{A to 81,/NI by taking conpLete

lnverse inages and d.ivld.iag out NI . I,etti.ng Egrel be

the category of, sets with a Borel structuie and. measurable

functloas betwoea then, send.ing (X, B, N) to the &-riag

B/N and. f to E(f) d,efines a contravariant fi:actor

ts: Eaxd -, &. CalL trzo measurable fr;'ncilons neasurably:
gqqlvalgg!, tf they yield, ihe same &-norphisro after ipplying

JB; slnco 18 is a functorr Beasurable equlvalence tBens

out to be an admissibl.o equivalence relation, and' we may

forn tbe quotlent category @ of &+1 by this
equivatr€noe relation. Observe tbat JB ind.uces a unlque

contravariant firnctor E, E@ t i colopatlble vrith the

canoaLcal. proJection B-Are-I 

- 
EgIe.I r and. that' 1B is an

tnnersLoq, by vlrtue of the d.efinltion of measurable equlval€rc€o

We caII tr (or ]B ) the Borel f,unctor,'
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Obssrve that BorcI ' has aII d,irect prod.ucts.

Iad"eed., tf t" .' (xs, Bs, S*) (s ( s ) ts a fanily
of ob$ect trn FoIs.I, form the d.Lrect prod.uct

f,r 4 x",
s€s

Iet p"r X'-;>X" be the canoaical projectlons, and. 1et
(8, N) be the smallest Sorel structure oD, X nakiag each

ps lleasuura.ble. Precisely, B is the 6-fiela of subsets

of x generated. by aIi. n"-Itt") (b" € l" , s € s) ,

and. t{ ls the 6-id.eaL of. B generated, by all p"-l(n")
(a" € Ss n s € S) . It is easy to verify that:a function
g: Y 4 X, where T has a Borel- structure (M, A) ., ls
measurable lff each ps.E is measurabLe, whicb. is enough to
show tbat the projections ps make (X, B, N) the d,lreot
product of the (X" , Es , N* ) fs " Since the canoaical

projectlou Eglgl + Eorcl pxeserves d.irect prod.ucts,

Egre} also.has all d.irect prod.ucts. llhe questioa arLses

whether the f,unctors IB and. E behave welL wlth, respect

to d.lrect products. The answer ls that they have a strong
tead.ency to convert d,irect prod.ucts to d,irect. sums la the

Acategory 'f, r but d.o not always succeed. ia d.oing so. SikorskL

U{, SrB A) (p. LV?>) gives "o s:(ample of two obgects

(X, Bi 0) , (I, a, o) , for whicb .g,dg / q(rrero) x (xrBro)) .

The tend.ency is rearized. sufficieatly often for ou:r purposes,

however, ds we aTe about to s€8. ([ne correspoad.lag problen

for direct sue6 ln So3gl h,as an easier aad. more satisfyingl
eolut{oa whlah ts unfortr.rnateLy not seed.ed. here.)



Raturnlng to the Stone spaces, let A be a i-rlng,
and let B(A) bs tbe &*fi*ta ot subsets of S(A)

geners.ted. by the clopen subsets, let N(A) ! I(A) 0 g(n) ,
and 1et I(e) - (s(A), B(A) n r{(A)) € Egrel . Norice that
for each G-norpbism f : A 

-) 
B r S(f)r S(B) ---->S(A)

' Ls ln faet a neaslrrable functLon fop:s. 2(g) to 2(l; ,

whlch we shalL call ICfl in this context, Froro the fact
that,r S is a contravariant funeior, it foLLorvs that Z too

is a csntravariani functor, fron ; .to 3glgl ; eoreover,

the fact (L,oonis [*, J ) trrat A n 3(A)/N(A) ' ind.icates tht
E.:, g i&: ' Letting : 'be the composite functorhJ

A ) D:. 

-

o * AqIg.* oorer ,

we tbea also bave E'> g id.^ .L _ -*$_ , ,

. Aa absolute BoreL space j.s a set X equlpped. with

a Borel structure (B, O) of such, a sort that tb,ere ls
a BoreL eet Y in the countabLe Ellbert cube and. a I-1
com€spond.ence between X and. I ind.ucing aa LsomorphLsm

: betyreen B and. the BoreL subsets of Y. We shalL goneral.J.y

write % for B i.:r such aa instance. I,et AES (resp.
\- @) ue the f,ulL subcategory of @ (resp. of 'E;ffi )

genereted by the absolute Borel spaces. It is clear that

eacb at uost countable dJ.rect prod.uet (la ts"".I ) of.

absolute Borel spaces is agala aa aabsolute Borel spac6,

aad. le the d,lrect prod.uct La {Eg . ALso, the restrictlon
of the canoalcal proJection E9IS3 @ to SES

yielde an eguivaleace AEg 7+E ia terms of whlcb. vre

raay tblak of AEg as beiag a subcategory of @f.

tiv,



Restrlcted to AEE , the . Borel functor converts all
at rooEt countable dlrect products to dlrect 6urns. Prectselyl '

(1.?.1) llheorem. r,et A€;, 1€@,
J, Js € *E$. rhen

.1. tr: 85ffi --, ? establtshes a 1-1 conespoad.€ac€

between Effi(r, j) ana 8(B(i), B(i)).
.2. ff the index set S is at most countable,

i
@ E(js) z E( \ j").

s€s sgs ' 
.

' E3ggll To establish .1.1 lt is enough, since ' E i.s

an immersion, to know that every &-norphlsm is obtained.,

a fact which ls proved. by Sikorski und,er slightly more

genera). circurostances B.f , Gz.il) . [ben, using the fact
that E':, g iAAr w€ obtain (using .1.)

C

6( q B(i") , A) = { ;(ra(is), a) =s€s ! s€s
x X,r(fr(i"), tr( :(A)) s X 9"",4( L(a>, J")

"€s 
e\_v

3 E;;A( Z($) , 4 j" ) z iC BC X j"), B( ZCa>>
3 il.. sts sgs

s 3{mt"5rr"r, A),

whlch prov€s .2. .

It wil} be convenlent to caLl a category countably

g.q.Elloual lf lt ts air equattonaL [-category where

raak( A ) i to , and. aa equatlonal functor between tvro

countably equatlonaL categorl,es a countably g.qr1g!.i-ggg,I functor.



ls called. couatably g.eqat-ional lf .$ ls. Then lDheorems

(O.10.1O) aacl (1.?.I) combiae to llrd.icate tbat lB trensfers

eaoh countably equational" structure over aa absolute BoreI

spac€ (X, BX, O) to a cor:atably equationaL 'costructure

over the 6 - ring BX , in a manner conpatible with

corrntably equational frrnctors and wlth Str(/fEr -)-uorpblsms.
A preclse formulation is

(L.?.2) Theorem. For each countab!.y equational

category A, there is a unlque functor

n lB: str(ABS , A) -----) Costr( # , A)
*

naking the d.iagram

str($$, A) ;3.+ costr(}, 4)
;*l.k {r

TDA

'#- J

commute, and" if 3; S --?A' is a countably equational

functor, then tb.e d.iagram

Str(S, 4) - 
Costr( &, +)

str(AEE,F)l A- lco"tr16, F)(zv
strGli€, +') ;5 costr(,i , A')

=

commutes.

Ia the followiag s€etioar w€ preeent som€ couatably

equatlonal categories to which thlE theorem w111 be applteci".

Flnallyr an A-Btructrge s3 Q;1 '$-costruetgre (Qr G, L)



I.8 VectoS lattlces

Deflnltion. A l,attice ord.ere3 vector algg.Ura, (resp.

lattlce ord.ere{ vector spacg) Ls a set v eguipped. wttb
tb.e structures both of aa IR-algebra (reep R-rood.ule)

and. of a J.atttce, provid,ed. the inplications (resp. tb,e

fi.rst two inplicatlons)

, (1.9.1)
(1.8.2;
(t.B.r)

x<y-ix+2,<y+z
x{y, O.r ( IR -} xx<ry (xryrz€ y)
xSy, O7z 

-) 
xz 1yz

arE vaLld.. A latii.ce ord.ered, vector algebra 1s u:eitary

if its rrnd.erlyi.ng E-algebra has a unit. In any Lattice
ord.ered. vector sBace, d.efine tJ,nary ope'rations *, -, I I by

**-xVO, y. = (-x)*, lxl =x*+x-,

anil call two e].euents z. and y d.isjoint if lxlA lyl - O .

(f .8.4) Rernark. Coad.itj.ons (1.8.1, (1.g .Z) , and.

(1.8.r) can be expressed. equationa!-3-y in terms of t$e

latttce ord.eled. vector space (aLgebra) operations and.

the ad.d.ttioaaL r::raty operati.ons as follorrs 3

((xA y) + z)A(y+ z) = (.-.Ay) q z s

(lrl(x/rY))/f (lrlY) = lrl(xfly),
((xAy)QVo))A(y(z/o)) = (xAilQVo) .

Sakea 1n coaJuactlon rqith the fact that nl$ , n$ , ElA ,

and. lattlces form countably equational cate6ories, this

ra

-=---- ,I=.=-. *.1 i.



( i9

shorrs that Lattlce ord.ered. vegto:r spaces, lattlce ord.ered.

vector algobras, aad. lnitary lattlso ord.ered vector a16obras,

all form countably equatlonal categories, say E , *3 , aad

Al , raspecttvely. It caa be shown, ustng (1.6.1r), that
tf ![ ls a lattlce ord,ered. vector space (al6ebra) aait B

Le a boolean 11:16, then ' !I# B is agala a. lattice ord.ered.

vector spac6 (algebra), and, that the step functlon fuactor

# glves rlse to functors lExB -+trrIr
^AA4! xP 

-> A! ; not noed.lag thses facts
b,owever r E€ sha1l onlt their proofs.

t

1n

Alx ts -+ ATJ.

our d.evelopro,ent,

A lattlce ord.ered. vector space ts bound.ed.ly f-rogpletg-
(Day f # , p. 963) or a K6.-gpace. (vut* f.r, , p. 9r7) tf
each.countable fanily of elemeats *1, xZ,,e. having aa

upper (Iower) bor:ad. ln the l-attice ord.er, h,as a suprenuo

(Uffnrrn); a (r:-nitary) Latttce ord.ered. vector aS.gebra

wbtch is a Kr-space is ca11ed. a (uniiary) Kn-4gglB.
A Lattice ord.ered. vector space is d.j-sjointed.ly o--sgglpletq

if each countable fanlly of pairwlse d.isjoint positive

elenents b,as a suprenrur; a d.isjointed.ly 6--conpLote

Ku-spaco (resp. (r:aitary) Ko-algebra) is calLed. u tra-E!.39,g.

(resp. (unj.tarf) Lo-ggglre). Ko- aed. Io.-spacos and.

(unitary) Ko- aad. Io-algebras forn categories E' Eo ,
AA

So t &ar. Sc r 4!o r whose morphisms are those 1n E t

A& , ot *3 preservi.ng the countable Lattlce operatloas r

(I.8.5) Sgggg!. Each category Eo, s,,
*3o , &o , &n is couatably equatioaal. Ind.eed.,

Sot
a lattlce



l'i :

olA€re0 Vccto! Bpac. havlng an'addlttoaal operattoa

F of Leagth td eatlsfying

:xtAF(xor xL , 22, x,1 ...) . xrAxg (r : r)
xOVS(xO, xl, xZ, xr, ...) . xO

3(xo, xaAxo, x2{xg, =rA*o1 ...) . 3(xg, xl.r *Zr*r1 ...)
xAF(xo, xrAx, x2{x, xrAxr...) - F(xo, *lAx, xaAx, xrAxl ...)

is bound.ed.ly O-complete, for
@(r.8.6) F((xr)i 16) r V (xrA*o) , '

-i=I+v

aad. so if x1 S xg (t - I, z, ...) , F((xr)r, g) - !/.*, ,
I=l

whereas 1f x, 2 xO (i Er 1, 2, .. . ) , ve*b.ave -xi S -xO
(i . 1, 2r...), and. -i'((-xi)rro) E -V C-*r> --3r".1 /

.L-.L J.

Ia aay \.-space, coaverseLy, such an operatlon is d.ef,iaed.

. exactly by (1.8.6). A Ku-space h,aving a second. operatX.oa

e of lengtb, d satlsfging

e((xi)i 
z o) = e(( l*rl )r=o)

yln e( (*r)r 
3 o) - ri

F(c((xi)rao), ro, rt , tzl ...) r c((x1)i=o)

wh,ere the y rs are ind.uctlvely d.ef { ned by

(r.g.?) tro - lxol 
@

Yk ' Ir-rV( lxrt - Jr( lxolAa(ya-rA lxsl)))

ls aa lo-Bpac€ I for lf tb,e x rs ate posttlve and. d.tsJoiat,
thea trk . *0V... VxO by (1.8,7), and, the equations that
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"o
G eatlsfles guarantee e((xr)130) r 

X ", 
; but

@@tco

[orr - X X=" r ,]f,*o. rn en r,o-spacer'cotlversolv,

deflae e( (xf )t 
Z O) as f ollows o Form ' z, '(t 

= 
O) ,

which are d.efined by

?O' XO, rl' Il - Yi-t (i=f;'
.ii

where the y ts are d,efined. by (f .8.?) -- so the

z ts, apart from ,O , aie just the parenthetical

e4pressioa on the rlght sid.e of the second. forrnula
I

ia (1.8.7), aad. are therofore posi.tive and. pairwj.se'

d.isjoint -- and. set C((xr)irg) equal to the u,nion

of these z rs. G obviously satisfies the first equatioa

lt should. (Uy tUe very constructioa of the z 's), aad

i.t satisfles the otheriryo because the union of the z 's

is, by an argument siniiar io ihat on the second. line of

thls page , ld.entlcal witb. the r:nion of the y 's. fbe

e:drlbttlon of these tno operations essentially proves

the tenark.

An element f of a Lattice orCered. algebra A is
boun<}ed. if there is an id.em.potent e € A and. a real
nunber nZO such thai

-nelf'**De.

The least such nunber rr is caIIed the bound. or sup norrr

of f and. ls d.enoted, Ilfll (later llfll .); $e have

llfll S a iff 3' idenpotent e witb lf I 5 ne.



I

siace lf I 1 ae , lgt 1 uor lnp1y

lf + gl :: (n + n)(e + er - ee,)

lre I I (nn)o

(1.8.'8) lf v g1 s (n y n) (e + 6r - ee')

lfAsl s(nAn)e (ir rz-o, sio)
lrfl < lrlne (re n)t

we see that the set B of bound.ed. elements i.a A i.s

a lattlce ord.ered, algebra, and the inclusion of B in
A is an AL,-norphism. The same inequalities also

in&icate that B is a normed. algebra. (V/araing: aL1

thls ls nonsense if A j-s not ArcbiqeQean (aeflnltioa
to be found.l e .g.1 in page 81 of Vulih's book g:a-]);

our main interesto however, Iles in K_-algebras, rhich
are knowa to be Archined.ean: cf . lz2, TEOPIil'rA IV.I.}] . )

Arguments like ihose above shovr that tire bound.ed.

elemeats in a . K--algebra thercselves form a K=-a1gebra.

Moreover, lf A ls an l--algebra (or, for that natter,
a Ko-algebra rvith a r:n!-t), then tbe id.enpoteat elements

form a boolean S-rin6 ancr the set B of bound.ed. elemeats

ls a Sanach algebrao i.€., is sup norm conplete. Ind.eed.,

lf [.i{ is a corratable fanily of id.eropotenis r let
6;

'o = o, .'i o oVr"i (iZr)

"ttt = "'i - tti-I (i > 1) .

Tben the €tt, are d.i,sjoint positive elenents, heace have
L



a suplemum e r 9 .", , and, it ls sliople to check that
i-l I

@

' Yr"t te aa ld'empoteat. Now Iet (fr.)r.a r be a

cauchy 6€quenc6 in B, so that thero is a sequence of
posi,ttve real numbers (tf)t: f ,convergiag to zero

such, that, for each k,

llrr. - fx*pll S tk (p )l) .

thls means there are id.enpotents .tp such that

lfr. - t**rl { tterp (t>r, p:t) ;

@olet'o " ya X"or; 
then lfu - tn*pl 1tx" (alr k, p).

Now embed. B in a o'- lattice E j-n such a way as to
preserve the cor:atable lattice operatlons (possible by
(o.?.?)) ardr in E , fora

oi'0rfk' r cX"r=i:'=oinf fo

@@
ui' X 

fk, I '' A *, = lim',-suP f* .

aud.

[he relatj.on f S f follows ln the usual qlanner from

the relations hJ 1 Oj*a S gJ*l 5 g5 . tr''roro the Cauchy

cond.i.tion, on the otb,er hand.r w€ get

T: gk*L S fa + tke
(r.8.9)

fk - tk. S hx*1 _. g



,. j

wb,eace f aad f. are both

converges to zeror ar€ equa.I;

[r-riilSzto
also f,ollows from (1.8.9) aad. shovrs tbat B ;"
complete.

Since an Alu-norphism send.s id,enpoteats to id,enpotents

and preserves ord.er and. scalar muLtipS.ication, it send.s

bouad,ed. elements to bor.rnd,ed. elemeats, in a aorm-d.ecreasing

r?aflr Eence passage from an trr-algebra to its (cond.itionally

5- conplete lattice-ord.ered.) Banach algebra of borrnd.ed.

elements is a functor, vrhich we shall caLl

bd.d.: 4I,^ -:> A = category of Banach al.gebr.as .

(L8.rc) lermaa. [he fri:rctol bd.d.: &!." --+ ,{ ptcnrves

kernels aad. aebitrary Crirect prod.ucts. Proo-f :

tret f € 4!o(A, a'), and ret x { ker (bd.d.(r)).

Bbis Eeans x is bounCed. j.a A aad f (x) E 0 . Say

o and. :1 are an i.ad.enpoteat in :i and. a pcsitive real
number such ihat -ne : x 5 *ne . i'Ie si:ovr that x is
bound.ed. j-n ker(f,) , j..e., that there is an id.eropotent

E in ker(f ) and. a reaL nrrmber N such. that -NE1x1+IfE
(tl,is will show that xer(bd.a(f)) C uaa(ker(f)); the

converse iuclusion i,s trivial). tr'or eacb positive ratloaal
number r form E" - eArlxl , let ,=t E A (8")4,r n=Ir 21 ...
and,d.eflne !r V E:. [hen:'

r>O ^

ia
the

B ardr slace tk
f,1nal f,lIlip, that
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a)

b)

c)

d.)

b)

f(Er)rO (c3.ear).

f(Ef) . o (d.ue to a)) .

,f ls td,enpotent, so E exlsts, Ls id.empotent.

f(E) r O (aue to b)) .

Ilxll . N -+ lxl < NE (proof: lf lxl :.
o-11*l Se, hence Eo-l=un n-11*l=
aad. sj.nce E .3 Eo_l , nE : lxl ) . eed..

[€ r thea

o-11* I ,

Noxt, 1et At (i e I)
("r)i€r € }.n, is

ier

be a family of l--algebras. Since

i.d,enpoteat if .aad. only if each .i

isr'anelement x( Xn,r sax x-(x1)iE1 isbou.nd.ed.
ier b

lf aud only 1f each xi is bouad.ed. and. iH- Ilxrli ( o .

lhus t 
4I,\-

bdd({'orl E 'f /*= (*i\' iE'- [xrll .( o, tG{.ir€i
- l* / x-(*i)r, ;H, Iixrll ( o , *i€bd.d.(Al)l - f uaafar) .

i€r
Ihis completes the proof of the lemma.

(1.8.11) lem:n*. the fuacior bd.d" preserves

difference kerneLs and. pro jeciive Linits. h€;
tret f r g € 4!r(A, A') and suppose f(x) = s(x) ,

wlth x bounCed. in A , riie prod.uco aa id.erupotent E

in the d.tfference kernel of (f, g), i..c.o sucb, that
f (E) - B(E) , and. q real number r such that lxl : BE .

Using the epectral theoren on the Banach algebra B - bd.d.(A),

prodluce lterated. positive square roots lxtz-n of lxl
and. observs that 1Ln sup lxlZ-a . 11n iaf lrl2-a . E r



leber€ E ls the ld.erapotent coastructed. ln tbe p"rotor. lenna;

then f (E) . s(E) aad. lxl S llx1l p . [hus

ker(bdd,(f) - bdd(e)) € bdd.(ker(f - e)) ;

the conv€tso inclusion.j.s agaln obvious. Foq the projectlve

linlts, it need. only be observed. that every projevtive lioit
i-s the dlfference kernel of a suitable pair of maps between

appropriate3.y chosen d,i.rect prod.ucts. Precisely, let
(P, L) be a partialLy ord.ered. set (usuaIly assune& to

bave, the property that whenener p r q, € P, thuru j.s

r € P satisfying ,4p and. r /-9) , and. let F: E -> g

be a functor fron the category E associaied. to (P, L)
ln (O.2.I0) to an arbitrary category 4; a pro;ectji*e

linit of 3 is by d.efinition a right repx€sentatioa of the

contravariant functor froin 4 to q send.ing the object X

€ A to the set

5t*/ x= (xo)o6p€
A'S

4(x, I(p)), e(p4q.).xp= xn?r i\
-C;

but for fixed X

same as ker(f*
,' tl::is

8X) '

set of P-tuples of roaps is the

vrhere fX and. ga are both fuactlons

)< (g{x, r(p)) x {(x, rQq)))
P {q ) .

Pr 991

from X gCx, 3(p)) to
B€P

deflned respectlve J.y by

(fx(xp)p€p )pe = (*r, *q,) ,
and.

(sx(xn)r€r )pq, = (*n, t(p |q)'*p) .



slnce bd.cl preserves prod.ucts and, d.ifr.r"n". kernels,
therefore, it preserves projectj.ve linits, too.

For later us€, we remark th.at tirere is a notion d"uar

to that of pro jective liuit, caI1ed. injectir{e lirait ; i.n

brief , if a situatj.oa v;ith respect to a category 4 is
such that, when transporied. to the d.ual category, it
becomes a projective linit situation there, then it is
anri.i.a,jerltive linit situatioa in the original. ]#e may use

the,terms projective and. i.nverse (resp. injictive aad.

direct) interchan6eably in tiris context. '



1.9 Step functioas aad. fuactionoid.s

Siace (IR, IBa, o) and (lR, lBB, o) (rvhere IR

d.enotes the two-poiat compactifj.cation 1-oolu,IRL(+oi

of the reals and. B_ d,enotes the Borel sets ol - )

are absolute Sorei spaces b,aviag a 5-Iattice siructure

and. an 4!.-structure, respectiveJ.y. (ind,eed., the latter
has an &r-"t"ucture ) , using the usual operations o!,

the (extend.ed.) reals, and. slnce the siaadard inclusioa

m --> E is a mea.surable functioi. conpatib3.e with the

assocj.ated. bound.edly-:i-couplete-Iat':;ice struciures, it
follows frorc Theorem (L.?.2) that the 3-riags np. and.

-JBB b,ave a well d.efined. f,-Lattice costructure aad.

Al^-costructure, respectively, aad. that, for each i-riag
-'(l
B , the inslusi.oa 3(q*, 3) ---; j(iBfr, ts) comespond.iag

to the iaclusioa of tb.e reals in taeir tvro-point coaipactifi-

cation j.s coropatible wrth the associated. bouud.eCJ.y- S-coroplete-

Iattice costructlres. L'iuch the saue caa be sai.d. for tbe

costructures borne b7 the &- riag BE* of Borel sets ia
the set of noa negaiive reals, ihe 3-riag EG of Borel

sets j.n tire conplex aumbers, i;be 6-ring BE of Borel

sets La the unit circle (whicb, has arr

In particular, it can be proved. that
{yQ-costructure ) , etc.

f(Eo, B) s @$6C:a*, B)

is a naiurai equivale[ce r wb,ich red.uces "conplex fuegtion

theory" 'to the "reaL frinctioa theoryrr about to be presented..
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i*'

By (0.9.1).), it .folLovrs'tbat BIt_iol b." ell

(1.9.1) fhecreui. Vievrec. as functors from $ to

th,ere is a natulal transforp,ation

E# --+ bad(,f (E..,-e_ rnir - ))

naking E#B 3 linear span of the idem,potents !1 J(i3n_iOl, B)

for eacb S-ri.ng B; tbus It#B becomes a noraeo,

lattice ord.ered, E-algebra n and. .as sucb. it is aorn-d.ense

in bdd.( s(lBn_ i'l, B)) . Final1y, 6(Bn*.io)r - ) is
uatural).y equi.valent to l,^-.bdd.. S(IBiR_iOj, 

- ) 1 i.€.1
to I,.",coiilpletion-in-norm.lR# . EIgg[t

the proof is preced.ed, by a few d.efialtions and. a lenna.

Aln-"o"truoture la 6 , tb.at En*_iOl h,as a costruciure ,

la G , i,nvolvlng tae operations ad.d.ltion, mu),iiplicat5.on,

coad.ittoaaL suprema of cor:ntablo fanilies, posi.ti.ve real
scalar roultiplication, aJ.} conpatiblo witb tbe couaterpart

operaiions j,avolved. in iL.e .i.!,r-costructu:e o= 3rt_10:

ia{.eed., that En+_tOi is the positive cone ix BIi_;Oi.
As the uaterlal unf olds, the meaaing of these co:nmonts

will become rn,oxe accessible.

.[bere are intiraate relaiionships beiween ihe fuactor
ts# r the fu.nctor bd,d. , the .!!r-co"tructr:ro on B*_lOr,
and. the left ad.joiat r,"-: 45.; 

-&., 
to the inclusioa

firnctor of 4!" ia ,*5, (r,vb.ich exists by (O.7.7)) r 4s we

now reveal.
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An element f of,

(real-va1ued,) fJmctionoid, on the d-rilg B. tho bistorlcal
justiflcation for this term is givea by Giitz 8,, i. If
b is a Bo:reL set ln lR , the functj.onoid. f on B is
called b-yglued and. is sald. to h.ave v3luos ln b lf

a ( Bn_101 , aA b,- o --) f(a) r o

and, elther

(Dp-iol ' B) ls called' a

, o(u
'or

f(n-iOl) ls the untt eLement of B.

Ihe sona f (ts-tOi) ls, in any event, caJ,led. the support

supp(f) of tbe functionoid. f.

(!.9.2) Ieruaa. If fi is a br-valued. frrnctioaoid.

onthe,i-ring B (:-=1r2r.'.) and. r': iR"/--->8, 1s

a Beasurable operatloa of len5th ,/- (: tto) send.ing the

zero sequence io. zero, then the incruced operation, also

d.enoted. F , on t;(En-.iol , B) has the property that

F((fl)l.ieX) 1s b-valued. for each tsoreL set b in IR

containins l*/ x= F((xi)rS, < 4 ), xi € bi \ = F((bi)I< i <a )

Proof: By the theorems on the transference of structure

to costructure, F((fl)i) i.s the conpositj.on

dF)En-i,oi-t+ a6' PA
,. a\ E (t) Jts--iol- iix -n-lo1

6'1 fi o sAs,
L<4

r-1(") , tb.e second,where IBG') sends the Borel set a to



loap is the 'canoalcal isonorphisn, and. the other naps are

the obvious ones. It follows i;hai if a i.s d.is joint froa
a Bore1 set b containing i,((bi)i) tuen F((fi)i)(a) - O,

which proves the ]€mne.

( 1.9.1) CorolLary.. A functionoid. f is id.empotent

(a characteristic functionoid.) if and. only if f j.s

iO, Ii-valued.; a lj.near conbination of S.d.enpotents ( aL1
E!.gtr> functionoid.) if aad. only if it has values in a finite
sei; bouaded if and. only if it has values 1n some j-nterval
I

f-r, * =3 ind.eed, tlf il = in-f it / t is f-", +r]-vaIuudl.

Proof : Eacb. asseriion i.s a d.uect conse(juence of the

leloma.

Y/e proceed. now io ;he proof

a function f,: B 
-> 

s(3r,rc._ 
:Oi ,

somabthefunctlonordr.Y'-i?,\b' -l,
-J 

, -i aian
.1 /1l . t b4Yvs

.,-
lL-6tr\**

-/-1 r.l
r -l- :- a.' /-

id.empo'ient, and. that X is

of

B)

'i;he tb.eoren.

by assignin6

Define

to the

by

Xr(a) =

Observe that each Xb

b

o;

ic

a mj.xed. funciion, ln the sense of 51.6 (a1so circular),
i.€.,, that XaVU = XaVXb ancl X.AU = XaAXb = X"'Xb .

iiriting f or the a3.6ebra of step functionoid.s, we rov

prove that X ind.uces an isomorphism E,#B 5 
> V .

Accord.ingly, 1et x(V;say x b,asvaluesin

the finite set 'i=r, rZ, . . . r =o*il, vhere alL the ,i
ate d.istinct and. ra*1 = o. By d.iscard.ing aad. relabeling,



if necessaxyr wo may assllne that "i - *({.=tl). I O (f<iSn)
although this is not essential to tho proof. In any eveat,

the fact that x, as a homomorphisu from B:a_[Oi to B,
ls d.escribed. by

r Vl"i/ti€bi (b€Brt-{ot)

l.: ,\^ .rol

Now let f ( ro:.x(B, M) (i,i € RU ) aad. suppose that

an elemeat g € p.U(V, IJI) makes the diagran

_l- ,lJ 

->,ri

( 1.9.5)
\

x(b)

ind.lcates that

(r.9,4)

commute; thea

(1.9.5) a(x) =

!xc I
i=1

n
\ ,1 f(*i) .

lhus f or each f ( :ix(3, M) there is i:.t m.cst one eleneat

g € p{(v, lt) naking (1'9.5) corulute; that., oa the otb,er

hand., there i.s at least cne j.s seen by d.efiaing g(xp,

for f € nix(n, ivt) and. x of the form (1.9.4), by forraula

(t.9.5). The verifisaiioe ihat this d.eflnition j.s free from

contrad.iction is straight-forward. and. rviLl be ouiited.r BS is
the proof of R-linearityi one appeals to L,emrca (1.9.2) .

fhus X is a universal eleneat making V a representatioa

for the functor nix(B, - ) , which concLud.es tire proofrby

(1.6.?), (1.6.8), and. (1.6.10). that V 3 R#8.



Next, let f be a borlnded frrnctloaoid, oa B t

aad. for each positlve integer n d,efine fo e IR#B by

Notice that each sr:m. is actually finite, siace the

terms with, lkl Z (n+l)ilfil are zeto ia the srrm' for fo .

Since lf - fol I a-lxsupp(f ) , v,e see that f is in the

norm-closuro of the step-functionoid.s I and. so the secoad.

asserti.on of the theorem is veri.fied.r '

Finally, if f € s(]3n,_ior, 3), let

fo't'Xf([rr, a+1)) ("€Z);

tben lfolA lfxl = o ior \/ k aad.

f E (.Y.ro) ( Aoro) '

which proves ihai (B:n-lO), 3) = li'bd-d.'s(Btr-lOl' B) ,

and. completes th.e proof of ihe 'sheorem, nod.ulo the verifj-catioas

of naturality, wLlch vri1I be oniited.-

Reinarks. If '": is an lr-algebrar if ts i-s the

6 - ring of id.empoten';s . a:d. if bd.d.(Ti) i-s the Sanach a3.gebra

of bor.rnd.ed. elercents, o::. can prove l.(bd.d.(Il)) = (Bn-loi 
' B)

(and" bd.d.(Yi) : bd.d,rf (Itsn_ 
,Or , B))). L{oreorrer, the fol1oxiag

cond.itions are equlvalent:

1) f/' := Ls(bc.d(l'I))

2) g/' r' t (nn-10? ' B)

'i.;



,) W b,as positive squaxe roots (of posj.tive eleaeats)

4) for each f ( iT there ls aa ld.em,poteat Ef € V

such that lelA lrt = O iff lslArr B O

,> W b.as a local inversion, 1.€., a unary operation

send,ing f, to -1'' satisfying
a) -1(r*) E -rf -Is , -1(-1r) = f
b). -If t is aa i.d.enpotent Ef as in 4) ;

and. there is a 1-1 comespond.ence betweea lo-algebra

structures witb. square roots oa aJr' Iu-sirace g and.

equivaience clas.ses of maxfunal families of locaL ord.er'

rrnits in Vi (aefinitS.oa inplicit in Kakutanl 1,4 , fheoren 2] ,

Vulih Csr, .IJf . IV, $5] ; called. generalised. weak unit by

Goffman f 7 r .p. 1121 ) ' vhere a aaximal faaily of local

ord.er units Ft reiints anoiher F2 tf tor each " € FZ

there j.s 
" € Ft such, i':a.t v,{u = v aed. vA(u - v) = O

and. if the ruiion of all sucn v (gi?en :r ) is u; two

families are eopivalent if tley have a connoll refineneat

(qnder ihe 1-1:'.comespond.eace, the local ord.er units becone

ld.enpotents in the algebra siructure). Ihat 2) -? 1) ., 7),,

4), and. il is obvi.ous; the otner stateaents vr1Il not be

proved., not being gerna!,e to our d.iscussioa.

It is easi1y proveo (using the "bo_oJ.ean al.gebra of

id.enpotents" functor of (1.5.10)) tirat a 6-ring J is
injective 1n the category 6 if and. only if bd.d,o (Bn- 

[O1 
, J)

is injective j.n the category of borrndedly ,S - conplete l-attice-

ord,ered. Baaach al6ebras. The question of the existence of
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such Lajectives i.s as unsettled. as tb,e correspoad.ing

question for 6-rings. rhe related. question of injective
lattLce ord.ered. Baaach algebras (ind.eed., of lnjectj.ve
Banach spaces) is soLved., ia essentialS-y the seme way

as. the questS.on of inleciive boolean rin6s, namely, I[
is aa 5.niective Banach space iff M = bdd. s(lBn_ 

lO), J)

. with J a conplete booleaa riag (cf. Gleasoa [g ],
EaLmos lry 3, and. Nachbin fo, ] ) .



''11";^ V cY 4€vr>t I a,n6 c oiril?d
vt^5i{nr. t\ 

-ti.t dtrrtr;r'-.! 5 t.lO, wt"'ri' ,,' '' '' l..J'''

!. "LO Denee exteilsio.ns

Tiris s€ctios. e.$ devo'Led. to tt:e e1u.cida'i;ion

!.mportaat prepertles of tir': larges'b booS-ean ei.n6 pA

contalning a given boolean Rlng ,1 a$ e d.ense ideal. Call
a subselS A cf & b,eclea:r ring B 9ggg_g !,9 E if each aon

Eero -qoaa o:f :; I:as: no:: ssro ia"I+csect i c.ri rv'i t:h some so&a

of, A . If tt iu an. id.eal i-n fr (euen if &€re1"y tire

ir.plicaiion a€";!? b€Be 5ri,a E=-p\' tleA is:-r'3-[i6l), th.at

in'berse*tLoa is agaia in .& e so 'firat an ld.ea.J- is dsase in
B if aad onl;r 3"f each rosr z.ope soea of B e.catai.ns a aon,

u ero solsa of the 1,1eel",

(1"10.1) &*,*pf*L. i,ef; A be an id.eaL in the boolean

ri.ng B, i) A is clense i:t fJ if, err-d. o:lly if, each eleuent

of B is a (perlrape i.nfi-nita) uaion of elements o.f A,
il) It A la d.en.se i.n i] ,, then a booLean hcmooorpbisn

d.efined on B is a mCIaoxrorphiem Lf aad. rinly lf its
restrieiion to A ls a aoaomorphisro.

8;gggg: tr,et ri! be ia tlonse id.eal J-n B r b e B ", Sie show

bsV[u.,/a-<b, a.€A].

For if an element e €B :is ?a uehenever a6 b r rr€ may with
o.o loss of generality assu-c,e {repiacing. c ity en b o if
neeessa:ry) that c{b" ff in ferct e/.b, th.ere ls a non

zero a€il that is 6 OA*; this eler.tion.t a is ti:.erefore
d.isjolnt from e ? eontrarS-lcting, th.e assumpii"cns on c ;

the refore c !n b e i:..nL b is the ,trndr.le$teC ugrion"

rt3

of $ome

1{sxt r s1-:.Iyp..ir:i3 th*h fii:.* rcrtrafittci.ri "Lo -,ti cf 'Lh.e booj.saa
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honomorphlsn f: B *D g j-s a rlollomorpirisn, If f(b) = O r

then f (a) :s O for each a 6 b (ae A) i consequeatly, the

onlyelemeatof A thatis 6b i.s O; byparti)r IcOf
aad. f isainono$Iorphlsn.

Botb converg€sr of coursee ar€ trtv1al.
tsy a deqso grtI,gg*eg of the boolean rlng A w€ neaa a

Bonomorphism mr A ---s B erabedd.ing A as a d,onss ldeal tn B.
lIe tern a d.ense extension UAU,y-lgg tf B has a uait element.

What follours i.s of ia terest oaly la ths case that A ls wLthout

unit, si-nce each d.ense extension of a booleaa riag wlth untt ls
easil.y seen, by uee sf (1.1O.L) r to be aa lso.morphigm.

' A raorph*gn} nI *t m2 between two d.ense extensLons

,i, A 
-a 

B, (i = L, 2) ts d.ef iaed. to bs a boolea:r honoroorphlsn

f z Bl -+ BA satlsfyS.ng

(L.10.2) f.Bl-Ba.

In this way we obtaia a cate6ory €'o of d.ense extetlslons of A r

coataining as a subcategory tha category UA of unlfyiag d,ease

exteasions of A.

11,tO,1) Ip-gSB" {Ihere is a,srer more than one morphLsn

from oae d.ense extension nlr A 
-, 

81 to another e,t A * BZ.

If there i.s onee it j.s a rnonoioorphism, viewed. as a aap from 81

to 82 . The relation .....> def lned. oa 8A Dy :al .....> tu2

lff there is a norphism mI *b nA ls a preord.ertng with the

property that if u, '....b m, ancl m, -....F Eri r 'bhen *I and. Ba

are lsomorphlc.

Efpqf.: The second asriertloa j.e a conseqirence of (t.1,0.2) r

(1.1O.L 11), and ttre fact that each ri is a Bonomorphism.
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Usiag (1".10.1 1), (1.IO.2), aad. the oow established. fqct that
aqy f: n, --*n, must be a monomorphlsn betweea the Bt 0s,

w€ have, for each b €81 r

r(b) 
= Yl;l?,',:.: , ;:fl;::il; r

= V [rrr(a) / a€ i , nr(a)< b] r

which eetabl"i.shes the f,irst assention. llha last assortloa le
a cons€qusace of the flrst twg.

(L,1O,4) Lgry,. She following statemeats abeut a d,ease

extension f, € AA ar€ equLval-ont.

i) p .....) f for a1l ,e Cg ;
ii) f61&.' and.nr...".>f foralL neUg.
Pr.oof : thls ls an funned.i,ate consequeose of (L.l0"r) aad.

(L,1o.5) Sblery. If m € en , there ls n'e LA
wi.th g .o...) Itf r Proojl I

Assune the d.enee extension ra: A --> B ls not un1fyta6,

(otherwise take mr - m)" L,et iBr g 
-+3 

be the canoalcal

iajectloa (cf. (1,2.7)) of B la lts unificatioa. It is easJr

to verify that tB ls a d.ense extenslon (of B ) r heaee

&e = X,g.Ins a ---+ B is a unifying d.ense exteuslon of A , and,

clearly tB, &. -* !E! .

(1.10,6) tbeoreg. Eaeh booLeaa ri.n6, A has a trergest

dease extensloa (in tne sense that the equivalent cond.ltloag

i)r tl) of (1.LO"4) ar€ vai.id.)r BeX f : A ---+p"{ . E:rplioitly,
fA nay be taken to be tbe ring of cornpact opga subsetg of the
Stoae-Cech compacttficattoa of tlio Stone Bpaee of A, and,

f : A 
-> 

PA the map lnter-'pref;1ug, eaqh eompact op6n subset of,t"
the stone space sa ei a a$ a compact open set ln tbe stoae-
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Cech eoinpactif ication. FSA " 
SA of SA o

&qEg, !{e shall aeed. to knotu (cf . Si;one LZllt L28] )

that A is a d.ense ideaL in B [f and only Xf both i) SA

is honeonorphie to the uaion in SB of all t}le comlact open

sete corasspoad.ing to sonas of A e ared. i.i) ti:at.unlon ls
d.ense in SB.

I$'ovr let E! A *-+ B be €r d.ense exieasLoni By {1'LO.4)

w& nay assu&€ that rr is unifytag, Thus SA beeomes a d.enee

subset of the c-g{npecl. spac€ SB . By the unitrersal property of

the Stone-Cech conpactlfica-[loa, tirero is a (uaique) conti.nuouo

fuaction FSA --+ Se S.eaving SA. pointrriso fixed. The Stona

&uaLlty converts thle to a booLean honornorphlsm B *'-e 
FA

whish. when composed. with ra r yletrds f r qed'

(1"LO,7) g,gsgtlggg. rltre largest dense extenslon

A --+ PA may be taken to be the inclusioa of tbe compact op€a

subsets of &,1, 1n tha riag, of oiopea subsets,

Pro*qJl: fhe c3.cpen sets in SA and th.e compact opea seta

ln 1SSA are put ln oae-one comespoad.ence b;r asslg,nin6, to each
I

clopea set in SA j-ts closu::e i.n f Be aad to each conpact

opea eet of f SA lts intersecti.on witb SIx " Since the lattor
assigaatloa is clearly a. boolean homonorphisnn while the formor

leaves compact opee suosets of SA aLone u the result ie proved..

Stone Q"l , .Def . Ul eaLls an ideal I ln a boslean rlng
B elep}-e- lf b e B *=r S a* I such ttrat uA(bAa) tras uero

ititereesttou r,vith each eiement of I r a.n-rl pro\rfifi kg., 'Iheoren {
tiiab an ideal- I is si.,nple 5-f and" only ef, tlre union 1n SB of
a.ll the c;olnlii$t op*n $e",i6 cej:"'Iespond-i-ng i;r: :]oriies in f is cl.opea.

Ceinsrequer-tl"y'" the inclusion i, .*t1 PA li:ly b* 'Leikcn tc be th"e
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i.nELugLon of the family of a3.1 prlnoipal id.eals of A ia the

fagi1y of, aLL e!.mple ideale of A. Several other r€presentatlons

of PA wiLL be of use in chapter 2, ilie aeed. the following

lemma, however, to obtain thes.

(L.1O.8) Igqelp4.. Suppose tb.e boolean ring A appear5 as

a subset of 21 , for $ome set X. Deftns

f3x(A) E lx t ueax, YG Ua, a€A =+ Yna€al,

3[nbed. A ln PX(A) in the 'obvloug wasr aad eaibed. A la tbe

riEg AS(A, A) of A-soduLe endosorpbisns of 'A by sendi^ag

a e A to the map ttiatersection wi"th €L H " {Ihe uAp

px(A) -..-+AS(A, A) d.eflned by eends,ns r€ &(o) to the

funotloa f,*l A --+ A given by f*(a) - Yfla lq a boolean

isonorphismr compatibls wlth the two ln.lectlonp of & .

SgggEr r) frx@) le e Hee.Ieaq r:iee. Let Yf z e px(A) r

and let & d.eaote either synmetric illffer€lrco or intersestLon.

Irlheaover aeAr w6hare

(rgz)na = (rna) e (?,4a)6.fI ;

etrrl1arly, (Ye.Z,)n uA !r (Yn uA)& (gn ua) - Y&z r so thst

Y&zep*(e)'
ii) Sggk fr !,s e+ AIg(Ar A) " this j"s a co:lsequellce of

the formulae

f"(aAao) = Ynanae - fr(a)^a',
fr(aAt ) * lrn (eiAu) = (Yn a)A(rn u) ,' fr(a)Afy(b) ,

u;here Yg px(A) and" ae &r r b€4.
j.i.l) f : I .*,o fy i_.o g qq8g Bg*ggggpj$€g, Indeed,

fy n 2(a) z .in z fr a B g.o.(f,g(a,:) 
o
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fra 7@) = (vez)n a = (vn a)a (z na) = fr(a)afr(a) .

iv) f isegg:re. Forif fy-0, then llla-g for
aL1 a€A, whence @-l)fxna/aeA] GInUeGf.

v) f is gggg. Giveu g e^g(A, a) , tor rs - U [uC") / ael, .

tie shall see that ,U* FX$) and. that fy - g . These facte
are tmarediate consequences of the fornulae 

B

ruc [rle ,

Yef * = 8.(a) (ae A) ,

of which the ftrst is obvious from the d.eflnltlon of ,U.
To check the second., observe ftr-et that

(1.10.9)

and that

g(a) 4a (a€A) (elace e(a)n a ' g,(aAa) . e(a))

s(a ) * t* (a e n) (by d.ef iaitton of tu) ,

ConsequentLy,

YU4a}.9,(a).

Tbe rererse tnequality vrill folLovr from knowled,ge that

B(b)/ta(e(a)
whenever a, beA " And. ia factr g(b)na = g(b tt a)

- g(bna)ne(bna) = s(g(bna) n (bna) = e(s(una)) - g(g(b)n a;
- 8(b)ne(a)<e(a), rrsiug (1.1c.9) and the fact that g is
aa A-module houromorphism. This completes the proof, slnce
the compatibillty assertion is trirriaL to verify.

Ee&qrk: It i.s a. conseque.nce of thie leruna that the

multipricati"oa in j\S(A, A) , iaitiall"y glrren as coroposition,
is in fact d.eterrniried. pointv,rise, i.e., th.at g(f(a)) : g(a)f f(a).
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(1.10,10) l[ggIeg' The:ee are unique isonorphisms as

ind.icated., compatlble vrith the obvious inclusions of the

boolean ring A:
1) (3A s AU(A' f )

il) {3L & px(A) , vrhenever AG 2'E

ili) FA & i-nverse limlt of the i-nrrerse system

(tA"] arA , fpan, A* ---+ aDl av b ) of alL principal ideals

of Ar Bhere PaO(x) = xAb.

E#g[; i) AppS.ying (f ,fO.g) vrlth f, = S/I i we see that

/gA(l), # AS(A, A). Because of (1.10.7)r it rimains onLy to

show that frO(Al consists preciseLy of the clopen subsete

of SA. ft is obirious that eacb clopen set ls ln Pao(A).
ConverselXr let Y* PSt 

(A) . Y is open because eaeh In a

(aQA) is open and Y = Yn UA - U [Yna/ aeLf ' Io prorre

y is closed., take xeSA , x*I (ff thi.s ls i.urpossible,

Y is certainly closed, being SA ). Yde fiad. a n€ighborhood.

of x d.isjoint from Y, Take any compact open nelghborhood.

U of x. Siace UeA, UOY6A, and, in partlsularr UAY

lsclosed. slace *+uAY, theopenset uA(uflY), whlch

is disiotnt from I ! contarns x.
il) This follov,rs frou i) by an apolication of (1'10.8),

1i1) Consid.er the {lfeS"t. systen of pr$nclpal ideals of A

({Aa} aeA , Ii*nr Ab -*'A"} apb) (i*n(a) = x ) .

Obvior,rsly A = 11$ A* . OrJnsequently, t^sing 1),

A s AL{(A' A) s a}$(li{l s* , A) f= lrip e'j(A;1,, A) .

LIsing (1.10,9), each A-rnoilr".l"e honcmorphi.sm f,'ronn A- 'Lo A

actually takes ualues iri ft* , $o that
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Agi(Aa I A) s e$ta* , As) ,

and a sirnple chanE5e of rings argument shoi,,s that

n,I(Aa , Aa) * o*g(/r* r Aa) ;

finaLly, since A" i"s a ooolsan ria6 with unlt,

ar$(Au ' 
aa) g Aa '

It is left to the read.er to cbeck that the d.iagram

oS(r'T., A) 
a-gr;;p:-> AU(ab, A)

lit il?'u""-ff Au

cr"inlnutesi once that is hno'*n, all" ls knrrxn, eince the unlqueuess

of these three lsouorphisms ls dtre to their si.nple exLstence,

by (1,1"0.,).

(1,10,11) CqrollaaE. I.et ,{ be a card.lual aumber aad.

A a boolean ring,. f A is $f -complete (resp. complete) lf
and. only if each prlncipal ld.esL of A ls fi-eomplete
(resp. complete).

Egg-o3: ff PA is \i-complete, so ie each prlacLpal

id.eal of J3A, in partlcular, each. princlpal ideal of A.
Conversel;r, if each princi.pal j.d.eal of A i.s H -eoaplete ,

the faet that each map pab i-n the inverse li"mit representattoa

of P A le a complete homomorphlsn guaranteee that PA , the

inverse linit u is aleo |f -comp3.ete " Take $, = carcl pA f or
the completeness portion of the corollary.

Eglgg$, This corollary cat: be used to irrove that a loeally
ca{i:p&Gt i;ota-1.Iy ci.lseonr:ected llausdorff space is basically (resp.

e:rtremel,y) Cisconncctecl if-[ its $tone-0ech eorap*.otj.fecatioa ls
(*f" {?7 , faqJ)"
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Tw* more j-emrnes w111 be ueeful ln chapter 2.

(t.10,12) IG@*. Let s: [ -+, s- be the left ad,joiat

to the tnclusi.on. Tben if A is a 6-ring, tho canonicaL

6-morphism aA --* pL iad.uces aa lsomorphlsm FA 
g psA .

89.9€: Renark fLrsi; that sA le a d.ense extenslon of
A , sinee each sona of 6A is a unton of at most cor^ntably nany

somas of A . CoaseguentLyr poA is a d.ense extenslon of A r

and, as sucho prorrld.es a rnap poA -+ FA , a uorphisn of d.ense

extensions of A. On the other haud, the fact that gA 1s a

d.ense extenslon of A _provid.es B ,:o&p oA -+ FA , whtch lt Ls

not hard. to see makes FA a d.ease extenston'of 64 ; thls ls
the &ap &entione<l ln the lemma. It ind.uces a nap pA --+ p6A r

uhicb ls alm a morphisra of dense extensioas of A n By (I.L0.r) r

th.e proof le complete.

(1.Io.Ir) Ipgqlg.

and A is a d.ense i.d.ea}

If B is a complete boolean algebr.a

ln Bi then $- PA.
i.s a dense extenslotl of A ,. Prqo.!: Slnce B

moaomorphism 6: ts ---+

in F (neiag complete,

b: pA *-) B riith h.g

of d.en.se extensions of

completes the proof.

FA. Ustng the fact that B

there is a

ls lnJectlrre

cf . [f+1 ), obtaLa a retrac'i;ioa
!! idB " Both g ancl h a.re morphlsns

A r and an applicatlon of (L,10,7)

(1,10.14) Eg'p.pggi$lgl, Let K and. Y be i;he categorles
of ,{-complete and c,;mpiete bootrean rin6sr respectivelyn rvlth
c,cmplete hoinomorph:Lsms (*p.,g nece ssarily preserving unlts)" fhe
obvj.ous incluslon Y --+ A has a left ad.jolnt u send-iag A to f3A

Rg-HE,: F'ropos3.tioo (O,?.7) ts useless :in tiris context,
Elnce Gaifu.anrs theorem tlratt threre is no free compl_ete boolean
rin6 on a countatrle set of generato:rs (or rather, that the best
cand.ldate for such is a proper c;lass) indtcates that rfle are not
loclking f or the lef t ad joint to an equationa3. f unctor.



1.10 Dense extenslons

bo the category of completely regular

'2o L

let CR

Hausd.orff topological spacos and, contlnuous maps, and.

let 5 be the full subcategoty generated. by the compact

spaces. Tho Stone-decf, compactification proyid.es a
Afunctor 5 r qaR -> K left ad.joi-nt to the lnclusloa

I I : S ---7- 98 . Being a left ad.joi:ri , ,b preserves

d.irect liaits and. d.lre-ct suas. lioreove: , :b.l I is
naturally equivalent to the ioenrrry, and, -*t'follorvs

tbat direct sums and d.irect linits in ihe caiegory

5 are given, 1rr terias oi C.irect suns and oirect linits
in the category pj , by ib.e f ormuLea:

d'ir Lia fo =pe?
(L. Lo.L)

5

,6 (air ji. i r" I )
ht-vV\I.L

g
;( O !r,!):/-rE-4

\rD t
rn I v\ri E!./'

o
C

fl1

By the d.efinition of coropleiely regular, R is a

cogenerator j.a 9I. o and. has an rL,T.,-siructure to boot,

and. j"t f o1Ioss that a con-Siauous inap f : T -> I '

(!, [' coiapaci) lnd.uces a:t 1i.!-isonorphisic bciween

gB([, E) and cB([' , n) iff f is a honeomopphism.

Since lR behaves like an rnjeetive for the subcategoxy

S (in tne sense of the Sietze extensi-on. theoredr),

csch conpact space I is d.eiernined. by its {.l-object
g!(t', lR) (stone-dech classif j.cation the orem) .

i
I
I
!
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A coropletely regular spaco I is {ather d.iscon:rec}g$.

if g8([, ]R) has enough ld.empotents, i.e., if for each,

pair of d.istinct po!-nts in I tb.ere is aa id.enpotent in
g$(f , lR) separating them. [o be rather d,j.sconnected., it
is clearly tlecessary and. sufficieht that the clopen sets

Benerate the topology. It follosrs fron the d.efinition that
T is rather d.j.sconnected. if and. only if ,.:;I is (cf .

(-

l? , 15.r.2] ), and. frorn tire topologi.cal fornulation ib,at

for Ioca1Iy compact spaees, to be rathe: d.isconnected.,

to be tota13,y disconnected., and. to have a topology ggnerated.

by the compact-open sets are equivalent properties: cf.

l? , 16.7J . A eonple'bely regular spac6 [ i.s basically
d.isconnected (resp. a.,.i_ir!r!17 d.-rsconnected-) if CP.: ([, a)
is a Krr-algebra (='esp. cor.c.j-i;io:a11y com.plete Kr--algebra).

lopologically, basic d.:-sconrecieC.iess is equiva)-ent to the

requirement ihai f-I(O) nave c',-osed. inierior for each

f € gB(I, IR) , ano e]:t:crie cisconnecteci-ness, io th.e

requirement ihat the :nterior of e'i-ery ciosed. sei be closed.,

(l'or other zarieiies of d.isco:necteiaess, see Sione t"t] ox

Cohon [.4 ] . ) Thus exire.:e cisconaecteiness inplaes basic

d.isconnected-:ae ss , l'rb.lch rn turn iapl:-es rather d.isconnected.ness I

ihat basi.c or i::trc.e C.tccc::cctcdacss fo; .d. spacc [. 'is

is equivalent ';o ihe correspond.i.n6 d-isconrlected.ness for (rf
follows easily fron the lattice-tireoretic deflaitlon.
tr'inaLly, a booleaa ring B j-s a [-ring (respr 8.r! fi-conplete
booLeaa ring) if and. only if j.is Stone space (without base

poiut) s(B) = s*(B) - luase pt.J j.s basically d.isconnected.

i
t'
1

+

I

t

tI
I
I
I

I
{
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(resp. extt€mely d.isconnected). Eb,is foilovrs fron the

enbed.d.lng of B (as characierlstic fuactions) i.n

!B(S(B), IR) provid,ed. by the Stone isomorphism.

CaIl a subset A of a booLean ring B d.ense ia B

if oach non z€ro sona of B b,as non nuII intersectlon with
some sona of A. ff A is arr id.eaI in ts (even i.f
ar S a € 6 -9'a' € A ) ihat iaiersectioa is agaia 1n

A , so that an id.eal Ls Cense 1n B rf{ each non zero

soma of B contains g non nuIl sona from the id.eaI. A

d.ense extension of a boolean riag A is a booleaa riag B

containing A as a d.ense id.eall i.€.1 i.s a pai.r (3, n)

with m: A -, B a monoino:pcisn enbei.C.ing L as a d.ense

ld.eaI j.n B . A unj-fyi-::.3 r:rtensj-o::. of ;! is a d.ense

extensioa (8, n) riherc 3 has e. un.t eLe.'"e nt. If
(Bt, ,f ) and. (ts2 , te) are tt:o d.ense e:<iensions oG A ,

rrrite (BL o of ) -...> (tse , =2) if thcre ls a booLean

honomorphisa S: BI --) 32 such that oA E g.B1 .

Notlce that g aust be 1-i, f or if S(bi) = 0 r,vith

o/bf €Bro therois "€A, tlox.ze?orv5-th ar(a)abI ,

and. it follorvs that Q = s(bf) ;= g(nt (a)) = o2(a) / O ,

a contrad.i.ction. l,[oreovc:, it caa be sho:rn that such a Eap

g is r.mique, for iis vahics nust be givea by the foriaula

s(ur) = V[nr(a)/nr(a) I br, " € AJ (ur€ B].).

Tb.us g pre.s€rves wb,atever unions it cBDr
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Notice that A ls a d.ense extensioa of A , and. is
the snallest one in tbe sense of the parti.al ord.er .....F i
that the uaiflcatiou (e, in) 1s a d.oase exteasion of
A if and. only 1f A has no unitn and ia tbat case is
the smallest unifying exteasioal and. that each d.ense

extension of A ls smalLer ihan a rrnifying oxtension

-- namely its unifi-cation, if it had. no r:ait to begin rvith.

lhe last observation ind.icates ihat if there is eith.er a

lar6est d.ense extension or a largest unifying extension

of A , thea both exist and tb.ey are equal (mod.ulo ...-> ) ,
In ord.er to prove the exi.s';eece of a largest unifying

extenslon, let us translaie j-ts u:eiversal property into
the Stone space langu.age. iYe shaiL nced. to knoi'r (cf .

Stone lrZT, [zf]) taat li is a d.ense icieai j-a 
. 3 if and.

only if S(A) 1s boncor.orph:.c to ihe uuio:1 :1: S(B) of alL

the compact opea scts co=espond"i,ng io elemenis'of A and.

that union is d.ense ie S(B) .

A r"rnifying e>ltcisi-on (i54, i) of A has the property
i

that (8, n) ...>- (iiri, ;) .fcl all- ,;:elfying extensj-ons (f , u)

of A if aad. only :-:3 cach cnbeCdin6 11 of A as a d.ense

id.eaL in a uaitary bcol-ean ring B gives riso to a uniquo

n:riiary nap g: B -> ')!^ such thai,- S.a = j , which i:r tura

is tho case if and. clLy j-f vhenCIver S(A) is a cl.ense operl

subsot of conpact S(ts) there is a uniquo a,ap frore s(6A)

to S(ts), vhose restrj.ction to S(A) is the id.entity,

vhj,ch, fiaa1ly, occurs if and. only lf S(fA) - ,,(S(t)),/t
lbis argunert provos:
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(:..I0.2) Theoren. [here j.s a maximal dense extenslon
(necessarily unifying) 0't for each boolean ring A, and.

S( 6(A)) E L4rCSCL> , a fact rrihich charactorises it uniguely.tt
(f .LO1V) Corollar.v. The bool,ean ring of clopea sets

in S(A) is isonorphio to f,l . Froof :

lhe clopea sets ia S(A) and those in fr(S<tr11 are

put in 1-1 correspond.once by assigning to eacb. clopen set

in S(A) its closure ia i}(S(A) and. to each clopen set
!

in 6<SCA> its intersectioa with A; since the latter
I

assignaiion is cleariy a booiean honomorphisra, the result
is proved..

Stone lr7 ,, De f . B] calls an id.eal f in a boolean rlng
B g,;1gg1e.if b€B=+J a€I suchthai b^(b/\a)
bam zero intersection viih each elenent of I, ana proves

L28 t [heorem 5] tna-t aa -i icai I is sin.pie j-f anci only lf
the union of al-I the conpe-ct-opea se-bs co=respond.iag io

elements of I is clopen. Conseo*ueeily,

(I.10.+) Corolla::y. ,1,!, is :.soraorphlc to the faaily
of all sinple id"eals of :.'u .

(Re:ark: If A has no unit thea ^[, , the sna]lest

unifying exieasion, has S-bone space ,/(S(A)) , the ono-poi.nt

Alexand.roff compactification of S(A) , which is just S*(A)

Just as / aad. P are iust acout the only nanageablo
t^

conpactifications in general, so aro n and. 'tA, the

only maaageable unifying extensions.) i
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Observe that, 1n th.e cate8ory B , S(A) = d.i.r _Iin S(A") rae A q

where A" ls the prj.ncipal ldeaI l*/"1"t ia A geaerated.

by a,. It foLlows that 
L

s(/,(A) = ,4Cs<411 = d.ir lin S(A*) - S(inv_Iiro A^) ti t .*€A a€A a t

ustng (1.10,1), phere the d.iroct linit i.s forned. 1a 5 and.

the last id.entification is d.ue to the fact that S is
a contravariant isonorphisxa. !b.us 3

(1.t0.51 9groggy. brr=':":1t'n,. .

i .*E- ir ct

[hose who d.is].ike Stone sDaces ri]I have no d.ifflculty
in proving (I.10.r) d.i"re ciJ.yr or, if they prefer, frou (1.t0.6).

(1.LO.6) Corolia:y. ftri, = 41;i(A, e) .

Renark: Ehis resuit rao poiated. out by iiI. Barr, who

.proved. it d.lrectIy fron ih.e Cefiniiion.
Proof I [he ring struciure on ;.i1(1i, -t) is of

course obialned. by coapos'!';'i-o:r; in thj.s ,iey iri(:t, A)

becom.es an A-algeble. Ii is a booleaa r-i?:'g since

(i.r)(a) = f(f(ai)=::(aAf(a))= f(a)Af(a) = f(a)
foreaeh A-norphisn f:A-frl. and. a€A. An

A-algebra homonorphisio, fron /\e to A!I(A, A) is g:.ven

by send.lng b to ihe nap "iniersection with btt . fo

show itrs an isomorphlsm, take first the case when A has

a unit elea,ent, [nea send.lag f € AU(A, A) to f(1) ( e - /-L
provld.es an j-nverse nap. Ia the genera). case, lve have 

t

I
I
Ii
t,
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tbe J.sonorphisras

Ag(4, a) - nu(u" 111 n", a) - T"€'T eli(n., A)

.'4A. - lnv 114 * = inv lin
; a€A a a€A Aag(Aa, Aq). ,

so w€ need. onLy see that a S(A", A") = aU(Au. r A) , But
a

r € au(Aa, A) +
r(b) = uAr(c) Gi (aL1 b S,.) -+
f(b)€A* for ,€.*.,

and so each elenrent :.r', ,,.- 
,..i*, J-.) ca: be :-nterpreied. as

an A^-norphisa fro: '.-o :.. - .lo-ve:se1y, ifa

re a^lj(AarAu.). c,[.-r &rrc- ,€r*, r;rea
a

cn r'-',;,;1;i:l:',;,ilil;':',;.Ac),

i.€. r f can bc iuterp:cied. as a:r A-norphj-sn frorl Ao to A .

Ehls compS"e'oes ';h.. pror f of the corollarr..'.

/
Ccpql,larf' (1.10.7), :l ls a i -ring if and. only if

n.
bA is a .;'*riag* i. :s a {-ccnplete booiean riag if
{

and. only if :,A i; cl;::.--eto. A is a :--ring if aad. only

if both ,i'r:, / .tt (tirc e u,:';ie:rt i-n ! ) aad. ,,4A are ,f-ria6s.
\-1?ro-of : il C -ri::3 '_:, S(/r) basicaily d.isconnected. <=+

,4,(S(A)) basically C.iscomectcd" {:f ,rr,ri f,-r:.n6 uith uaitI'J'tr\

i=f ,rA S-ring. For ,{ -corapLeto replaco ,rbasicallyt' by
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"extremely" la the above arguneat. the last assertloa of

the corollary ls obvious.!

((1.L0.8) lenma. Let 6 : d -, 6 be the left ad.joiiret

to the inclusioa. Ihen if A is a [-rfag, the canonical

f-norphisn f (A) --+E(A) iad.uces an isoiaorphi.sn

6Q) = fi(' (A)) ,

Proof : d(A) i-s a d.ense extensi.oa of A , since eacb,

element of 5(A) is a uni-on of at most corrntably nany

elements of A . Consequently , ,,3( t(;i)) isi a d.ense

extension of A, and. as suchr coules equipped. with a

monof,rorphisn ,4 (s (A) ) r, (A) ' Oa l;hc other hanrl,

the fact that t(A) is a d.ense exteasion of A inciicates

that there is a xxap florii I (a) to ,'3 
(t ) , nhich j.t is

not hard. to sec r.al:es ,., (A) a d.cnsc extensioa of J (AD,

fhis ls the nap :ie!,ti.oacd- ln the lenna, anC ib,e map frorc

,4 Ca> to ,6(:; (l)) 'cha-b 1t inciuces is reacily seea to

be inverso to the map ,,'l(: 
(A)) ""-'> ')(A) just constructed.,

rrhlch proYos tho lcnna. '

(1.t0.9) letr::a. if B i s a conplete boolean algebra

and, A i-s a d.ense id.eai 1: B ? th.en ! = ,4A, Ploof :
.-

Since 3 is a iensl e:<tension of A , there is +

monomorphisn g: B 
-> 

'-:- . Using ib.e fact that B is
an absolute retract io i (being a conple'be boolean algebra)

obiaiu a map h,t l\ A 
-> 

B r:ith h.B = ida . fo see tb.at g

is an isomorphism, which will prove the iarnr,rs r it 1s enough

to so€ that h. whj.ch is onto, is 1-1. Accord.in61y, let
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o/a€
be the

fhen

64., and, suppose h(a) - 0.
stand.ard. incluslon, and. find,

o / J(a') S a,

L,et

are
i: A + {sA

A sucb. tbat

o = b(a) Z h( j(a')) = h(g(a') = &r r contrad.i.ction.

( 1 .10.10) lcnr.a . if ! =
'&

thon 4tts = ''A1;i', vrhcre
ti

*li=,,,n/n €,fA, nn
L

?roof : let f : A 
-->B 

be
i r:1 iinind.uces an isornorphisn- 'ria

Arlr\ (quotient ia P) t

A

) F,'lte ,

t S.e
( Et,?,

II
a ( N'for ali a (

ihe projection map.

%: ^r,, 
of(*) t

GL rr

tl

Since B+fo) - )"-/ii'lti, r sc sce
r \ d'./ .-/ c,

i::.v Lin ^ t\r^^E i: ./ -L\,lA =.a/aDU
L

,tr= A/ r

(1.10,11) L::::.a. lcl A aad. y be ihe categories of

,/1 -conpiete and. conpiete boolean riags respecti-veiy, r,viih.

completo h.oiaoinorpnlsms (r,,o! necessarily senCing u-lrit io uait).
the obvious ineiusioa y *) i has a 1ef t ad. jol,:at, wirich

sencis a A *ccnpLetc rii:";: :\ to Cl, .

4enark: F;oposi-i;o: (O.?.?) is of no use in this
situailon, slnce Gai :",:.r:'s theorern that there is no free

cornplete boolean ring on a countable set of generators (or

rather, that the one there 1s is a proper class) ind.icates

that we are not d.ealing vith the left ad.joini to an equati.onal

functor.

-laa{- 'Dv!.4 U ._-,.1,J -
:

inv Ii;i As

io / o { inv Ii-ro A* , !a { N all a{.rt i,
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Proo{: ff g is a card.inal number, }et }CC) and.

E* be the categories of booleaa rings baving all E-fold.
intersectj.ons, resp. gi-foId unions, vri.tb. boolean honomorphisas

preserving these operations as norphisms. Sy Del,iorg,an, each,

p*-object is also a ECgl-object aad. each 9q-rorphlsn
liicevise r so that thero is a naiural iaclusion functor

P,, ->Er*r . trt is an eo*uational functorr in faci, hence
-:$ - \,til

h;. a f.ft ad.jointr s&X fn. Ilow a boolean ring A is

,z\-coroplete if and" only if A is a Eig)-objegt for any

(hence every) rn 2 card A, anC a boolean hononorphisn from

A to a {-conp}ete ring is coaplete lf and. oaly if it is
a Er-.-raorphism for aiy (h:nce e'rery) E 2 card. A. I{ow

= \4/
- ; ^ -, ^card. Acard. '.A a 2-** " , s:-:i:c'; -'lerJr cler.:r; of ,*i is a unlon

of elenents of A , ::::c 3n(6n(A), 3) ::. P6*;(o, B) for
= :. = ='

each E*-object ts ; i"n partlgulax, if 3 rs conpiete aad.

B : r"*=aa , yq.r-(ri), 3) z A(1,, 5) , by ;ne renarks above.
,-

Fiaally, 7,1i*(A) = (Jo) , since each coniains A as a d.ense

iceal and. is comp)-c.;c, .,-:hc:, 4 - 2"":d'/.. l.c'is proyes that,
on fl-conpleie bcLeaa ri-ngs, , ig a fur.ctol, aad. a rather

vrell-behavcd. on,J a'i iha;, ccing a :cj-; acjo:::';.

lrYe shal1 have cccasion l-ate: to Ceal r'rith what acts like
lts inverse. It shoulCof cousse be enphasized. that .f, is
not without restrictlon a functor fron p io 5 : oaly o:r

A d.oes it behave wel"lr and there, to sope extent, it rop1aces

the unifj.cation functor (1.g.o.s.).
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(1.10.L2) lenma. For aay 5-=ios B r tho aorn

conplotion O{r, of R#iB ia the topo}ogy lnd.uced.

by the fuactionoid.s oD ["8 is isomorphic vj.th the

projective rlnit inv lin ]R,7\ . Proof:
b€B 

' o

r-76a = bdd.e (En-ioi, ,s) =
I,

= bd.d. J(F inv lin * \h-'io\' b€D \)

= bd.d. lnv rin r (Bn-?oi , %)' b(l r'tl-ivr

= T"dh uaa (Bn 
- iol , %) = 'l dT n7 Bu 

'

using (1,8.1r) r (t.9.1), and, (1.t0.5) .

RemarE: 3or any boolcan ring /r, no natter what

enbed.d.ing of A in a 5-ring is choson (tnat there is one

i.s d.ue to (o.? .7) , as poiaied. out in SL .2) , ?./l IL caa

be inierpreted. as ihe characteristic fuactionoii.s
\\//, T, X^ vith the a.i alL i.a A ; vith this id.eniificatioaba a "aj- L

(whose proof is 1j"kc tre proof of (i.9.I)) ,, ]F'{lL becoraes

a normed. vector laii:-cc -'ia a unique way (tLe sam€ Yray as

j.ndicated. afier (i.6.1])) ; wo shall call its aore-corapletion

I?#L,, also vhen A fa:-ls to be a 5lring. It# j. j.s thea

alirays a Banach lattice (aad. an absiract (ltt)-space in ihe

sense of Kakutani L,?7 ) .
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2.L Iln:-ic nee.sures

, A real functlon lt d.efined. oa a boolean ring B is
mj.xed. (let:.nitlon (1.6.1)) if and. only if nhenever aAU a! O

the equati.on ,ur (aVul = i.t(a) + U(b) is valid.1 i.€.1i-I
if and only if tt is a !.inite_ neasUXe, in the trad.ltional

t-
terminology to wnich we now revert. iile tnus knovr from 51.6

that ihe finite measures on B and. ti:e linear transfornations

It# B --> n ars in natural 1-I corre.spond.ence. If ,y
d.enotes the traasformation correspond.i-ng to'a finite neasure

ft , we have ihe f o11on:-ng easily verif 1ed. propertj.es.
I

(2.1.1) 1r, is a posiiir;e l-inear functional iff t,G) Z Or
-"Ar.:'i o /j q.
-v: * r_ - ,

li-'(a) - su*:r

(2.L.41 if pt" is positlve, tr", is bound.e a if and only if
j

sup t,({ (b) /'c { : i i. frnj-te, anc in
eii;her case ili, li = sup iii(b) / b € Bj ;f'

(2.1.5) For any .fini'i;e rcasure l-( , it, is bounC.ec if and.

o:i;'if it i, il, = supi,,/+(b)/b€3: +

+ su? .,tr-(o) /'o { a i tu finii;e, and. 1n

eii::er '"u."u 
, ilir, il = iili il1 .

I'
(2,L"6) t,u = tilt+uil,2 iff 1,tG) =r/t(a)+sF2(a)

iorall a€8.

I,et V..,(B) C.enote tb.e norned. vector latiice of finiteI'

Eeasures ,L( on B for whicir li ,ti ii.,, is finite.
ltr-
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(2.L.?) fheoren. fhe natural equivaLence betueea fialte
measures on 3 and. linear transformatlons from F.;l'3 to Xt

ind.uces an ord.er preserving, isorc,etric, Linear lsonorphisns

between VI(B) and. the continuous linear functionals on the

norn conpleteion rn} g of lR# B , EIgg!:
n#- f is intend.ed. as in the reaark following (1.L0.12).

Properties (2.1.1) ti:rougb, (2.1.6) ind.icate that VI(B) and.

the continuous Linear funciionaLs or1 B,# B ax€ in a 1-1

colrespond.ence of the typ d.esired. by tlre theorem; but the

contiauous llnear functj.onals on lR# B have unique extensions

to the completion, vrhich proves the theorem.

3or the rest of this section, and ia,the nexi secti.onr we

shaIl d.rop the ad.jective finj-te rhen speaking about fj.nite
measures. The ad.jective 'rri]1 be reinstaied. in S2., .

Suppose aov that 3 is a '-riag. A measure l./( oD 3
I

is a f,-raeasu::S r ox cot-,::.tably a:4d-iiive, if i'b satlsf ies

(2.1.9)
@P

*:.A *j = o (r/ j) +,u(Y *i) = ,1.!("i)
(It is j.ntend.ed. that ihe series converge absolutellr i.€.e
uncoad,itionally. )

(2 .1.9)
Itben L('

I

Proo€:

lenna. ff li\ is q ,f-measuro on a

aad. /-L
@

aG:V
i=1

choose

,s-ring 3 ,

( vr(B) .

"i r EJ€

and.

If *iA
c,
Y
L- ,t,

atre aiso 3"-measures,

a.l = 0 (i/ j) and.
U

*("i) . For each I,sbow l*(") = 
.,:t

a. < a.Ln- ].
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- + (a'1,
't tb--.-

and. Ictsuch

bt!

aad.

that pt(aro) Z ,,r*(ai) 2r ...) t

o
x "to ; an easy'argument shows 

,u(ot) 
E 

{
so 2, pl*C"r> = f, r.(br) = F( V bi) S l.*(") .

(*i)

On the

other haad,, selecti.:eg bo 5 a so that f(b') Z /,,*(") - *
(n=1r2r...) andsettiag b=VoOor v€ obtaln

U(b) = pt+(a> . Norz let bi = b A aj. . lYe then see
lt'r-

ii,t*(") = p(u) : ), f (bi) s L p.*tu'rl s )r p,*("r) ,l-- - -r.

whicb proves fr* is a ii-neasure. The argr;nent f?" l,\-
ts slnilar. NorJ suppose that sonas "o can be found. with

pr*(co) Z n (n.1, 2, ...) . fhon l, 
*(Vooo) 

? n, for
eacb. integer 11 , and- so ,.i, 

+ is not a fini.ie neasure,

whicb. is a cootrad.icrion; nence y.o i.s bor,u.ced.; sinilarlXr

1.1- is borend.eC. ii fo11o*s that l-( € VI(B) , and. the

lemma is proved..

lYrite YiI(3) for tne subspace of V., (g) consisting of

the .S-&easures on B , '.','iiere B is a .:-rin6. I,et p be

a positive element o'i Y. (ts) , ts si;iII a -s-ring, and.

supposo that the extension f /, to n7g = bd.d.5(E, _l'i, B)

of th,e Linear functional tp, on P,#B has the Daaiell
(or Bsppo-lovi) property:

(2.1.10) fo€nlr, r

-

= Vo fo ( nBz , fo 1 fa*l

rF (fn) --> rn (r) .

( a (i= 3., 2r...) ,' rre havoa.
LThen if "iA"j 

E O,



"J
ir(". ) =
lJ.

tb,e Daniell property

@ru(X oo ) - fr(*Y
' \/ a; r-r

l-= I

X"r) a -f (Xo );
Va.

1=I l

ensures that Irr( X ,, ) converges to
I \,2 a.

i.=1 i
ui) , so that if ,l_,. is positive,

a
- 
r 
(rl,s

./- t,1( X".) =
l-I

n

z
i.=1

bound.ed., and. Daniellr f_t is a f,-measure. fhe coDverse j.s

true, that if S is a posiiive C-measure , then , l is
Daniell, so that the space 1?I(B) comespond.s, und.er tb.e

isomorphi.sm of (2.].7), to the linear conbinations of positlve

bound.ed Daniell functlonals on BF B . [he proof is noi

immed-iater howeve!, bui requires sone preparatory naterial.
In the meantine , He raa.y call a continuous iinear functionaL

on R7B Danj-e1l j-f iis positive and. negati-ve parts have

the Danie]I property.

(2.1.11) Lc-.-::a. 3 is a o -ring t pr j.s a positi-ve

e-.easure on B, f s.nc f* (k=1, 2)...) are real
funciionoid,s on B (not necessarily bou:cded), with

lim sup f.- = f = iia i-nf f,- . For each cair of real.'1<.KK.(
numbers e>0, d)0. thereisasoma B(erd.) and.

an integer N such that 4(3(er d)) ( e, and. such thai
r.henever . X is a so:.a cis jo:-ni f:cn B(e, d) , the

inequality liX* (ru -, f)ii < d is valid for aLL k I r\.

Proof: Subtraciing f frora each fk r if necessary, lt
may be assumed., ivi-th no loss of generalityr that f = 0.
Restrlciing atieaiion to the princlpal i.d.eal generated by
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any sotra coDtaining the rraion of the supports of all tbe
fk , if necessaryr we may assun.e that B is a ?-ring,
with no loss of Benerality, since if x is d.isjoint from
the support of each fk , it is dlsioint also fron tb,e

supportof f , and.consequeatly 
I! XX(f*-flg B O.

fhe functionoid.s f , f!. .may theref ore be thought of as

&-norphisms from rBtr,. to B , a.nd. tbe assunption f = o
means that for each Borel set b 1a IR ,

(0. odaf(b); J /*
(r, o€b,

where I d.enotes the unii eleaeai of B. tretting

V,- = V f-((-co, -d,))K
' l-i- r!

uk = n fr((-o, +d)) 
(k= 1' ?" ")

the hypothesis 1in ia-fu !k = 0 = J-in sup.* fo ind.icates that
@cc
Vu.,.=l-r/\v.,-=o1
k=I & k=i ;{

Uf S ... -( Uo-I 5 Uo , Yn 5 Vr-f 5 ... -< 
Vl .

. Herlce, introd.uci.n6 'ihe noiattoa

Ak = ur A (-..Ln vk) , Ek = r A A'
w€ b,ave

Ar I o.. S Ai.-r S Ax, Bk -t Br-t S'.o S Bf t

coocooo
x oo E x (ui. A (uk^vk) = X uo A A (ukn vk)

=1[o=1,

.A%=0,
IC= I
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and thE fact that il is a G-El€asrrr€ j'nplies
I.

Choose N so that

!b.e iaclusions

AuArn((-co, -d)) { ArAvN - o
(a11, k : N)

iad.icate that Xn* tU is

that ll XrABnfkltr S d

Ii% pt (lo) ,, l( (r) r rlno 7,t(so) 
,' 0 '

pi (r*) ( e , aad. let B* ' B(e, d) '

L-a, "dl-vaIued.. 
(k ?N) n 5..€.1

whenever k Z N, vub'ich Pxoves

the lemna.

(2.1.12) CoroliarJrl Egoroff 's !b.eoren. In tle si-tuation

of the previous fer:ra, ihere is e sona B(e), for each reaL

nrrrobereT0"oursiceofvlhic]rii:econvergenceisuniforu
aad. for rihj-ch ri (B(e)) <. e . Proof :

Use ihe ]6nn& io consiruct sonas B,, = ts(2-ne' *) and

integers No corresponcing to the palrs (2-n e, *) ?

@--n
and. le'i g(e) = _{ B, , Sj-nce y. (no) < 2-"e ' rle have

L=J.
G]:i--

(B(e))< )_ 2-a e = 3. !o see thai the convergence is
n=i

unlforn ouis:-cc B(e) , Let C > 0 be given' Choose

aa lnteger n ,-- ,_-1 , anc. let k J Na . [hen i.f the soma
1

x is d.isjoini fron s(s) ' ii Xx (fu - f) il 5 i = 
a (bv

the ]srp;rra, since X A Bo = O ) , and' the ooroLlary is

proved..
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(2.1 .L7) Corol-]-ary. If
ona,S-ring B, Iiron li.ir

It ls enough to verify that if (fk)k=I, 2, ... is a

Cecreaslng sequence of bound.ed.o positive funciionoid.s

wi"th infinurn zero, ti:en I.L( (f-) converges io zeio.

Io this end., letting e 7 O be glven, rve proauce a;1 integer

lI so that Ir, (f*) 5 e vhenever k Z 1{ . Firsi of all,
obtain a soma ! = B(#-) , usJ-ng tho Egoroff ?iteoren,al'- r ,i

so thai ivhenever Xn B = O , ii XX f" ll converges to zero

unlform,ly rviih respect io X . ['nen

Lt ls a positive f,-neasure
I

is DanielL. Proof:

\/r-'^n-,tjni-ofaicn
./\-: 1 Iv.J. a-LI -.]"1 l,(i()(;.J-D .Ll o

A
U

since 0

llln ora f nrarsv- v4 v4 v .

xr\ tr = o ,

ive s€e tnat

arri

\,/ suco(f )
rUh-t

lrc'J'.::3 *::a:;:"- :iies

r,,.,,(fy) = ,-,.,( Xr* r,,) = ii_, ( )i:A. fi:) * r,. ( X"A(r/\.a) fg)

O(r:,,1 - r"O1,,15(3Ar.i) rr,)
i

" =*,- lr (e
/t: t, ."- |r.r 1,. r, : i

y,rhj-ch eonp]'etos tnc p:oc-l, bo"bh of tne corollary, anC of

(2,i"lii") lbeqrq:!. B :s a f-rin6, Uni.er the j-soleiry

bei',,;cc;r Yl(3) aai i;re C.uaL space (rf 7 ts)* , tae spacc ,'I1(3)

a::d- tne )a;:,ie11 functlonals are put in 1-1 corresponciencc

'rr'-;h each other.

/r /^. /. .\'. , 2e
1\ l.] /'x ti), ,\--T = e t

si
. ,i;-: 7{

-Z
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A finite D,easure ll oD a conplete boolean ri.ng is
calLed. aornal ot g.gp1e,!S-ly ad.d.it{ve if it sg,tisfi.es

for each ind.ex set f , where the surn is intend.ed. to converge

as a net over the finite subsets of I . [he proof that
+

Lf 
' and. f.i are normal if l.L is can be iaod.eled. on ihe.|rt

proof for f-measures, once it is observed. that.at nost a

countable number of so*is in any d.isjoint faroi.ly can have

non zero measure (otherv;ise the sur in (2.1.15) wouldnrt

exist ) .

It nust be pointei. oui thai if B is conplete, then

S (Bn _101 , B) is concri;*onaIly coiaple;e in its lattice
ord.er. For if (f, )ir, 1s a family of posi.iiv€ functionoid.sn

d.efine a functionoi.d. f € .; (Efi_iO1 , 3) by specifying

f((-o' 0)) = 0(2'L'16) 
r((0, r)) = V i'. ((o, r)) (r > o) .

J;(-Tl\4 S

@ CD

since Vf((o,rr))=\/ Y fr((0,r.))=
.i-1 d i-. ;Cr r ,)
d-r Li-^ *\_*

co

V V f.. ((0, r*)) = \/ f* ((0, sup+ r.)) = f ((0r sup* r.)) ,,t-+. . I d ;Ci i U d d dLgf j=J. ^._-
' there is a r:nique 6 -morphisn f : Bft _ tOj -> B wiih

f ((-o, 0)) anc. r((0, r)) as specified. in (2,1,16),

and. f is obviously the infimum of the fanily (f:.)i€f .

A few more observations are ln ord,er . .

(2.r.15) "i A .j = o (i / i) :+ i, ,#, ":.) - ,e, rur 
(ai)
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(2.1.17) .1. rf 3 is a <f-ring (resp. conpLete

booleaa ring) and. l"L is aay positive extend.ed.-rea1-valued.

functlonorl B satlsfying f(0)=0 and.

(2.1.18) b5 V ai +il(b)< |l^Art-i€r - / i€i

for each couatable (resp.'arbitraty) ind.ex set I , then

*,* = [',0, = i,a/ a( a, pr(a) - o i

is a $-id.ea1 (resp, bonplete id.eal) i.n 8..

,2. A pos:.tive S-measure l( on a conplete

boolean ri.ng is nornal j-ff nf is a complete id.eal.

.7. if u is a positive Oa-measure on the

g-ring B and, oSf (r+pv, thea In(f)=O if and.only

if supp(f ) € N,.. i

.4. if -3 is a coraclete boolean riag (resp.

a d-ring) and. (f., ).r, is a fe;rily (resp. countable
- -\--

fanlly) of functi.onoid.s rhose suprexxen f = .Y_ ,, exlsts,
lt.1

then supp(f ) : 'y supp(ri) ; noreover, if fi <- 0 and.
i€r +

o/-f €E#8, then lr(fr)=0-+r4,(f)=o if l.A isa
posiiive normal noasure (resp. positive 6--neasure).

Prool: .1. Ii:ai' If .,- ls non void. follours from /.^(O) E O .

That .y_*i e N/* rf "i e *T (i € r) aad. that I € N!
rgr

if b 5 " € Nf both follow d.irecil-y from (2.1.18).

.;. Assu.ne N;. is coraplete and. let a bc its
PT

maximarerementr D-VLo/be Nfie N,*. fhen ,u(b)Eo
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if and. only if b S n and fo lo <a t' f((b) / o)i.x aud.
onlyif aAa-0. Ilenceif ("i)i€f isad.isjoint
fanily of elements ia B , writi.ng bi = "i A (a, A a) , wcbayie

b:.Abj E o (1/i), arAaAor= o,

[ (a. ) - 6t (a. A n) ,* pr(Ur) r g(br) ,l-l-4

at nost countabLy trany b:. are y' O.

It follorvs that p.t (V, a. ) - ,:i (\/, (brV(arA n))) =

f 
(Vtbi V Vr(arA n)) = p\(Vibi) + l,(\/i("* A n)) s

\r
li $(bi; = Zi ;i(ai) , and. U is normal. Ihe converse
i.s contained. in .1. .

.1. If supp(r) € .\i. , the relations

o< f { ttrli Xsupp(f), r.,(X",rpp(r)) = ,tr(supp(r))
show that lf(f) = O , since I Ll. preserves orCer,

p being positive. Co:rversely, vrlt.ing

0n = f((H, +l ),
the relati oas

aoA &n+L = o, V*r,, = supp(f), osi#X*oaf xoos r
yieId. (ir t / o, otherlvise there's nothing to prove):

o < pt(supn(f)) = f' pr(ao) = for,rr(X.o) .
.= 2o H rr(H x" ) s I, p; rf,(r) ,

so that if I/( (f ) E O , then supp(f) 6 x
i\ 

- - ' -*t/l/t'r - .F .



.4. She relation anong the supports

(2.1,16); naking. use of .7. pnd.. .1. r it
statemeat,

f,f:.€n#a
(2.I.L9) fin fj = o (i/ j)

</>

i.s obvious fron
inplies the subsequent

L71

If l. Ls a bound.ed. positive mgasuxe on a conplete

I
I
(I+

)

ru(r) =..L rF(ri)
, ALI

thea usiag tb,e relations

^i

boolean rin6 B ( so tbat XfFB - bd.d.r:(Bg _ioi, B) is
cond.ltionally compleie (cf . (2.1.15))), and. if I,. j.s,P,
gsspletelr qd.d.iiive in the sense that

f = .Y-ttae-L

for any j-nd.ex set I ,

\r
/ r,,(f*) = /,r-t n r .--J.[r i 1E_"

= 'i (.Y-
' I aE-tJ

Vt X., = XV, 
"a 

o r-,(a) = if'( Xa) ''

I ia easily provedr to be norna]-; For tne coll.verse, suppose

that ,L( is aornaL: thea l.:r particuiar, !( r.s a ,l'-lreasure

aad Ir, j.s Dani-el1. Let fi , f be as an (2.1.19). Slneet--
then supp(ri) A supp(r;) = o (i / i) ,

srros /ir"(fi): /iai,(llfii x".,pp(ril = /i(tirll 1(supp(1.;;r
= ilfiiLi.rr.(supp(ir)) = lifil U(V1 supp(fi)) < o;

consequeutly the set i = ),L/I;,r(ff ) zOJ t" at most

countable, ana by (2.1.17 .4.) we obtain -,"!X 
=tr) = O and.

' LgJ--d

+ V f*)EI,,(Vf.).
i€r-r 4 '!' r€r ^
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[hus I.. i c ^An*.i -! - r-..sD ^l ls conpletely ad.d.itivo, and. we have proved.
(z'1'20) rheorem. und.er the canonlcal tsoaorphisavr(B) g (EFB)* , tb.ere arises (ir B is a conplete

, 
booleaa riag) a 1-1 correspond.eace betweea the space
h(B) of normal measures and. the conpletely ad.d.itivecontinuous linear functioaaLs (= 11near conbi.nations
of posi.tive such). ,

Renark: rhat vl(B) is conpleie ia its nor& , ,is obvious fron the fact that i.,-,s a d.uar. 
"n;:- [l",t.

11 (B) and yfr (al axe conplete ( j- . e . , cl0sed. subspacesof yl(B)) when B j.s conpleie, resp. d_compleie,
caa be proved' d'irectlg, bur,' folroivs triviar-ly froa theresults of the next secti.on.
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2.2 two canonical pggjectlgns

For each 6-rin6 B , vre shall prod.uce a projeciion
I(B)r Vr(B) 

->ilrl(B) , and. for each complete boolean r5.ng,

a proiection wI(B) LG)"h(a). fhese pro jections will be

rirriqucly d.etermined. by a fevu siraple requirements j.n terms

of uhich the read.er w111 have no d.ifficulty in proving

that T and. R are aatural transformations betweea the

contravariant functors -
v-

J-

vr-
5 --+ norned. vector lattices ,

and. between

y 
-+, 

t"t 
,o normec vector lattices

and ?

y "1 
', normed. vector iai;t:ces ,

respectively. Tne re s:-;s and raethodis of thls section

are d.i.rectly inspirei b,v !fOJ .

L,et B be a conpiete boolean ring. lefine

= fuZu has a strictly positive normal raeasureIt. -d' ljb

d.enotes the principal id.eaI 'L^t a:b/
measur. lt. on a ring A

(-+E normed. vecior lattices
and.

(2.2.L)
EB = lA t A { ;, tsb b,as a stricti-y positive S-neasrrreJ

(here Bu r BS usual,

ln 3 generated by

is strlctLv positive
b, and.a
.:F

:+ ,ri (a) > o).(2 .2.2) a/o
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[hat a strictly posltive .f-measure is
proves the d.efinitloa, in a marut€r of

from (2.1.L? .2.). i

If b ( a € EA, the restrj.ction
any strictLy positive aormal Eeasure

positive normalk:i""*e on % , ff
let bk - "r A X 

("" A"k) . Then

normal (which

speaking) follows

(2.2.1) !@. DB is a 6-id.eal in B . Proof :

to

oa

@

V ai.
IL

i(= J-

00

1--'l
bra '

Letting Ll ,- be a
i"

is read.i.ly checked.

cc

ti
I

d.efines a

6enerated.

stricily positi.ve measure

that i:,e fornula

,,,,.-(aflbr-)
:-::-'-- :' .i
)u. r ii:' --;ii1

posii. vc 5 -!,€a.str.x€

tL'

(.)= I
k=1

strictly
\,Dy Vr< this conrpletes

f : ITI(B) +ly1(Ets) , ;i:.ich is obviously a bounCed., ord.er-

preserving linear rransfornaiion o.f norn S l..

(2.2.+) Ler-ii.a. Each normal Eeasure oa B is uniqueJ.y

d.tternined. by its res'br:-ct-: on to EB , Proof:

ff Lt and.   are norrnal neasuxes on 3, and. if their
I

restrictions to trB are id.entlcal, the restriction of their
d.if ference l,( - ) to Ets is id.eatically zero.

I

%eB. of

B" is a strictly
ao € ru (t= 1, 2, ...) ,

biAbr=o (i/i), bkS"k, and

[he inclusion E, C 3 d.efines a restriction map
!a-

on 
'on 

t it

(a 1 Vr .x)

on rhe principal id.eal

ihe proof.
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L€t e - V lo/b € Ets 1 . Every normal Eeasuro on' B

vanisb,es outsi.d.e e (1.e., on somas d.isjoint from e ). To

prove this, let T- by a positive norma1 xoeasure on B ;(t
let n?1 be the maximal element in tb.e complete id.eal $rr ;'L 

t

and. Iet b.l r 17\ o,, ( f. is the r.rnit in the completett
boolenn ring B ) . The rbstrictloa of 

1 
to 

"0., 
is

strictLy positi.ve, hence bf. € Eg , henco O.i 5 e r

and.sotf xAe=Or then *Ab.i = O and. -1(x)GO.
tr'or an arbitraiy noxaal neasure, an eleneniary. argturent

with positlve and, negaiive varlatlons establishes the result.

Now A - I (returning to the proof of the leru,ra) being
I

normal, van5.sb.es on somas d"isjoint fron € . On ihe other

hand., being nornaL and. vanrsning on fB, it vanlshes also

on the principal, id.ea1 generated by e r and therefore

vanisbes on all of B r i.o. r Lr = A .

As a converse resuli, \Ye have

trem.ma. trvery element ?- \ .of l7. ( 3- ) is theL' b'

B. Proof:

If y is a positive ;l-neasure on EB , iis bounCed,aess

assuros the exi s';eace of a sona u e EB outsid.e r':hich it

vanishes. So' e>:i;eri /L. by zero to a1I of 3 r i.€.1
'vd.efj.ne Lt on B bY the fornula

I

iC"> r Ft(an b) (" € B) .
I

a normal measur€ on ts follows from the facts

(2.2.r)

restriction of a nornaL scasure ol'

*
Ll. is
I

That



that tbe projection

-' ...' i-l

g -->BU is a coaplete boolean

7?-q

homomorpblsn and. that tb.e restrictlon of ,r( to 3b ls

.(Uy aefault) a nornal measure on % (since the existence

on % of some strictly positive normaL Beasure ensures

that each d.isjoint family of non auII subsonas of b is
at most couatable). [hat,the restrictioa of it to EB

is A is c1ear.
(

Yie are now in a position to prove the

of this sectionr ia wAicn B is assuned.

(2.2.6) flre orem. [here ls a li.near

properiies

first main result
to be. compleie.

transfornation

7.J..

.2. 1.", afi \ 
f-\ is norinal;

:-70:R(,r,)ttr.

R2=Q

R; l'{IG) T} Y{1@) having ihe

R(,r,^. )

Y-,L\
i

these charac'terise P. uaiquely, end., unless p. = 0

R is bound.ec with aorn L . Proof :

Uniqrlg-gess.. Any proieciion (cond"iiion .L.) is uniquely

d.etermined. by iis :eii]6e (conditioa .2") a-nd. nullspace; cy

iceans of the three cond.iti.onsr 1:'e show ihai. the nui-lspace

of R mr:.si be such tha's :-is positive eleilents (whicir of

cousse deterniae ii conpl-eie1y) are ,nose ij -measures ft
forwhich Oiz\1lrr rt normai, i,rpLiesr\=O' Ind.eed.,

L

if ,\) is a $-measure (positive) for which the inplicatioa
t

ho1d.s , the fact that R( ,L^ ) is norraal (.2, ano .1" )
t

together with the fact that O { e(1r ) < ),t' shous R(f-i ) = O.
i

0n tb,e other hand., if l,L is in the kernel of R. and. is positive,



,.:j:t j

z2

and,if O j\:g , vrith ,\ normalrtherelatioas

o SI - R(1) < R(f, ) - o

. show that I t! O , This proves tae ,niquea€ss.

Bound.ed.ness. ff R / O , cond.itloa ,7. assures that
R is bound.ed. with norm at most 1 , and. cond.itioa .1.
assures that the norm ls at least 1.

Existence. By (2.2.1) and, (2.2.5) , the conposite

R.s = c.d-]..f ."i = o,tJ-L.C = g r-.t:)I).-

vlhich establish cond.itions .1. and. .2. , respectively. [hat
R send.s positive measuxe6 to positive ineasuies follows from

theeviCentfacttnat f , Sr and. d C.o;finallyrif fr 20,
that R(/,( ) * lt f olloi;s fron tne fact that f (4 ) vanishes

outsid.e soine sonxa o* { Er for which n(f.')(") = y(aA}) ,

and. the last nuuber 1s no'; greaier ihan 1-iG) r g€d.

Renq.rk: fhe proof could equally vre11 have been acconp).1sh,ed.

using linear functlonals in place of measures; as aa ind.i.caiion,

r'''e prove the next theorem by neans of then.

r,1(B) #*Yrr(B) ;;5i,.?r(EB) '|

is an i-somorphisrn d . Define R to be tire conposite

rTt(B) ,f > v/I(aB) E*tr(ts) l.+ tyi(ts) .

Since f.g=6r 1?ehave



(2.?.?) fbeorem.

llnear traasformatioa

o.3l2---

,S-ring, there is a

Vl(B) baving ihe propertS.es

faV 'tl

E f J '

,a

-->
rf
,n.

Bis
vl(B)

.1. tZ E I;

'2' T(f-t) = g iff F is a 6-measureg.

.1.05p( E->0;;r(yt)Sp
These characterise f r:niquely, and., rrnless f - O,

I is bouad.ed. with norn I . Proof :

Ehe uniqueness and. norm argr:.nents are negligeAbLe

variations of the correspond.ing parts of the proof of
(2.2.60, and. vri1I therefore be oaitied.. For the existence

proof , observe that (2.1.7) a:rd. (2.f .L/i-) alIow us to
worx in (R#B)*; 1n other woid.s, rve sirall prod.uce a

linear transfora.ation i: (XtIs)- 
-> 

(n7s)* rihich is
a projection, leaves a functionaL aione :if it is Danie11,

and., toget$er with ,aGp#U)" I. se::is _cosiiive functionals
to positive fuaci:.onais. Ti:e arguaen-bs here ieore closely
resemble those of IIOJ uha:r ihose used. 1n the proof

of (?.2.6).

Iet f be a posiiive coatinuous iinear functi.onal on

A#B . Define two classes of sequences by

x((f) = i6ro)o= )-,2,, ...
n,(f) E [(so)rr=r,2,...

T
where by /ogo is neani the

llext, d,efi.ne functi,ons between

all partial surrs.

as follovs:

0ifnSfo*L 
'

\oS6n, l,o8o

rlIt
11 )

supreneum over

these classes
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Flr I{(f) lt(r)
TZ, It(f) 

-) 
I{(f)

17: n((f + s) -> &(f ) x :t<(e)

F4, E(f)xlK(e) + 11g(f +s)

Fc: n((f) + lK(rf) (rZ0)
)

are d,eflned by

r'r((fn)a) = (so)o, where Bn- l:'' 
r'1

\-11 - fn-I t !I L t

n
r'r((so)o) = (fo)o , vrhere ,o t,2. gk ;

I(,= I

Fr((ha)n) -((fo)o' (ao)o), wb.ere fo = rAhn, Bn-bo-L ;

r'4((fn)r, (Bo),,) = (ho), n r,lhere ho = fo * Bo ;

F5( (fn)n) = (r fo)r, o

ff 3 is a posltive linear functional ln @,7 B) * , d.efine

r(F)(f ) = 6tb lir.o ?$D,) / (ro)o € r((f ) l
(oSr € nFr).r'(r)(f ) = slb ? 2o r(eo) / (so)o e ricr> J

Sinple calculati.ons rviih Ft and. F2 shoiv thai [(F) (f )
and. ['(F)(f) are the sarie. 'Using ?1 and. F4 one

obtains [(r)(f * g) = t(F)(f ) + r(F)(e) , r'rhea f and. I
are boih positive. Fina11y, by use of F, , it can be seea

that [(F)(rr)=r!(F)(f) (o(r€n, r positive).
It being clear froi ihe d.efinition of [(F) that

(2.2.6) o <p € (rtF B)*, o5f € nF s + o-<r(r)(f )ar(r) ,

it foLlorzs that t(F) has a uaique extenston to a (coatinuous)
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posltive Llnoar functlonal on nF g . It is aLso clear
fron the d,ef,taittoa of T(tr.) that E(tr.) r !r lf and. only

if F Ls DanielL (for posltlve 3 ) .

lhe "*.u argunent, essentially, that proves g(F) is
poeitive homogeneous (usir,,g Ul ) proves that ' E is

-- positi.ve honogeaeous r 4s a permutatlon of tbe posltive

eLemeats ln (B7B)' , Next, Iet F and, G be two

posi.tive elements of !m7B)* ; we show r(f +e) - [(F) +S(G)

by proving that, for each positive dlement f .€ B,F 3 ,

[(F + C)(f) - g(r)(r) + t(c)(r) . Accord.ingly, let sucb.

a functionoid. f be givear 8s well as a real anrmber

r>0. choose (fo)o€It(f) so that

15.n,(p*G)(fa)): !(F+G)(f) +f .

'It foLLovrs tnai

I(r)(r) + r(G)(f) :! rino l(rn) + lrno G(fn) a

= limo (r * G)(fn)) 5 T(F + G)(r) + L ,

aad.rtbe inequality beii-reea the exirenes above being

available for each t-. 70 , lve b.ave

t(r)(f) + f(e)(:) 
= 

r(3+G)(f).

Converselxr 6iven t > c o!.ce agaln, 1et (fo)o , (So)o e rc(r)

be tvro sequences for mclch

1lnor(fn):r(F)(f) + * r

I

g

t
t
I
i

thoG(sn)=tr(G)(f) + 7 .
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the4, settlng ho = f,,A Bo , (uo)o € x(r) aad

t(F + c)(f ) ! lino (F + e)(ho) B lino r(no) - lino c(no) €
! 11n, r(ro) + f.imo c(en) 1s(e)(r) + r(G)(€) " +,

so tb.at E(F+c)(f)=T(F)(f) +[(e)(f) +t , for eacb, L ;

together vrith the previous lnequaLity, this shows

f(3+G)(f) o I(I)(f) + r(e)(f)

for each positive f - and. consequen!}yr I(f + C) = E(F) + [(G) .
I

thus I has a unicrue extenslon io a (continuous, but that's
irreleyant) positive lineae transformailon from (n7S).
to itself , and. T(I) * I if aaC only !f F is Daniel,l -- this
was reuarked. before fa: posiii-.'e f , a:d. it follovrs by

U-nearlty nor,r for aLl -T; this takes care of condltion .2.

in Theoren (2.2.7),, r:l:ic (2.2.8) takes care of concitlon

.V. . It renai;is ci:-;r ;6 prove ihat f is a projectj.on.

fo this end., ict o : f ( nlv, lei o EI € (n}B)',
and. let a real nunber I > O be given. ff (fo), € n(f )

sati-sf ies

5 a/a\/t \ -. m :

[.rr(F)(f,r) 
= 

r(r(r))(f) + ; ,

choose (aoo). € IL(f*) (n= 1, 2, ...) such that
F
\q

i^P(sr*):!(F)(fo) + 
F* 

(n=1,2r...).

Ihen
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,r(F) (f )
f\:;:i.J -

2"'n

2fT.

@
-t
L

a-L

@co52In=I m=L
P(enn) I (r(F) (fo) +

co\r'r(r)(r-) + I -j;i < r(r(F))(f) +u n=l 2-'-

3.1ty

00

=)
n=L

inequa between the extremes above hold"s forSince the

all L r [(3)(f) : nz(r)(r) ; the converse inequality
folLows from (2.2.8), and so T(F)(f) = nz(r)(f) , for
positlve, hence for all, fuacti.onoid.s f € nFA.
Consequently, f2(f') = T(F) for posi-tlve, hence for all,

proj ection.linear frinctj.onals F € (n7 B)o , aad. T is a

This cornpletes the proof of (?.2.7).

(2.2.9) Corollary. ff B is a d-ring (resp. a

complete booleaa ria6), thea ',;r(B) (resp. i,l(B) ) is
complete in j.ts norn li til i.nd.ucecl fror, V1(3)..

Proof : VI(ts) = (P.3 :l). is obvi-ouslX conplete ,
and iTI(B) (resp. l1(ll) ) occurs as ihe nullspace of

the continuous iinear traasformation. fd.-E (resp. IA-R)
hance is a closed. subspace of VI(B) and. is therefore

complete (resp. i.s a closed. subspace of $i(B) and. is
therefore coropleic). .



"! 
/

L 7t"

2.7 Noa {inite neqsuqqs

fhe measures to be consid.ered. from now on aeed, not be

,e preced,ing sectioas; precioelXr

a ne-ggurq. oa a booLean ring B is a+ exierd.ed"-real-valued.

function p; B 
-> 

E satisfying,l

(2.' .L) f("\,zu)+ yt(aA b)- y(a) +1.(b),
and. f @) = O.

ft is assumed. tbat each sid.e of the first equatioa is
always d.efined.l i.€.1 that l,t, omj-ts at least one of the

inf inite values j @ . Def:-ning the positi,re and. negative

variations r.t 
+ and. Lt. of Lt by ihe forraulae occurrln6

tl

on the right si*es of (2.L.2) and. (2,1,1),, respecti-vely, at

least one of ihese variailons is a firiic neasure, and. conversel-y,

if n and. ) are pos*;:r,e :easures, one oi 'rnicir is finite ,l'
Ithen rr - i (oefinec by (".i-r\ )(*) = 1(a) ) (*) ) ls

t,i
a Eleasure.

A measure Lr on a J-ring is a I-n:asure if th.e implicatiou

r(2.7,2) .iA rj = c (i/ i) :?.it (-Y." ur) = /, t (.:.)
rf-r

1s valid. for all couniable faniiies of sonas (it is intend.ed.

that thc series convct6e absolute)-y, perhaps to +o ). If

Li is a $-!leasure, so are p * a.:rd. /t' ; coaversely, ther' ( (

d.ifference of two positi're (-msasures, on6 of whlch is flnite,
is d.emonstrably a f -E€&sl"rr€. The detalls will be left to

trre read.er. A measure on a conpleie boolean ring Ls lorn:1

if tlre inplication (2.r.2) is valj-d. for any family of sonas;

sj-nilar remarks about the variations are valid.r ?s for f -in,€asur€s.



fhe measures with whi-ch vre d.eal wilI, f or the nost pari ,
be ei.ther finite or positive, sj.nce any measure is a

d.j.fference of such and. our results will be reasonably

ad.d.itlve.

For any posi.tive measure on a boolean ring B , d.ef ino

:' 
= oJ '

N,, is clearly an ideal in I,^ , rvhich is, in turnr 4Dr-r
j-d.eaI in E. lfioreover, the restri-ction of L\ to 

]-,
is a finite Eeasure tb,ere, heace defines a positive

3-ineqr functional ir, on lr./l q, (cf . Remarks f ol!.owi-ng
r l-'

(I.LO.LA) or (1.5.U)), :-n terns of which pseud.onorms

ll lln,p,. can be defined. on lt#Fu (1<p € n) by the

formula

il r li- (i,, ( if lP))P-l 
'-*rr$ l*

zzl

r
€

a)

B ' rt,t(f-t(o) = latu
la/a(r, y(

trT

^rp

T-t\

in vrhich, lf lB
n

I lr* lPf a*
Jt*4

The conpleiion

called. tr( ,.r )

is intend.eo to nean ihe siep functlon
h

Yif f = /_ rr#a, (arAa, = O , j./ i) .
i=]'

of R # F1,. i n the pseud.onorm il llp ,p 1s

and. is, of course, Banach, ind.eed., is an

Ir-space in the sensc of f, BoienenbLusi, )u-<e i,.tath. J. 9.

(lg+O) r pp , 627-6+0) . ihi.s cons'Lruction has a mod.icum of

naturality, rvh:-ch vrill be d.escrlbed but not stressed..

Namely, if d € B(A, B) and. F is a neasure on B, then

{Jt.d is a measure oa A , d send.s somas ia ,lr.d to 
l



fn the eveat that p, is a posj-tive

B whose restri.ctioa to each principal'

there, there is a unique S-aeasure 5tr

tt
( ett)(b ) = ri(b )/i

??-':i

133

and R# d : B# F . , + R# F,. ind.uces aa ord.er-preserving
l"t'fr ' f

isometry from Lr( 1t.61 to Ln(fr) . (It is tenptirg to
urri.te I,-( 1) ror one of the spaces . B7\,, IRZ 3 ,
e7 (?, /N1,), or pl 1rlx,) ; this teraptati.on isn hoivever,

incompatlble with the d.esire to assert that (i.1(1, ))' = f,-(7 , ).
fhorp [r0] gives exampies to tbis effecti !'re shall give

the right definition.)

f,reasure on a ,l)-ring

10.eaJ- aS a r) -I[€3SUf €

on ,:B saiisfying

,-(u € ts),

rvhere CB i.s the f -ri.ng associated. io 3 by tb,e Left

adJolnt to the lnclusioe iu:rctor $ -+ i and. ls thought

of as contaia5.ng B. Ind.eed., eaob, eiemeet of SB j.s aa

at most eountabie union of elenents of B , aad. u,ct is
I

d.escribed" by

(tipt)(b) = inf i (bi)i+re, ... e B, V bi = bJ .

(
Since the 0 -rings ,/, and. ,rA, stand. in the relation

n f e f sn-,1" 
=-,tf,! "',rt I

we have an isornorpir.isn 5L ! ,1rr. , and. it follows by a

norn-d.ensity argr:.ment ihat l,rC1.i = lr(f7,t). lhus, the

behavlor of such measllxes which, 1oca3.1y, are ,f-measures

is already revealed ia the stud.y of f-o€asux€s.
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If LL is a posltive C-iaeasur€ oa a 6-riag B r d.efj.ne

I

E. - s% ,ts -l ' '

BB = f'Ev '
frF- \a/n€Bf ,a7\u€Ni foraL1 b€rf \.

then, uslng (1.i.0.8) and. (1.1O.IO)r w€ obtain

t6(r* /Nt^) = r,^/ff,^ r

uf = lBrn t'
fif B {o/r€Be , nAu€Nl^ for all .b€}i r

p@r/Nr,) = (t,(Tlt / Nl.) .

Deflne r.(7,1 ) = bd.cL<;(Er.-lor , {t(E/-tltt* )) = P,7,3(nf /Nf,);
tbe norn here wrLi herccforth be d.enofied. by it lico . Ihat

thls is the rigir-o ircjinj-ti-crr, in the sense that !1* = Ico,
vj.Il be proved. in Si2,5 r cI Ineaas of i';he Rad.on-Nikod.yn

taeoren and. an elenentaly d.ireci and. ia'ie=se 1i!0it argum.ent.

The Bad.on-Nikod.y:n iheo=ea nesi.s soiic r.achinery, hot','ever,

and. it is this ne Dol',' construct.

tret I,c be a positive $-ncasure oa a S -ring B .
I

A S-measure l on B ':s calied. ir-39:na1 if

.L. N,, C N-\ ( ; is a$soiu-he-l-y contlnuous withr 
respectio !, zt({4,);

.2. there is a soma r € Eg such that a € Nl

if aAe = O (e j.s a garrier of A );
.1. EF C Fr. ;

.4. I and. p, aro coraparable over €..
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Notice that l is i.n fact a finite &easure by vi.rtue

of .2. aad.'.]. . Io d.efine comparabilityr w€ fj.rst d.efine

a Hahn 0.egornposition of e for l vith respect to I.( i
this consists of a real nu.mber t and, d.lsjoiat soaas

+€t , et whose rurion ls € and whi.ch satisfy

\t\ and. LL are conparable over e if the parameters i
t-

invol,ved. in the available iiahn d.ecompositioas of e .for
l with respect to Lc are d.ense io airc space of real au.ubers.

I

If cond.i.tion .1. i-n ;ho above d.ef inition is replaced by

.)a. ,1, c 5i ,

we say ) is lInost ;.-r.oi-'rgl. 3y neans of the fuad.amenial

theorem of caIcuIus, rihica characr;err.ses :he positive alnost

/,f -nornaL aeasuies, lre obtaio a descripilon of Lt(1, ) as

a speciai version of the P.ad.on-il-1kod.y:a theoren. Y;ie need. one

more set of d.efj.aiiions, hovvever, before lve caa proceed.

-*(€^

<eL

If
non nulL

d.ef iae

(2.V J)

B is^
sonaas

/ a\].ni'b(i' I

ra- (b )

iir- (b )

= sup ir/t
E inf 5,r/r

L

sf
zt

sup(/) r

$-ring, 1et tso = B - to1 be ihe set of

of B; for U { lo and. f € S(IBn_.tOl, B),

= nr(b) ara sup'(f ) = I!t-(b) ihus:

xb

zr5

A6

A6

r(
r(

1rlt1-)

rn l"

J.i,(tUe nuII set conveation -@r inf(fr) a +o).
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In view of the fact thai 
" XU S f XU if and. only

if -" Xu Z -t XU , r?€ see at once that

(2.r.4) ror(b) = -r,t-f (b)
. 

(b€ro).

As functions from Bo to fr , nf and. fr, have
the following properties i

(,2.r.5) a 
= 

b =:== mf (b) 
= 

nr(a) 5 Mr(a) g vrr(b) ;

(2'v'6) b = 
,[, 

ot =? nr(b) E inf, nr(bi), Mf(b) = .upi l,r.(rrr);

(2'1'?) b = ,f- 
ot r-:) rnr(u) = "upi mi(bi), r,,rr(u). = inf, \(ur);

(2,r.8) \(u) = sup lnr(a) / ol a S b) ;

(2.1.9) nr(b) = inr irL G) / O / a _< b l, ;

(z.v.Io) f z o +) mr(b) l.o for all U € ao ;

(2.1.11) f = o <+! ar(b) = o (a1L b) ++ %(b) = o (a11 b) ;

(a.l.t2) f is bounieci (=+ mr(supp(f)) and. l.i(supp(f)) are
f ini -;e ; no:e over ii f i:co = xi2.x il nr(supp f) I , lLrirGulp r) lj ;

Froof :. Observe to begin rvith ihat nr(b) Xu 5 l Xu lf
nr(b) is finii,'e, rvhile j.f nr(b) = -@ , there is stilr. a
strong sense in which the above inequality is neaningful.
slnilarly for i,k(b) . i?e shaIlo for the nost par!, therefore,
faiL to olstinguish the finite from ihe infini.te cases in
the proofs of these properties.



1 ?':,

If a<b, ihen a - bAa and. so

= Df(u)XuX" S f XuX" E 3Xa I hence

case

lhis

zY
nr(b) X. - nr(b) Xon.
nr(b)gnr(a). NovJ,

using (2,7.4), %(a) r: -n_r(a) _( -m_r(u) = I{-.(b) . Iinal1y,
nt(a) X" a 1Xa S Mr X" shous nr(a) SMr(a) , and. completes

the proof of (Z.r.r).
To prove (2.V,6), observe that = XO, > f Xbi for alL i

if and. only lf , XU Z f Xf : this proves the second. id.entity,
and. the first is nolv a consequence of (2.).4).

A similar .argument proves (2.).?).
' fo rpove (2.r.8), notlce first thai the sup is 

= 
t'tf (b),

accord.ing to (2.7,5). If 'che sup d.j.ffers from +@ (othervrise

werre through), call ii S . iTe i.istlnguish three cases.

i) 0/ b 
-< 

supp(i) . 'fhen b has non nuI1 intersection

rvithsomesoma f(l:^.i+11 -IOi)=4,, i:*€Z) ana

ur(aoAir) Z" for suca a soma: r.ence S / -co rf s/ I,rf (B) ,
Iet L = I'{f(b) - s v c, anc" for each integor , d,eflne

bo = r( t%(a) -o-1, r'rr(b)l - ioJ) (a 1).

If " , *., then bnAb / c , a::d. so nr(bAbo) Z ^r(bo)-t
o-

Z i'If (b) - n-I , whic::. Droves the sup j.s ?iii-(b) and"

esiablishes the forraula.

ii) 0/b, bAsupp(i) = c. rl:ea n-(b)=0=i(f(b).
iii) b = cVd, 0/c 4 supp(r), d/ o= d.Asupp(f) . fhls
follovrs frou the orevious cases by use of (2.1.6) .

conclud.es the proof oi (2.1.8).
(2.r.g) f ollorvs frora (2.1.8) ojr use of (2.1.4) .
(2,r.L0, 11, and. 12) all follcu frora the easily verified.

l,l,



2q3

facts that ror(b) - ,Xo f (b) , ititr(b) - *Xo f (b) r end. that

f r qua f,-norphtsu from En _tO1 to B , vanishes oa

' each BoroL set disjoint froar A - [-o, 0, *-1 (C ls a

closed. connected, set in A) if and. oaly if nr(sui>f (f ))
and lnr(sull(f )) are boih in c . (rn:-s fact can also be

used. to ad.vantage in the proof of (2.r.8).)
lo prove (2.r.17), observe, as for (2.V.6), that

,Xu{,f Xu 1ff foreach i, ,Xu<txb.
' By an application of (2.7,4), (2.7.14) follows from (Z.r.Ij).
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2.+ fhe Fund.anentaL Theorem

of Integral Calculus

[b.ls sectloa is a]most eatlre)-y d.evoted. to ihe proof of a

result embracing the mean value theorem, the Rad.on-Nikod.;rn

theorem, the chain rule, and. ihe chan6e-of-variables forrnula.

fn what foIlows, xt* = ltZ O < t € E,] d.enoies the positive

reals. Ihe 6-ring BR* of course inherits from r3'",,E - 10'f
a costructuie i.nvolvj.ng ad.d.ition, nultiplicatlon, lattice, and.

scaLar operations in a fair)-y evid.ent manx.er,

(2.4.1) fheoren. i,ei l* be a positive C-measure on a

6-ri-:ag B. Foreach f € 5(Bp+rI1..), thereisapositive

d-measur. f,, oa B , uniquoly d.e;e:niaed. by the propertics:

^4.(J. l-tt i.S a J-::ecrs.iifet

'1. ir(") = o if a,\suppf = o o: *€Np 
'

and. .2. if " € i", anc A / aSsupp(r), ihen (rl.teaa Value)

n-(a) ii(a) .,fir(") : trl(*)i, (.) o

rIn ad.Cition, every rreasure ,t(f is alnost g-nornal , and.

(Rad.on-Nikod-yn) every aimosi /ri-rori.ai posi'iive E,easure on B

is obtained. in inis l'ray. i: = O ifi su*Dp(l) { X.^ . Ihe
* 1ra ' I \ ; alnoet P"-norrn'al I'fu.nciion iz (13-,-)*r -- ) - lpositiv.t;;."u-":=:'ri i"

add.ltive and. posliive :.;:ogeneous, ani saij,sfies the chain
z" \- . \---,

rule (I")_ = Jiro-r = if .,). . rlnalj-y (change of Yarlables)
/ a.g 1-'\*3) .- 6 j'

the passage fron A to L, is na;ura} vritn respect to
ll

5i-norphisms: if d € .1(A, ts) and f e f,(Bn+, Ei,o/),
4! l'

..\- ethen (pt'C)t , i,(d.t) 'd . Frgof :

Tb,e proof ousi be preced.ed. by a Lemma.



zsi
(2.4.2) .!gEE3. If f ls a bounded. positive functionotd.

oa ,p with supp(f) € fr., then the conditioas

ooo d ls a 6-measure on B

.L. d(a) n O if a7\supp(f) = O or "€t,*

.2. o/ a.1 supp(r) 
- 

n"(a) pt(a) 4 dG) 1v'r(a) 4(a)
are equivalent to the statement

'-7, dG) r rf.(f Xa) for aLr a € B .

Procf : If dG) j.s d.ef iaed by .7. , the facts that

dG) = rA, (f X") , wnere p'(u) E 
,ti(b A "rpp.(f )) , and.

that ,/r, is Daalell (f' being a finite ,f,-neasurb)

establish ,O.i .L. is obvious; and. .2. is d.ue to the fact
that lr(r preserves the inequa).itles

I

nr(a) Xu. i i Xa S Mr(") X" .

3or the converse, suppos,e firsi that f is a step functionold.,
\f = l-r r* X. (the ai 's :air;j-se d'isjo'int). fhen

.-I.l.csi'

ana .2. ind.icate thai dG) = ), S@/\a) = 2, rr A(aA "i) E

f,,(f Xa) for aLi a € 3 . No:,'',', if f is arbiirary, let
l."

L z- Q be provid.ed.o and. croose an lnteger N so that,
,, 

- lifllco O<,-.{ - Tnhea L =ff ) z gt.*nilfD . rror k=1r ...r N,

Iet
4k= t(L(k-1), ck]), f].= -X" .

,k
fhen "k = supp(rx) a.c,d. if o/ ai ux' o<;,ir (.) - n" (a)*c. .

'k 'k
For any b g! supp(f) (b/ c) , 1et bk o 1)A ax . then
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z*G

o< Mf(bk) - n'(btr)' Mfk(bi.) - n 
u(un) 

5 5'

vrhenever bn / O r aad. so by .2. 7. bk y' 0 ==>

o S d(bx) - Err(ur) F(bk) < ip,Cuul ;

surnminE over k and. using the fact that l"t and 9! are

measures r Yre obtain
}TN

o S d$) - J. nr(bs) pt(un) - Jr, /(br) - rar(bx) 1t(u*))
lir(t L,-| ;u (u*) - ', ,|to> 

" 2
i'€'r i c

o -< d(b) ri,( Xb,.,4r.r("r) 1ux) ;.
0n the other hand", ib'e f e-c-: tha';

.:.'l

\/
o 

-< 
g Xl, - Xn . /- n1(a,,) X*,- ! . Xu

t' 
' k=]- jL

inplies tca't 
l\

o < r u(r Xb) ru( Xb nl, 
,r("k) Xao) =

}T

,' u, \ 
;

*iy(c)(5)= c1(b)< i '
and. conseopently i /(b) - Its(f Xb),i <- i, . Si'ace L rias

arbitrary, this Pioves ';:e Iatr:a.

fo prove tne unLqueness s'ua;eneai in the iaeorem, Iet

f be any positive functionold., anir lei b € B . ';'.r5ere

*k (k= 1, ?, ...) are any pairvrj.se d.isjoini somas in 3n uhose

union is supp(f) , and' br, = f ((n- L, n]) (n= 1, 2, "' ) '
defiae

I
i

t

I
I

i



ank ' boA ag r fnk = eXank , bok - UA ant o

Slnce F, is supposed.ly a 6 -measure vanlshing oa soxias

d.isjoint from supp(f ) , and, slnce supp(i) = Vrt "ok ,

(*) ["(.b) . p.s(un"upp(r)) = ),.,r. Fr(b*) .
l.Llr-Ar^,.

I{oreorer, si.nce "ot € Fi" , we have bot € ,f , and. so,

vhenever OoO / O, the fuvpothesis in .2. is fu1filled. and.

,r*(o*) p(uro)_= ,-(br.i.) u(bot) ( gf,r(brri) <

{ Mr(urr) S(bor.) = *r*

By Lernma (2.4,2), therefore, Fr(oon) = I/, (f Xo . ) ;/ "nk
fi-(U) ls then d.eternined. by (,,), amd. the proof of uniqueness
ir
is conclud.ed..

V[e need another lersioa Eo provs tne exisience statenent.

(2,+,7) len;ca. ,-:' ( e,)i 51 is a fani)-y of positive
b

6-neasures, if i, i € : :.,)- I t € i such that

6ia doZ d; ,

and. if the extend.ed. reai vaiued. funciion d is d.efined. by

dG) = suPi d. (a) ,

then d is a D--ncBSUr€. Proof I

@
Suppose a = V b.!, where biAbj = 0 for L/i.

i=l -^
Then, since dob) = 2ilk(bi) : 2rftor) for each k € r.,
we have

o *'l^-;--



k€I so

g
/(bi) 

=

5

\+ L d"(br) t
i=I 'L -

to prove),

given.

(16 r5 n1 ;

'. llie 6€ e

L+d(a).

t;!9

dG) S

If d(.. ) is flnite' (otherwlse therers nothlag

let aa integer n and. a real, number L > O be

that /or(or) 7d$i - *

f , /tor) .

5

) , d(ui)

Choose ki€I so

then find.

ns
/i=I

Ihls being true for all- L and a , tve see

which finishes the proof.
sdG),

For tbe exj-steace rroof in Theorem (2.4.1), Iet f ,

a posltive functionold., be given. As in ihe uaiqueness proof ,

find. palrvrj.se d.is joint sonas *j. in +, whose union j-s

supp(f) , for vhich fi = tlai is bound.ed.. tremna (2.+.2)

provid.es &easures di= [fi : d.efine F, =lrd, (tl,e sup

over all finite suns) -- this is a S-neasure by (2.4.V)

and. vanishes wherever each di vanishes r so that it enjoys

properties .1. and .2. of (2 .4.1) . [o verify .1 . , suppose

O / b t supp(f ) has i". 
(b) f inite . By (2.4.2) and. (2,) .5) ,

nr(b) pt(arAb) S er(arAb) a(arAb) = ,r. ("iAb) 
1^ 

(arAu)-i-
! di(arA b) ' ivif i(.in b) r-,(arAu) = Mf 6arl\ u) f("iAb)

I 
t*r(b) lt(arz\b) (vheeover arAb / o)

slnce d, G. Ab) = d: (b) , suuraatioa over i yields
iil

that lk. € dx (19 is n)
't

,1, 
(dki(ur) . *) < L

@
TL+ I /.,-(b.) - t +

.i_1 lI J. dyG)
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2!i
nr(b) 

1r(u) - Er(t ) )'F,(arAb) -. )' d.$) !

S I- ur(rr) p,(arAt) = Mr(b) f (b) ,
\,twhere Z- moans surnnation over those i for which arAb / O .

si.ace 
[^rCo> 

! )- artol (because di(b) = o if ar,/tu = o ) n

tbis conpletes the exisience proof.
fl

Proof that ,,uf rs al-nost Lr-normaL, Ihat i{., C }If,-
.r-trl^.f

and. that supB(r) € Ef.^ is a camier of F, are

immed.iate. Next, let - b € E,. . rhen bA (uAsupp(f))
l-.

is ia Na C E* , an:,d. b,z\ supp(f ) can be lvritten as
fr - Ff

a countable unlon of d.isjoint somas bi € If, for wb.ich

f Xx is boUnd.ed.; consec.uently U-. € Ff , ano so b € E--.,i f.f ' Irl
Finallyr w€ prove ihat If and. ,,rr are conparable over

.supp(t) 
. For each -b € 8, ceiine

+ ^/er = f((o" i]) , ea = f((i, +o)) .

tlhen ufv": = supp(l), ufn";=0, and O/a':.;
iraplies i,-(u.) _.- \(a) ,*(a) ;i,irC.i) U(a) < t ,tr(a) o

rghil-e o/ a j e! iraplies t pi(a) ( nr(el) pr(a) ! nt(a)1r (a)
/N

i

Prooil that eve;r.)- al-:.:st nr-r-r.orlr-4-l- positive neasure i-s

obtained.. Lu! )i rc cne, and. 1et (t, uf , .; ) be a

fanily of enough i'iar* Cecomposj-tlons of a carrier e

of ) . For each r e R and. a fixed. countabLe set [,
d.ense in R , of paraneters t' arnong the avail.able iiahn

<ieconpositlons, d.efine



q<o"?
D . n l"; / t € r , t z ,] .

Observe that (r, Sr, e I S"), ( n ls a6ain a farai].i of
iiahn d.ecomposltions of e for ) with respect to t, , that

(Itr \ s",rs" aad, s"(s, if s€r,
s(r € n - e s

and. tbat SO € Nr ; to see tbe last relation, rvrite

SO as a r:nj.on of cor.uriably D.aay somas Si € 1. , notlce
that tr(si) S t l(.t) ior eacb.o<t € [ aad. each i ,

d.ed.uce that Si € N) , aad. conclud.e therefore that SO e Nl .

Replacing e by u A SO and. each S, by

if necessaryr wB may assuxx€ SO = 0:5 i.€.1
s"A (s"A so)

GJ A s- = o.
r>o 4

But i.t follovrs froa (X) and. (-L) that there is a unique

6-morphis:i. f: Bp.o 
-/.= 

viic f((0, r]) = S, (cf. eijtz

I11, S2.z]). slacc s:;pp(1) = Vt_ S", f ( s(Ba,+r E^^).

[o see thai L., = ,\, yile check ihai ). satisfies the

mean value theorealo= :. F:on th.e d.efinitions of

n and. II , r're irnneCiats"iy obiain

ra-(a) = sup 1, / s=[a = 01 = sup i r / a< e[ S, !
ig(a) = j.nf ie/, 

=Sr'1

vrhenever O / aS supp(f ) ; fron these f ormulae, und.er the

hypoiheses of (2.4.1 ,2.), rre immeolately obtain

).C"> j\ mr(") f-r(") , I G) / ivi-(a) 1(a) ,

and. so ;. = ,\ , by the r:niquen€ss rrt



).tz

ff a(b, then a = bAa aad. so nr(b)Xr. = nr(b)Xon"
= Df(u)XuX* S f XuX" = f X* i heace nr(b)g nr(a). NovJn

using (2.r.4), ur(a) = -n_f (a) S -n_f (b) = IrL(b) . I'ina1ly,
nt(a) Xu ! l Xa S rtt X" sho.,rs nr(a) Slrr(a) , and. conpLetes

the prdof of (2.i.5) ,

To prove (2.1.5), observe tirai xb. r r Xu. for all i
t- l-

if and. only if r XU Z i Xi : th.is proves tire seconC id.entity,
and. the firsi is !.o1'r a coilseciuence of (2.).+).

A sinilar .argr,rment proves (2.).7)..
' To rpove (2.1.8), no-i;ice firsi i'nat tb.e sup t-s 

= 
litf (b),

accord.j-ng to (2.1.5). If -"'he sup d.iffers fron +@ (othervrise

v/erre through), cali ii S. 'i.{e aist:.r.guj-sh ihree cases.
; \ n -1 '^ 

_< supp(i) . 'fnen b has ron ;.u11 intersectioa.L,/ wr e

rvith sone sorr.a f ( . .^. :.-l-. - iol) = i- (, € Z) a:ro

nr(arrAo) Z n
I ^+ / - ,l/, , ^ tIVt/ / - -t-^\V/r.'

for suca a sona: ienc€ S ;I -co

S ) J , c.:c fo: eacl 1;rtc5e : lr

if s y' I,If (B) ,

iafinat uv**gv

:
b- = r( l:,."(i) -:---, ;,:.(b)_l - ,o;) (n 

= 
1) .

r-l-1

1

/- \ -] /- \
Z ;i-(b) - n - , nnic:: :ro-v'cs the sup is 7.:--(b) and"

J.

e stabiishc s tb.e :-or:uf ,:. .

ii) 0/b, bAsup:(:1) = C. Thea n.(b)=0=iio(b).
iii-) b = cVc,,, o/c { su-rp(l), c/;= d.Asuppir> . r}:.is

case folloirs fron the previous cases 'by use of (2.r.6) .

li:,is conclud.es the proof of (2.r.E).
(2.1 ,g) f ollorvs fror: (2.1.8) b7 use of (2.1.4) .

(2,7.10, 11 , and. 1'2) aL1 f ollc; f ron the easi.l7 verif ied.



(
then f6 = /iri", X",

likev,rise for Ii , and.

It foLldvs by an easy

75L

aad. mo- (8* ) - ri si - rot(ar) n*(at) ;46 .4

it f o6lovrs that \ - [,r* in this case.

linit arg,u.rnent f or the f;eneral case.

Naturality. Let

rLL a if-neasure on
I

A, and. dk) €Es
d.t € 6(E:a+, E&)

€

iD

6 (Bp+ r

. Since

-,,;irenevgf

v;nenever

A), d€

$, d is

" €'F.d

,, (A, ts) ,

ancl

on

thai

tnen a

\ A.
-

rf -DeSSttf €

i.t follolvs
.t? \u/r. 

91 't '

charac-

satisfy

, and. if

t/\-

Now (1.t.d)r, ds a f-neasure on A .,

terised. by its mean value theoren. Let

o / a3 supp(r) . Then dG) € r,^ , dG)

dQ) / O, the mean value ineoren for

is unlquely

aCi' ,L (^'9

= 
supp((-r)

,(,\ , ^ aSSeftSIfi-

^d.rGG)) 1i(d(a)) * i t r(/(a)) ! Mil.{dGD y"GG)) '

Nowwhea dG)/o, ^d.fGG>Znr(a) and'

conbinlng these i-aequaLities vriih the ixean
.Q

above for ir.r(d(a)) s-rovs thai i4.r'd! F).L -' 
. --\

value iaequali iies aDpropriate to (l''6)t ,

they are th.e same.

The proof is end.ed., and. soixe general reilaxKs are ca11ed. for.

1) Ii is customarY 'bo urite
-(N(

i"t*) = ') f d!' , 
*l-,r(supp(f 

)) = ') f d.,., .
/ t- a I /;

A functionoid f is inie3,rable (nore precisely, 1i-integrable)
(

if (it is in S(:an*, EF) and) ) f +. is finite, rvhich i-s

the case if and. only if ,i, is f inite (in ad.d.iiion to being- lL

trd.r(d(a)) -. Iif 
(a) i

value inequalities
enjoys the nean

vihici: proves

f € s(Bi*+,
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almost f-normal,), i.e., if and. only if F, i.s 1-nernal
If f € e (Bn-lOI o EF ) and both f+. aad. f- are

pr-integrable (equivalently, if I f I is p-integrable ) ,
I

f is ,absolutel.s p-fe!eere!1e, and. rve rvrj-te F, = fr* - ifir- ,

(-
) f dr. = t-," (") , etc. From tb,e ad.d.itivity statement ia
^!tLct

the theoren and. the d.escription of the kernel of i, , it
follolrs that the pi-nornal nxeasures (vierved. as a subspace

of !yl(B)) and. the quotient lr( lt, B), of tire space of

absolutoly 1ir-integrable functionoics ia e (Bn_iOi , ,1* )

by the subspace consisti-ng of ihose v.,oose support is'in Nr, ,
are isomorphic as partiaS.iy orci.erei li-near spaces; this
isomorpb,lsm is converied. j-nio an isonetry by d.efining

*
Il fiil=l; Ifllt ror l€r:-(1,3)

2) Using i;he eas;ly -.'erifiabie facr -unat, when p: B -->C
i-s aI1 $-epiiaorphis;i :-i. S (8, C) , eaco :r-neasure on B , f ,

,for which xer(p) C i{u,, 's of the forn ). 'p .for a unique

6-measure I on C , r.'o show ii:e three spaces

, T", (onlt{, ), l; ( ,..,. ) o Lr ( -. , 3)

are all canonically isonorpb.ic lviin -., ( u,/Nu , B,/Nn) r

rvhere, if p is the canon'icaL projec;ion B --) ?,/tly ,

!./N,o is tire unique $-neasure on 3rliif r,vhose corlposition

vith p is f.t . From the naturali'ty, t'/e have an isonetry

of lr( [ , B) inio lr( y+,/Nr, , B/N.^ ) , and since Bn_f o],
being a retract of EF. , is Q-nrojective (cf. (L.s.O)) ,

it foilows tnat €very absolutely integrable functionoid. in
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L1( 7r /*f , ,/Nf ) is obtained.. Next, yie shor that each

finite tf -measure I on A t,/Nt, j.s in fact /uAf -D.or!ia1.
(tt aigLt be pointed. out, in this connection, thai {..,/it^.
and' ,i,Z*^ , likervise Yt. /Nr and E 

l_/N, , 
are the saree. )

fnd.eed, each prlncipal id.eal of Ef /Nf is conpleie, for

lr/Nt, is strlcily positive on it, and so any d.is joint
fanily of non nu1l somas can be at nost countabl-e. Consequeatly,

if e is.einy soma outslde of which \ , being bound.ed., vanishes,

aadif t€lR, d.efining

.i = V i" / a<e, ,,,("><t(7ttlNi)(a) ', ,, ef = .Aei ,

(t, .i , .; ) is a i{airn d.econposiiion of e for -\ rvith

respect to [/N, ; ovex e , therefore, \ is comparable

r,vii;h 
ft/*. , and. si:rce i i/ani.sAes on souas <iisjoint fron

\e , A is 't/I-, -nornal-. this proves ',,iiI(I/_. /l\,) 3 trt(y/Xr, B,/Ni,).

lt is clear fror: i;he Cefr::.1iiou. as a coapietio: ihat 11 (7u. )

and. I,r(i.,/]i* ) are iso;i;r:i-ca.Ii;r iso::orp:.ic, a::C. the

inclusion of IR # I1^/ii_ iis step functionoid.s in
1.,(pi,/iv-, B/Nf )C e (3i-.-rc),7./l{.) makes R#T,r,/x, a

d.ense, isoi:otrical-;r ':il:ecaed. subspace. The fact ihat
rrr(1t'{. ' B/j} ) is conpJ-ete in its norn, because WI is,
guarantee s that it is tbe compie tioe of P,/lTy/it , i.e.,
is lr(.^/l{. ) , v,'hich co.a-oietes iire arg-unent. if t'r(/t, ts)

d.enotes the classes, noCulo nuIl funciionoid.s, of functionoid.s

f f or which lf lp is i-ntegrabi-e ( tf tp is i.ef inable ia terns

of the operation I lp on the absoluie Borel space (lR, l3n, C))

vith i;b.e obvious norir, one can prove f,r(l) 2 ,n(f , B), l1p{n.
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,) [o require that there be enough Haba d.ecoapositioas,

ln the d.ef inltion of (alnost ) pl-norioality is , as one ol ihe

arguments ia 2) suggests, merely a technicaL convenience:

any 6i-measure satisfyin6S ihe first three requirernents of

the d.efini-tion is auiornaticaily conparabie v;ith l. over

any camler. firai is an l-rrelevancy of soits, in that it
only makes the argunent longer. Iis proof, of course , is
to clivid.e out by N,r.. , obiain iiahn d.ecoicpositions in ine

quoiient, and. lift tnem up arbitrarily to iire original

f;-ring, taki.ng care afterwros ;o renove arn approprlaie sor,a

of measur e zero. One r:.ust vork rj.tir only a coirniable nunber

of d.econpositions :: oraci ';o sLr.cceea ln this pro6ran.

+)iffis
would. be tenpted.

li'nere ,\xi = I\(-O' li_.;t

((
\ o:. - \/ a \r!; - J

' 13,

the right hand. in;eg:ai oc

Using x to Cenore aLso t

ona o-ring 3. rca:ly^ 5''*^+i ^.^^.i,q. ,l u1t\- U -- t-/4tJ-LL-

'l-n rri iavv i/ttuv

(
- \ -.:-r-.\
- ) -t\ LA-r\-'l

arA i arii raqLg UU* 4rlu

- / /..</ \\\

-: a( LL (-ii}:rn t

-nS a S;ieltjes

re id.eniity nap

irlie3rai oYer IR .

c:r. 3"- . r'Je irave
!-L

//
)ra,, = )xa(,a.1)

by nat'orality, ar.e t;:e ;easure ;ur.f is exactly ihe neasure

lvhose Hai.on-li.ikoC;-:: c:rrivaiive uiih respect to i{aar neasure

is tae fu;:,ci:-on Lr(f( )) , so that tnis variant d-eiinirion

is coapatj-ble (everyonCI alnays kaew it v;orked.)'
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[iore generally, lf g is a measurable function on the

absolute Borel space (Ii, Bn, 0) and n(e) is tbe

associated. h-roorptri.sm fron
g[f] = f 'lB(B).

5 utrI dF = ! r':s(e) al^

to i.tse3.f., write

obtain

= ) B(s) d(;i.f ) -

rphi.sra fron Bm

By naturalityr w€

= ! "a(f,\of 
.n(s)) = ! "a(/u(f(s-r(--, x]D

l/
= ) s(x) a(i^ (r((- cc, xl ))) = ) a(x) d.(h (3(x)))

rvhere the last three j.niegrals are Stielt jes type. Ihis 1s

familtar from the operaticnal calculus of €.go self-ad.joint

operators, v;here one wr-:-;cs s[f ] = ! a(") d.E(x) .

,) fhere is no Cifficulty in extenoi-ng the range of

somas for which the inea:t value inequalitJ.es hoLd. to all

of Bo, for integrablc funciionoids as irell as for positive

functionoid-s in ';i(3a7+ , Er. ) , proviieo, o.f course, ioat

the prod.uci of O I'rith + co is 1n'erpreied" as O . Ihe

rvhole use fulness of iaese ;nequalities, hor,tover, i-s with

somas that are, snaLl, bu'; not zero r so far as the lieasure

is concerned..
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&iore generally, if g is a measurabLe function oa tae

absolute Borel space (It, Bn, O) aad. IB(e) i.s the
 

associated. 6-morchism fron Bn to itseS.f , write

D

))) ,

I utr] dF = 5 t'=(s) aF = ! r{e) c.(l^.r) a

= I "a(f..f 
.n(s)) = ! "a(,u(r(s-k-co,

= I a(") a(f (r(- co, x-1 ))) = t s(*) a(g (

c[r] - f ']B(g). By natural5-ty, we obtai'a

rrl

J(x

where the last three j.niegrals are Stieltjes t14re. this is
fani-llar from the operati-ona1 calculus of €.9. self-adjoint
operators, v;here one wr:.'ies s[f ] = ! a(") d.E(x) .

,) [here is no d.j-fficulty in exteno'ing the range of

so&as for vrhich the nea:r value ineqr;gtfities hoLd. to all
of 3o, for integrablc fulcilonoid-s as v;e1'] as for positive

functionoid.s in ';. (3==+ , Er. ) , provrd.eo, of course, ioai
the prod.uci of 0 r';ita "; is interpreied- as O . Ihe

rvhole use fulness of laese inequaliiieso hor.vover, is wj.th

somas that are, snaiL, cu; not zero r so far as tb,e neasure

is concern.ed..



2.' the d.ual of Irl

Until further notlce, assume that Ii is a coic,plete

booLean ring and that the 6-id.eaL Eg (cf . (2.2.1) aaC

12.2.1)) is dense in B , so that (by (1.10.9)) ! =

Define J : 'B,f B -> (LI(B))* by specifying ,I(f ) ,

f e nF A , to be the conti-nuous linear functional on

given by the fornula

(z.r.t) J(f)(pr) = rr(f)

Observe that J is the sam,e as the

( i, { r.,r(B)) .

composition

n 7 a -> (R7 ts) 
* n ! (vr(E) ). ---:> (r,r(B) ).

of the canonical inciusion in ihe second. i.uaI, the transpose

of the isonorphisn oi (2:f .?) , a::.c:. ine iranspose of the

i-nclusion, hence is a noin-i.ecreasing, c:iier-pre servj-ng,

ccnti-nuous iinear transfo:naiion.

(2.r.2) Ihe oren. is an iso:aetric isoaorphlsn.

Plooi: i.let f be a step functlonoiC, say

ivith the *i 's d.is joint anC / C . [iren iif tioo

= maxi |til = lrrl r sax- slnce ut / C r there is a

sona e € 3. for l'ihi-ch' O/ e S a., ; choose a strictl,v
L'

positive finire nornal m.easure on th.e principaL id.eal B.

and. extend. ii to a finite nornai ioeasirie l"t on B by

d.efining it to be zero on sonas <iisjoint fron € r t'hen

pt(ar) = 7t*(e) = ii ,uilt and lJ(f)(1^;1 = II-(f)l =

= liI 11(ar) I = lr.'' lli Pilr = ilf ll@ llg il1 ' so i,hat

: 
= r'' "' x*r o

Z€?

.''lt/.IJ- o,
for

t1(B)

t
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llJ(f )ll Z llflt . Since J is aorm-d.ecreasing' $e have

iiJ(f )il = llfllco , and J is an isoraeiry on the step

functionoid.s. They are d.ease in E,FB , however, and.

so J is an isometry. It remai.ns, then, to see that
. every f.inear functional on l1(B) ls obtaineol i.€.1

tnat for each I' € (11(ts))* there j-s aa f € RF B vrith

(2.r.1) J(f) = !.

lo this end., d.ef ine conti-nuous linear trEnsf ormations

K : (I'1(B) ). -> EI(i1(3) , ri(B) ) .

T, : A,# 3 --+ EU(tr (3), !r(B))

II : EI-(rI(,i) , ii(ri) ) -r' 
(1., (ts) ).

by the fornu.lae beior, :-:i xhicc" r g (i,., (ts))", l, € h(B) ,

u € g, I { -rPp,, ano. C€ yg(rr(3),r1(3)) = fbound.ed,

linear transfo:::ations iroe L-t(3) to rtself 1, ,

(2.5.+) ((I((F))(pt ))(a) = F(,u.6) r v,;here 7"to(a) = p (uAa)

(2.5.5) ((r,(r))(pt))(b) = if(rxb) = fi,{'o)
(2.5.6) (H(€))(pt)= (a([.))(r), :''rhere ]-=unitof B.

lhe id.entities

(r(;(r))(pr ))(b) = J(f )(l^u) = tuo(t) = I/"(f Xb)

(ii(i((r)))(,.) = (K(r))(,u)(1) = r(1tr) = r(f,)
and.

ind.icate that KJ = I and. HK = idqir{f))* , from ivhich it
follo','rs that J = I{KJ = HL. Consequently, if vre are able,
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glvea F € (11(B))' , to prod.uce. an f € n7 a for which

(2.r.7) L(f)=K(F),

ve will have solved, the prob}em posed. by (2.r.7), i-.€.1

proved. that J is onto. 'r'le shal1 ned.d. a leinna which

is related. to tbe chain ruIe.

(2.5.8) lenua, rf Cl g EN(L1(B) ' tl(B)) satisfies

,l 6(l)i(b) = o rviieneve: ill(b) = o (alr b€B and.

all )(rr(n))rthen r,(f).{t = €.r(f) foraII f €n7s.
Proof : Since L anC c=) are 11near and. continuous ,

it is fortunately enough to plo're thai c] and I,( X*)

commute for each characteri stic fr:ncti-o:roid. Xa . fhe

hypothesis ind.icaies-;:.ar lq?(f( )(a)(A))i(b) = O urhenever

lf(Xa)(i >ltU> = O ,. i.€o, nlenever anb e ^rtll , 
and. ia

particular, rvhenevcl aA'c = Q . Co:seo-uent1y, vthere O- Xf
is ihe unj-t eienelt of ft # 3 r wo aavc

c}(r( X" )( \ ))((:Aa)Au) = o
and.

g(r1 n-X.)(l))(aAb) = o.
Hence

e,(I )(b) = ({).(T,(,Xa) +r,,(n - X"))( l))(b) =

= (clr.L( Xa)(; ))(b) + (c--:.r(a- Xu.)( )>>Cu> =

((o.r(X.)(,1 ))(aAu) I i {r:'i(tr-Xa)(}>l("Au) 
)=i + i.rl + f=

{i{r'r{xa)( i )((rAa)Au)) (*.ra,-- X")( ).))(r.Aa)/\b))

! (e.i( Xa)( ) ;11a4u) + (g.r,(a- X, ) ('l > I C(I[a)(ir),
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by (2.5.5) thls is the same as

(t(xa)..i.r( xa)c)>l<u> + (r(r.-X") .€ .r(1-xa)(l))(b) .

t(r)(1t) = ri(F)(f,).

is not quite g,ood. enough: '!rc need. to knovr that

= K(F)( ) ) for every finite normal measure

B . So let l € i,I(B) . Using the Rad.on-l[i]..rCya,

once agaj.a, prod.uce an absolutely 1-inteSrable

(2.5.9)

'Ihis
r(f )(.1 )
)on

theorem

thus € = l( Xa)61(Ia) + r,(:r-X") Er,(a-X.) . Pre- and" post-

nuJ"tiplying thls id.entity by I,( Xa) , we obtaiu

I,( X.) ci = l( Xa)O r( Xa) = clr I( ].) ,

as re qulred..

Returni-ng to the proof of Theoieia (2.5.2), v?e are 6iven

r € h(B)* and. search f or f € R.#B satisfrlag (2.5.?).
rhssuro.e for the nbnant iha'r IB = E , so that there -ts g

sirictly ppsiiive -fj-nj-tc norlai r,easure l-\ d-e.fined. on al-I

of B . For coavenlence . n thinl<ing ? assune also thai F

. is a positive lj.near funci; j-onal -- i;his j-s no great restrictiou.
Irlotice that I{(.!) ( 

,ti. ) r.s ihen posiii ve , and. ihat , from the

d.efinition of K, iK(r)l )\ )icul = Q if l/ ;(o) = o.
Then by'(2,5.E), K(I')'i(r:) = i,(e).K(i) for all g € n7 s .

Using the Rad.oe-Nikocl;m theoren, f:nC aa absoiuteiy

7Lt-lntegrablo fuactionoio : for ilhich, i((?)(1t ) = F,, ;

sj.nce 0 S K(-?)(1t )(U) S lirii ,r,^.(b) , f is bound.cd.l i.€.1
is in B7B, and. t(f)(;.)(b) = I",(fX.) = f,r(o) = K(F)(p)(u)lr'
so that
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r,ractionoid. g suchthat )=i,S. If ge nFA (vhrcb,

of course need. not be the caso), tiren ) =:(e)(F.), beace

L(f)() ) = r(f)(r(s)(pr )) = r(e)(r,(r)(y)) =

= r(g)(K(r)($)) = K(r)(i,(s)(7" )) =' 
= K(r,)()),

using only lemma (z.r.e,). That neasuros frU with g € nF f
are d.ense ia l1(ts) foil cns froa the second. renark af ter
(2.+.1), aac" so by continuity, l(f )( 2 ) = K(f )( ) ) for
all A ( rr(a) . [his cstablisires (2.r.?) in the case

that E,, = B r aad. proves ihe lheoler. ia thai case.
-b

ior the general case, inai f- is xleiely clense in B,
notice that every fiaiie nornai r.3as'uie on 3 is tbe

ex'bension by zero of a i;:::-;e no:nai rcasulc f,:i a
principal ideai Ec , " € ll (co;rpare Lc:::i,s (2.2.+)

- la 
-\ 

\and. (2.2.i)). I;: i;:1s .i;:se,

i i - la \ _ ,4i- l;- : /- \
Y .tl. \J." I = q4:_ 

--4 .t-11 \D^./ rtj6L !.: .1 ; .;e \-J: " \* --]

!1 \l],' =

so that

(ri(3))" = (.11 ;=" r.(B€)). =.^";:t" (Li(tse))* =
-._ -B " \_ "B

= :-r..,- iii: IiTB^ = ?,# (lnv iim 3.; =
n.- ? - eF- '.' e
"t- -3 s\- !B

-fr J-i itF E.;/. D
- ALfi- ;-np J-Lzi- J-t tID

!

r';h.icn proves the teeoren (using the resulis of Sf.fO and. ihe

alread.y esiablished. special case ) ,



(2.5.10) QoroLlary.

a f-ring B, then

If lt f" a Positivb
(rr(ij))* = Ir.r(7<2,

$-aeasu:e

,/Nr)) .

by (2.2.4)

2(e L

FAs..

5".
t 3,?.

Proof: By

and. (2.2.5), we

tb.e remarks after (2.4.L) and.

have isomorphlsms

Remarks. I)
(2.5.2) that f cr

(11(B))* = P,# ?,

r,r(1,r.) = rll(Ell*i,) = rl(i E/* /Nt)) ,

Now apply (2.r.2) .

(2.5.LL) CoroLlary (rnorp l1o, [heorem 4] ) . T.,et

Lc be a positive ,i-measure on a 8-ri.ng B. +issume
I

that B = 4E,,.- and. ihai; i\, = ff,, . fhen (1., (,ui ))r -i f' t l' 'i"/
= n7(s/Nr.).

I

P::6of :

Inrrned.iate consequ€'nce of the previous corollary and.

the d.efiniiions of b2., .

;t fo] l-oi;s fron (2.2.4), (2.2.5), ano

ei arc:,-rrary conpiete boolean rin6, 3 ,
E..,.

))

2) fhe passage .fron ine coaplere boo].eaa ring 3 to

its ( -id.eai and. A-coruoLete boolean r-'i-ng EB ls tbe

construciion, promised. in the ieaa:k af i;er the proof of

(1.10.11), 'l-hat bei:arresr e.r l-easi occasionally, like arl

inverse to the functor '.1, i A -+- y . ]iTe k:row no more
I

about it than is: plesenteci in this chapter.

7) Combinj.ng ihe results of the preseai secti.on rvith

those of b2.2, we see that ihe canonical in;ection of

i, ( /. ) into its seconc dual (Lr(y- )) ** = vt( 1 (I, /l;", ))
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' has a preferrod. splittlng. Ihis pheaomeaoa d.oes noi seea

to have been mad.e use of . It suggests, speaking loosely,

that fl(/t) is trying to be reflexive. Ihis is
. suggested. aLso by the foI).owing observation. Call a

.contlr,uous linear transformation betrve en cond.itionally

complete lattice-ord.ered. Banach spaces utterly conirnuous

if its positive ano negative parts preserve the linj-ts of

all ord.er-convergent aonoione neis. Continuity and. utier

is utterly conti-nuous if and. only if it is conpletely

ad.ditlve and. Daniell.' lhus, in the category of cond.itioaa).1y

conplete lattic'e-ord.ered. 3anach sDaces and. utterly continuous i
t

naps, l, ( f,f ) j-s ref 1e]:j-',,c . IL'r- ' 
It
i

+) As erpectca, ii ct.:I oc p:o:,'ed. inat ,n(1, ) is
reflexive, I{p f, n, ;;i';h C.ual space Lo(,it ) r'rhere

-1 -1p * + g - = 1; ihere is no great.interest in ihis result,
however, si-nce it follovrs ('i;irrough the Stone space) fron

ihe classlcal ,n-rn ouality.

continuity are the same for linear frrnci;ionaLs o11 ln(7.r )

(1 
-< 

p € iR) , but a L j-r.ear functional' on t*(7-r) = fr.}/ (U/,fil,

i

I

I)l
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2.6 The Fubtni Theorem

D. A. Kappos see&s to be the first to have fornulated,

a Fubiui theorexo entirely Ln the context of boolean rings

[18] . Unfortunate}y, he did, noi succeed. in proving it,
as $as noticed. by Sikorskl lZ+) noi 1on6 afterrvard,. fn
the meantime, the matter appears .o have been forgotien,
and. no puxely booleaa proof of the tr''ubini tbeorem has

appeared., to the best of our knov,rJ.ed.ge, until the preseat.

(2.6.1) Theore.g (fubini). let ,l-,f aad. {,r Z be

posiiive 6-measures on f, -rings 81 and BZ ,,

resp€ctive1y. fhere 'is a unique 6-e.€asure l.r = l. I& ft Z
on the tensor prod.uci ,!,.1(f r1,2 saiisfying tbe equati.oa

&t(a Lh b) = tu, (a) r..r(o) (. e ,",.- , b € E,^)ttr:.-l'1 P2-

(tne conventi-on is C-c! = -l ). In adci.iioa, there is a

caaonical iso:letric isonc:'r::.isn

La(,';r,) ."! ir(!..2) = rr(P, .Q, ,!- 2) ,
u

where L( d.enotes the tenscr prod.uct (cf . Schatien 1ZZT\,
d_

or Groihencj-ec:': Ifa] ) ln the auioaoaous category of
.Banech spaces. Pr_oo-f :

Uniqueness follous fron f2, S2OO, Satz 1]. trori;he

exlstence, it is convenieni and., by (2.+.1), b.armless so

far as the spaces LI and. the Beasures are concerned., to

assuire that nl.a = ioi and Bi = ul, (aiviae oui r1.,a
and restrict attention of En. , if necessarX) c since

la
tensoring is exact.
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Let tpn , R# fl 
t 

---> IR (t< - I , 2)

be th.e positive linear functionals in terns of vuhich the

ZJE

t1 norns oa n#It.f. are d.efined.. [heir tensor prod.uct

tr, 
% 

trr' rt# Fl', 
1 % 

o'#'P, 
- 

xt &o P' = rr.'

',';hen composed. with the canonlcal j.somorphisro of (1.6.? .6.)

n# (r,, g 4, ) - 
n#4, I R#F,, )if-2 12 rt-n 12

gives a positive Ilnear functional i.r. on 4# (fnf%fna) .

fhe norm ll li, on E# (8. 6. I,, ) 'arr iI2 fz

lif llr * = 1*(r*) * i*(f-) ,
-t

' associated. to i,.. is the sene as the resi;riciion io

I?/1 p,, E lR#F. of tne )-cxossnorn of Schatien on" p,r'ri " v2

Ir( p,1) I or( fe)' and since *.;:3r^t :.s d.ease in rr(1'n)

by d.efinition, ii foIIo,;s that . D./l (F*. \Fu^) is an
rdC

isomeir5-cally eribeocea ce:ase suosua.c€ of If (f I) qe Lr( yt2) ,

Let Io denote the iopological ciosure in If (,*1) q i'r( 1t2)j-

of the set F of ;.raraci;eristic iunc';ionoid.s 1n

F.# (Fr.f 
%rf.e) 

. Proi-'saii.. of rne norn and. oroer ind.icate

ihat ?o j-s a ,z\-conpieue boolean ring and. tirat f o , the

restriction of the )-crossnorm to Fo , is a stricily

posi.tive measure rvhich is nornal on each principal id.ea1.
(

Def iae a i,-norphism q: ,U 
,({rr., - 

ro by specifyin6 the
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[-otrtoear map { that gives alse to q by tb,e formula

2Gb

{ (a, b)

This map q may not be

i.s the Left ad.jolnt of

= X"6 Xb ("€q, ,b€q. )r'1 12

onio, but, where f, :

the inclusion functor

(.

(.,)

6

-:= 
,s

--\ /\ t

f (e): 5(F,, qF,.-) -+ ;(ro)f"t; Y'2

i.s oato. Ind.eed., it's enough to see that each elenent of

tr' is obtained.. But each eler.ent of F is the norm-o o

linit of a sequeace of el-enents of tr' , v;hich are in
the inage, hence is obtaj-ied.. I{or,i, the raeasure l^o bn

Io , being normal oi e*cn principal id.eal, has'a unio*ue

extension bo a i-neasure on S(?o), say 5(1o),
and. it is evi-oent tna'b Fo = F ., \ . Iience

1 \ 
1't^O 

/

t1( 5(p.o)) = ri( l*o) = lr( p'..' ) ,j. rr( l,r) .

Finally, 5 (r,.1 
t 

u. r) = ,i(?r 
r) uj r(+.2) = ,0., ,., ,,,, (tnis

can be proved by aig-:.aents siuilar to the transiinite
ind.uction argr:-ro.ent in rne proof of (1.4.6) ano (1.4.8)) ;

hence , puLling the lxeasure :'( a o) back over o(g)

and. these j.soraorphi-sns, ';e obtain a xaeasure tr on

El. 
I 

(,; u,*z .fo: ri.c.j.ch L., ( g ) = l1('.,'(r-o)) = r,r(11) i. lr(pr)

by the naiural-ity siatenent in (2.1.1) . From this

reLatj.on and. the C"efiniiion of Q: ihe d.esj.red. prod.uct

fornula p (att b) = rrr(a) P.Z(b) is evident, and. the

theorem is proved..



Renarks. I) lhe usual d.oubLe integral fornulation
of the Subini theorem is uovr trivial. .ff ,t,f ano trZ
Bre C-measures and lr = [f 6 f Z is the procluct

aeasure as d.efined. in the preced.ing theorem, the

lsoaorphisn Lr( lti) 
"q 

I,r( 1r^2) = trI(,* ) ind.icates

i;hat the linear functional. "i-ntegraie vrith 
ir,.. 

t' is
the composition

trr(7,.) = r,r(p.o) 
f, 

o.(lry,) + rrf t_i.) -+ R

v;here the second, map is "(j.ntegraie with tX) & (ident.)t'

and" the l"ast is t'integraie rviih tr.,_k (k = 1, 2) .

can be proved. to be d.ense

in ,r( I t8 f'z) (1 : p { ni , but no r.,n-txpe iensor

prod.uct of Banach spaces appeaxs to be knorvn, else

there wsuId. und.oubtecily be an iso:rorphisn. Schaiten C217

. gives a slnple exarapie sholring 'chat no such isonorpnism

is to be €rpecied. for Lcc . Ho';ever, lt is possible that

worlcing in ihe category of conCiiionally complete lattice-
ord.ered.. Banach spaccs rl,iih uti;erLy continuous ioaps, ti:.ere

roight be rooxa for hope, since l*( y'. 1- /*Z) d.oes seem

to be the only cor:,Citionally coapiete vector subLattice

of itself containi-ng ihe elenentaly tensor prod.ucts

x" @xb .

L67 
i

2) r,r( p r) 6;rr(,* rl



-dd, t hc, k*H a-t,led 0,.fi' ' Pe (eoa^,eo {. $t, ta
tot*'rrarnrrl il,ro, rto't' r'rti to {{ f;rr2i",.i.

2.7 locaLlzabiJ.ity and the r1ua1 of

of the €xt sequence lsmedlately delivere
(2.7.2) Qbsesiatlpn. A ls looalizable

only tf there ts, for each A-nodule norphisn

an A*module €nd.omorphiem g of A such that
Recalllng (L,1O.1O)r we &ow relnterpret

nolc+

Ir1

Z,ax

[hie sectlon ls d.tvided tnto three parts. [he ftrst,
sulnlnattng lu (2,7.9), discusseg thE loca}laablllty of a

boolean rlng over one of lts ideale, relating this aotion

to the materLal of $1.10. The second. part us6s localizablltty
as a n€c€ssary and sufflcLent coad.ttioa for a certala alternate

descrlptloa of the d.ua1 of I.l1 to be valid.. the third part

relates locallzabillty to the notion of locallzabtltty d.eveloped

by segal(l) ro ni" etuity of measure epacos.

I. Iocallzability over J.deals. I€t J 'b€ aa ld,eal ia
tbe booleaa rteg A ? aad. let p! A 1 A/3 Ceaote the aatural
proJection" fhin]rldg of A as an A-mod,ul€ r t beconee an

A-submod.u1e, and. so the quotient ring A/{ aleo lnherlts an

A-module structure, urhlch, lncideatally, ls the same as that

lnduced from tbe natural (A/J)-module strusture by chan6e of

rlngs vta tne caaonical projection p , ?irite dO, J fon the

connecttng bomomorphlsm AU(A I A/l) -+ s(tlfo, J) , CalI A

leeg].isabJe over .I if dO, , o O r so that UU, J te la a

certaln e€ns€ the obstructloa to the localizablltty of A ovsr

J . tb,e exaetness of the lnittal portlon

(2,7 .L) o --+Au(A ' ir) --rAu(A ' A) -,O$(A I A/t) --+ urt|(A ' t)

ov€r J lf ancl

f c A -_s A/J ,
f . p.g.

(2.7 .r) Ag(A, p); og(A, a) --+ og(A , A/t)
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as a rnap fron fl' to f(A/$). Prectsely, the proieotlon
p: I -a fi/{ lnd,uces uaps

(2.?.4) *tagu/st A/8) --' AU(A/J) A/{) =-+ Ag(A, A/8)

by change i:f rin6s and" contravarlant compr:sltionr respectivoly.

Both eaps ar€ iaomorphlsms. For the firstt thls Le obvioue

because the A-mod,trle structute on A/{ is precleely that

inCuced thrr:ugh p by chang,e of rings. As for the secoad,

whlch is certainly a nononorphlsn, it euffices to eee that each

f eAS(A, A/J) vanishes on J ; and, in fact 
'. 

if J € J '
f(J) r r(J^j) = f(J)np(j) - f(.i)no - o.

Combtniag {"A-?.}) with the Xsonorphtsnc afford,ed by (2.7.4)

and (I".10.I"O 1), w0 olrtain a nap

Pp' fA *+ F(A/J) .

It ls Left for the reader to satLsfy hlmself that fp le

ln faet a ring homomorphisn, sending unit to unl,t.

(2 "7.5J &gg&, pp 5"s eur jective if and only lf
A te Localisable syer d,

frepf,: sn immedlate eons€guenes of (2.7.2) and the

faet that Fp Ls surjectivo tff (2.'/.1) le.
{e.7.6} Serq&,lqgtr. Svery booLean ring wlth unlt is

loeallzabl"e ov#r 6very ld.eaL (stnce p c fp ).
Beeause of ttre exactness of {?,7u1)o lt ts easy to

eharaeterise the kernel 3 of 6p.
t

(2 
"? "?) I,€eryie " The kernel ? of pV eoasists of

those b 6 PA for whlsh. a €A *=-+ ba a e ff .

fhe gggg[ restdes ir the realisatiCIn that the d.escribed

e 1e::rents c*rrst itutt: ,,:(A , ,J) 
"
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Coartrining, (2 "7.? ) rvith (2,7 .5> f or f rltritsi re.f <trence o

',r.0 l':are

t2,7,A> Hggq*=ii=[r*9" the +ano:rieei.l i]ir;rp ,4p: pi, *--] /3(A,r/Ji'J-'l-

inC-uces & tilsil.olBorph"iau ff:
iscnorphi-nn: i"f e*::.d on"i.y 1f

/'i *-t* 
,,1tli..n/,t,) ',;lrieh. irr ttn

i.s ir"lealli*,,r.i;Lc utfeg 'J-.

{t
A

the nrrs'l; us*fuli .r:sr.rii -'r.cr ti-"e ::es'i; o:i ,}i:.i.s scct,ion i.s

(2,'/"9> Hg"qfS*;.:t1..n;g!_- Iet i r)* e:: :i.r1.i:ei]. La A , a.'ad

ECt.SUiSs thA.",: 33,iarz;i1-- :i;:', *C,ltpi.gttt i.ncl..:',3sr:.,.f;r ot,-1 s,i-.i i':i.c*e*$'b
! -/'

co;rrli.'ci-sr:Er ia'g 7{ti:,-* 'i;o tci.rr-.:e e.re 3:i.r;'t:* i:; ('l-*:-[t*f"ii], 3h.e

:'oi r.o-'uiing qr4tLiti.o.r:.s airrj'li:,r'.n e q.riirilrli:-rl-b ;

/" ., ,, -t!;
.4 i i i 't\l,,/-i :ie ,:(;$lliiet;{?; 1,'y) LI is a:t ic+ftorph.j.ela,t t-"

Pr-qgg.: i), iilo a,ad. lv) ese i::utrraii.;r rrlui.verl*r-rz by

(2,?,5) anC (2.7"8); tnat i-ir) ::i:' :i.i-:i-) is ';y:i'ri;il. lt remains

bo proue, sjayr iiii **g+ iv). Usl;:rE1 (e.?"?), ort,: $fltltJ that

the -icerael of th* eonpositiou ii *'> 
PA -*-* ft;i'# is

preeisely J, Tli.e inCuced rnap A/8 *** iorrt'ff :"is parb of

a tower of morxonc::1:i:.5..srns ,A"/J -+ fAtE --.'"* F(A/j.) , hence

j,s a d.ense exi;ei:.slon o:fl ttf il , e,:.nd. is l;t:.+rellore maxinaLn by

(I.Lo.l}), It foilows, u*ing (L"Io,r), tl:c-t fi io aa inoriiorphSera"

3f. gggggS-91 ajri; {ir-fli,Ef;4". }ct J* *e e piisitiv'e
I

$*lscesutri) on tir* rr.-flin:i :B " ::.nli. Le'k i,r. ; it, , tr, , Eiy.r.

l:e'rre '5he €:*,ate 1i1i:)i-.l1.i.ti,:; :].:ii ir-r i;?.:* (uvc ::e';*-j.-i. i;iir:-r' -J:.y= 
f:r.,, 

: 
frri,

:.nd, L:i:al ,r(ri,l.tOl* f,i:t/ii,i). Lct'ts:i;:.g p ris:notr: a,'r.hl:r,,.r.

of the ce.r:.o.tica"L 3:::o3r:,-r",;:io:::s }L *+ rl"/il, *i: 1. **e S,, /$^ ,
we get th.r sa,rila ryicr,o 11L2: En. *-*p. p(;.rrril{*i,r* ,rfii,{r} o so

ihat g ait;ii ,E" ari:i u.r.:trlb:ia:;.,*r.iei.l.3 ,Lcf:!.riit-l-.. [-i;.;r :';]let i;h.*

:,r1'::{:ne' {,1,t. f}.} :.r: ,i11,;:r,,1,".:1r,1.i!,"r. :i-:il ,:i,.._ i. r1:,,:i..:1 :r:,:i:i,::.* llu }
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1f

1s

ts locallzable ovsr lIF.
(2.?.10) [heoren. l[he system (f , B) ts localLzable

and. only lf etther of the egutvalent cond.itlons lLsted. below

vaIld,.

1) llhs ltnear tranEfornatloa 5: n7]. --.r (Ir1(rrrr B))'

glvea by

(2.?.11) J(r)(e) r It*uf (feIR7o, seLl(y, 8))

induees an leooetrlc lsornorphlen betwcea *7? /ts?tfr, aad

(r,r(pr B))'i
11) \t/frp ls couPlete,

Proof : the cguLvaleaoo of tl) utth aither d,efiatttoa of

looallzablllty of (F, B) tE ctus to (2.7,9). I'or the reet of

tbe proofr B€ present a factorleatloa of J:

n7 n*-**#ft 3' nf (+ /tri--+r 7 P$ffrtt) -i+ (\(p, B)). .

Herc tbe flrst nap ts tbe caaoatcal proJeottoat thc scooaA

ts the caaonical tsomorphien, tbe thlrd ls 87fi, and, the laet
is the lsonorphien of (2.r"1O). By (2.7,9), to prove 1) (.1 ltl
lt aufftcee to @ve that nIfl is aa laonetrto isomorphteu

lf, aad, only lf F le aa lsonorpblen. Ihat, however, ls obylous.

III. lfcaeure ggg-g.g t fg Sgtg!. Ibe ternlaology to bc

lntnoduced here le bo*ored, frou thc work of Segal cttal tn
footaoto (1). The oaly dlffcrcaos ta that, wbtle Segal allore
complex valuad, funotloasr u,a ragtrlet ouraalvcs to real valucd
funottone. [hts le ao grcat rcetrlcttoa, horever, aad la doas

entfusely for the sakc of convratcacc. (feaeor ey€rrthlng rttb
the complex nu&bers, lf you rant thc oonpler casc.)



Io n(oo) < o , also oe ia B .

2y
A neasqre gggg. ts a trlple (X, R, n) coneLstlng of a

set X r a d-rtag n of subsetg of X, and, a fl.ntte poeltlve

n€asure tr oa n I whoee restrlotlou to each prinolpal td.eal

of n ts countably add.tttvs. fJe shall nevcr natse use of tbe

further restrtctloa that Se6aI lnposes per definltlonem on alL

measure Bpaaes, namelyi that the unton of each'corrntaole fanlly
of mutually dtsioint sets EoeR (4. Ir2r'...), foT wbtcb 

t

A subset Y of X ls gg,gggra!}g lf each lntereectton

In r (re B) belongs to R. Seg,a1 verlfles that the class Bl

of measurable sete ts a o-ringt that the functloa Ff r

deflned by p,(fl - Fupr€ n n(f 0 r) r tE a 6-E€aorr€ oa BI .
and that fu(r) . n(r) rbcnever e€8. A real valued funottbn

on I ts gg1ggglg lf t la tho terolaology ol !1.7r lt is a

EgEgr}-norphten fron (X. n, O) to (IR, Arn, O) . I subaet I
of I ls aul1 1t lt 1g ncaeutabla an0 a(Inr) . O r shcaevcl

reB (egulyalcntlyr [t1(l). O) i a firnotloa 1g null tf lt 1g

ooaourable aad, tts aupport ls a aull got. I fuaottou ls
eseentl,all.v tror^nded tf lts .reetrlotloa to the couplemeat of

aon€ nrrll aet ts boundedg Bbaglutell latetrablc lf tt ts

Beaaurable ard ltg aosolute valua te the potatwlae ltolt of

atl \-0auohy s€quetroo of ftolte llnear conoLnattons of

obaractcrlstlo fnastloas of ecta ta R. 'Ihe epace of

eesentlally ouunded neagurabLr fr,ractlons nodulo null fr.rncttone

le deaoted e8o(Xr Rr o) , aadl bas thc eup rornl that ot
absolutely lntsr,rable funotloag nod aull f uootloaa, ta tbe

L1 norurr le
Ie tttng

nt(xr B, a). fie rrlte 88* , RBI r for sbort.
lll denotc the clasg of nulI eete, Scgal calls

the quotlent: ring q/N* 1s complete,(X. B, n) Iqqq1tza9,lg tf
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Segal proyes(z) trrat the nap i: RB*-+GfBJ' defined, by

analogy vith formr..Ia (2,7.11) le an lsouetry lff (X, Rr n)

ls Loaaltzable, Oorollary (2,r.10), howevet, provldee an

expllcl.t, fr.nctlon-Ilre representatloa of (n8t)t whether

(X, Rf m) ls locaLlzaole or not. Precleely, Theorems

(L.?.L) and (L.'/.2) permit coc!,lcte ldenttf teation of the

space of neasurable ftrncLt.rne utth the Bpaee a(IBn, 81) ,

so tirat, uatog the progecttvtty of Sni , coupl,ete

ideatifleatlon of the spac€ of ncasurable fr.actlons nod

null functloas wlth e(Br* ' \AI) is possiole- rn tntB

!!ayr HBe 3 n7 (Bf/fiI) . iiefore E;€ find. the counterpart

to RB1 r let us exani-ne ij:. ,tnd. ll1 .

I€t xn a*rrotJ Lh.* :uiic,ri i i r" .\1 ) of a11. the sets

belong,ing to Il e and rrurite fi f rlr its corql)IemeAt.

(3"?"12) ,'ii-h 1;i-.i,:,.it;i X;', is n€11$,";r<l)Le iinl nul1,

If S .tf:l |{ lei,"ir i,}:,-. i:,"i.;,;i.i,:,.,i.:-".e*}t;.1 ,j.L .-,ri,J. },I .,

re speotively, Benerateil t-ry XH * uirile J = frfi i1i r then

g= fRt I = r, and Bl/Ilf 3'g/N*/1r./ir yinere f ls
the kernel of the canonical rnap fA -- f(R/J) .

Proof : [he f lrst assert,ton ls obvtoue. Tbat I - ,gB

Ls due to (1.1O.1O) and the fact that n - p*(R) by

constructlon. The next ld.entif ication ls dtee to (2.7.'/) ,

and. the rest follows.
Retrrraing to RB1 r let f the restrtctlon of

as usual forlu,
tire

to il , aad form nf , Ff r

eysteu (p, B) . Note that

d.enote

sf, and. Bl,

!{ * Np and. that the tnage

e-rLng generated, by the

conditlon, which lve are

of fi 'oorrld c.linoide ).

i-n B/N of EF Ls precisely thc

image of R (under liegalts extra

not using,, the ima6es ol' F,^ anrl.
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I{ow RBt ls deflned, essentlally as the l.r1-rortn complettoa

of n# (B/.I) i Lf (r , B) , oa the other baad, .i" the \-oo"t
completion of, U# ($/Nr) ; r';hat we have iuet sald,, h*rrlever,

enauree that each element of m# (t/Sp) ts approxinable by

elenents of E#(W{), and. so theEe complotions ooiaclcle, t.€.q
for eBl ne tnaJr take \.$t , B) , ilie Dow ptovs

(2.7.1r) llheorem. Ths followlng tbree oond,ltloas olr

tbe E€asure spao€ (1, R. n) aro oqulvalent.

1) (Ir B, E) ts losallzablc La thc'seaa€ of Segal;

11) n ia locaLlzabLe ov€! iI; . '

llt ) thc nap J: B- --+ (8Bi). deflaed by aaalog,y wlth

tbe nap (2.?.11) ls 9o teonotrlo lsonorphlsm.

Bggl: l['he equival€Dce of 1) utth tt) ts due to
(2.?.9) and (2.?.12). For the raet. let O deaote ibs ad,Jotat

to the lnolueLoa of d-rlags tn 6-rlnt3. By sorle of the

counents preoetl!.ng the theoremr T€. have a towcr '

R/t ees/(N^.8) ' 6(8/J) r ErAlEqlN - FL/frep,Gr/t).

I[or Uffr ls a dense td.cal ln B/il elaoe Ep is arl tdeal la
B aad tba aubeet n/l ia alrea{y donee la thc oeo!-atag

B(W[). Aa epplleattoa of (1.10.1r) ahowe that tbe
I
tnaluslon ot t 4l Li f$/i uakeg fn/i . f(Br/x, ,
shaaever 1) holdel oa thc othcr haadr 1) ls raIld, as soa!,

aE P*/i -p(Epln) r Elaoc thc latter lE conprete. lro

clLaob the arguneat I 006 ploceeds I a8 La tbe proof of
(z.?.LO), to ahor that l1t ) 1E the oase aleo lf and. oaly

tf the tnolusloa of EIA la fVi nakes PVI . f (BlA) .
ustag the faots tlat RB6 . efl fR/! ) and. (RB1)r -
(r,t(f , B))' -fr.# p$r/N) ,
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(1)f o l!, Segal, lNqulvaLences of neasure spaces, Aner. J. i,iath.

ZA e99L) , pp. zZ1-7Li.

(2)p*rt of Theoreu 5.1 on page JCl of the cited work of Segal.

i
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6 u s. Edition o{ Book in Gnqllrh Firut },taruloclurtd ond earlit:r fotcign etlitiott *'ns Iror,,rlrtlurcd ond firsr publishad
r"ufiri"j-iili.;;; 'lf";1,;. 

"","i" i,. .i ".11',i,;" 
,1{ x tr,rrk rn a[rrr,.t,l, r.nrpletu the LrllLrwins rprrces

I ngi:sh. .rn<i all ,,r, sr,lrrt,rnrrrl pirr t'{ rlru llnplish ttxt ol an

Yts No

Y''ar darc o{ firrt puulicario. .f forcign crlition . ,r,.:,,ii Yiilllittt;' i,::'?.\',:fi':lllii,li 
n f
ls ry9

Ji el,,rrrr trr .rd intcrrrr L(,r,rrish( vx.\ aut rrgistt'rcil. rr L. S' r(!lrlrrgh' irr tlrc ftrrc'gtr tditirlrt tl'ri*retl t-J Ll ,,'t': uirtur ,.t ,r,o ii.,...r*,it't ,]nrl.igh, 1 n'rr.'n11.rc,'
Cottpletc al! afplicahtc s\ares on ,ae:rJ pa{c

Errtifirnm



7 QvPrrrii or:r'rrgnl

8. $tnr{ <ortetPur<lcrr:t ttr

\.rr:rr ' i .1,.'
!" Xerd ccrlilic tl.' {rr:

, ilil,tttt \'l'r"" i"r/'1., t)&l.l.i).lt'}r] . l.ttt r lil.l i

:'t. i:,1 i I

: r ',....... j-i-l L r,r u

C,r",tfiii r, I

-..,.{..tr,}.. :: t,,1,.
il i I ;rrr 1 :l({}"' 

:rlr:i

lnfonnation concerning copyright in books

1!" 1't*'l t i sc I r:rlt . L l;,rrrr -\ ir :!.1rlpr''ri)tr:it,- l,rr Jnrhlirhc,i
I'ooLr slri<]r 1::l.r: bct:n nrunrif;rirrrrtri jit tix I.r;itr:d 5iatt'.

ll.''1,;t ls,r'lltiai:".: 'Ihc ltror "lrrark. ei;r'ir oi)i trnli rn:r.
tcii.rl i'ul-lishc,l nr l-.,ri,k 11)nlr. [rsr,r]s,.t p;rnrplrlr'tr. lt:rlleri,
iards, rrr.l sitgle i:,rgr-s , {)rrrrlrriinr{ rrr(. }Jookr in' ludt {ctiQn.
n()nlir.l ioti. ixlctr(. a()Jlc(1,()us, (lltc( ({rriei. (-'irtaJo}1s, arrd in{r>r-
[r:;-fion irr rabrilir frrrnr,

How to secure statutory copyright in a book
lirsl: Prttdtrc (,opics ll ith Ltltri,qitt Natjr'e, Produce the

norli in copie* ht prjnting ol othcr ncrns r.rf reproduction, Trr
seiure (ttpvrlght, it ii t:senrial tl':et thr ioDies bear a crrpt'ri{lrr
nodce in-ihe r(qurn)rl iorm ;rnd lrosititin. ;s explained-bekir+,.

Second; ?ublisb the ll"ot* ll''ith (,ofi1righ! s{tstice. The
iopl'right las deines the "il:re oI prrblr'cat'on" as ". , rhe
e;rrlicst drre o'hen rrrpies of thr 6r'il r,rrhrrized editi.rn rverc
placed on sale, r,rld, or pubiiilv tlisrrihuir:d hi, rire Froprier.rr
of the crpvr.ight or untler his aurhorirt. '

Tbir,!, Re gisrer Yolur (apyigltt Llaim. Pronrprlr efter pulr-
licrtion, mail ro the Register oI Cop,'rights, Xibrary o{ Con-

I

I NOTE: [r is rlre rrct oI publiratirin wirh notice that actuallr.j are puhlished withi,ui rhe rrrquited noricB, rhe right tir
I be restored.
I

gress. Washiog,ton 25, I). C.. twt'r copies of rhe work ar
publishrd. rl,irh nr.rtiee, an application Lln Form .d, properlv
cr',nplered and norarized, ailil a fee oI 94,

7'he i.opyrlght liotice. The iopvright norice for books tbejl
appclrr on rhe rirle pirge er ver:so thereof, and *hali consisr
of three cJemenrs: the s.ord "Cop1 right," ilr rhe abbreviariol:
"Copr.." or the s'.'mbol O, r.comprnred by the oame of the
_(ilp,! rrq'rr- or}n*r_ and. thc 1-ear tlate af prblitarion. Example:
(L. John Doe 1961. LIrt, ,rf the iinrbu'i 

-.., 
rnar retrll in seiur-

ing cr-r1:ynght in countries rvhir:h are mernbers'oI the [Jniversal
Copyright Convenrion.

s€cures crtpyrighr pnrrection. If copies
sEiute (r-,p) riFhr is l$st, anrl cirnnoU

Books manufactured abroad
It Geterti' rorrn '{ is ru;t appri4rriate for broks which becn serured under rhe lr.nivers:rl tlr-rpl,right C,rovenrion. Trlhave beto manufactured outside the tjirited srates. - sscute od i.terirn c,-rpyriglrt a ciaim mr]sr be regisrererl withinFoteign'Lat4uagL' Books, Applicarions co'erirrs. foreig* ;"-f ;;;;';;i firsr publicari,, ahr.ad. Ad interinr c.pl.ri.qhrI'rnguage hdoks by foreign arithors, mirnu{acturet ubrr;.t. i";r;-i;;"; n.*. nr. unril an Arnericaa ediric.n is publiifrcr!shoslt{ hc sribnrirted on Form ,t-B Foriign. .--^"- . *;,f,;,i ,i,Js;:r"^r period end rcgisrerec1.Iingtish'latguapc Books' Brroks i.''English nrrnrfecruretl (il trirrlii (oplrtgl:t Lartetttior. An Eng.lish l.rng,,rrgeabtr;rd nrav hc reaisrered f.r "xd in1g,'irnl' ."ii.;si,;'irr.p a-q *,-.r-'rri -'ri,r",1,n aurhor.6rst puhrished abrucd is eligibrc ftrrAd Interrnr); t"l if th"'' are prnte.cred u,i.i".'ilie-r-T'ni"".rrl frll.;;;i;.'i.",rp1-rigt,riI: (a) irsaurh(), isetitizenc,.rsrrhier.r

,t;;lp;;lll"f::;'Trl;:',T,,,n" "'..ii!;i't"i.'.1;ii-",;';;;;i*;;;; ;;';';i;;,;1;';hich is a member .r rhe unrrrrsal (*prriphr
(1\ 

'4'<1 ttto'in c'ifrr;sh1',-,!d,i'rerrm rcgisrrari.n is.neces- ilii',t:ii'r:tllf;"Il,ll,X'i"$llfli,;1,-1,l;,tlJXli;'u'sirrl ror pt()tec(ii'n in rhe Iinired srot"s unieis ;;;;i;[[;il' ffi;'i#Lff;;rsa1 coprright ct,n'rnriin.
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li
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96?fi2
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11-;;;;;;,;; ;;;, ",ii"",i.iiii,,o .

ii-tlJ -.i lg0i{ JUL ,fi 19fri,
ii 

TwoioDie. rro,r,veJ

ri "iili -J lg$t
l FDe r-r:(ived
li

e p|;. eI' i.::i1l,ii*:i;y,li;1 cg

I ql,tb!jsl,t,! llool.i, The lru ,.{.res n.t prrivitie fr,r regrsrra.
rurn ,rI ''brx,k" nr;rreri.rl in uflpubliihed fr)rm, Unpublitherl
i-'irirk-.;r.e trrrr(e((r{! ,t 1-1}mn-1i.rn law against unauth0rized *rc
j,,,or 1,' plblic.rri,,n.

!)utoitrt>t ol (..optrr4ht. Sratutirri' copvrigbt in puhiisher.i
br.roks tir:rs f,lr 28 1,ears lrom the dirte of firtt pr:blitatitn, anri
,trly- [-re renewed fr,rr a secr:nd 2S']'eat Ierfi.

lri,rll u *
, '-otn.

,l 1,:avE8\qlNIt?i\t [:

,J'Jl'.1*3'6tl

FOR COPYRIGH' OgPICf UtE OIILY
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